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PART ONE 


THEORETICAL MECHANICS 


INTRODUCTION 


1. Mechanical Motion 


There are a greal many forms of molion. An incalculable 
number of bodies are in motion on the earth, which in ils Lurn 
is rotating aboul ils axis and also travelling around the sun, 
while the sun ilself and all ils plancts ure in movement relalive 
to the stars. which in their turn are also moving through space. 
But in all these inslances we have to do with only one form of 
motion -fhe motion of hodies themselves. Science has estab- 
lished that heat, light, electricity, and chemical and many 
other phenomena are also torms of motion. Furthermore, 
life itself in all its manifestations is a Jorm of motion. 

The perpetual movement of matter causes all the natural 
phenomena about us. 

Motion occurs in space and in time, therefore space and time 
are inseparable from matter in motion. When a body changes 
its position in respect to other bodies, we say il is in motion. This 
relative change in position of a body is called mechanical motion. 

The science dealing with the laws of mechanical motion is 
called mechanics. 


2. The State of Rest as a Relative Phenomenon 


The state of rest is a concept we continually meet with in 
mechanics. I*or example, when a railway bridge is built firmly 
and rigidly to make il immovable, we infer that il is in a state 
of rest only relative to the earth. For actually the bridge is in 
motiom together with the earth as the latter rotates about its axis, 
traveis around the sun, and moves with the whole solar system. 

There is no such thing as an absolute state of rest. In me- 
chanics when we speak of an immovable body we have in mind 
its relative state of rest, that is, its immovahility in respect to 
some other body, usuallv the earth. And when we say that the 
headstock of a lathe is fixed we infer that it is rigidly fastened 
to the frame which we assume to he immovable. A body assumed 
to be immovable is called a basic system. 


13 


3. Fundamental Elements of Mechanies 


The motion of a body occurs in space, therefore spare is 
one of the fundamental elements in mechanics. Time is like- 
wise such an element in mechanics. ® 

Every point of a moving body describes a path of definite 
form relative to a basic system; this path is called,a érajeciory. 
A trajectory may be either of straight or curved lines, in accord- 
ance wilh which the molion of a point is then described either 
as rectilinear or curvilinear. A moving poinl traverses a definite 
distance, the length of which as covered in a definite interval 
of time will depend upon the speed of the moving point. If the 
point travels equal distances in equal inlervals of time. its speed 
will be constant and ils motion is then said to be unrform. In 
other cases Lhe molion is said to be non-untform, or variable. 

If speed changes al an ecual rate in equal intervals of time, 
the motion is said to be eilher uniformly accelerated or uniformly 
retarded. A change in speed is called acceleration. 

In investigating mechanical motion of bodies and their state 
of rest (as a particular case of motion), another quantily is mel 
with which determines the action of one body upon® another; 
that quantity is called furce. 

All these clements will be dealt with in detail along wilh 
others pertaining lo mechanics, as we proceed. 


4. Basie Units of Measure Used in Mechanies 


In order Lo express quantities in figures, definite basic units of 
measure are required. Such unils are: 

the metre, wrilten m, for measuring length and distance; 

the kilogramme, written kg, for measuring force; 

the second, wrilten sec, for measuring time. 


Units representing other quantities in mechanics are derived 
from the above unils. Speed is represented as a fraction formed 
by dividing distance by time, thus: 


i lengt , . 
mE are ng a ™ > orm X sec”!; acceleration is represented 
unit of lime sec 
. unit of velocity: m m 
s — —,- 3, L. 0. ——_— --5 
by the magnitude unit of time ° ' &? “Seex see O's Seel 
orm > sec~?; and so forth with other magnitudes. 


It is sometimes found more convenient to derive certain 
units directly from m, kg, and sec. Low speeds, for instance, 


: km 
are expressed as ser the specd of a train or a plane as =—-; the 


speed at which a lalhe cuts metal as wi great forces are 
expressed in tons (ton), etc. 
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In solving problems the units of measure must be brought 
into proper correlation and thenceforth strictly followed to 
obtain correct results. 


Plustranve Problem 1. How much greater or smaller is the unit of 
m 


velocily om than the unit of velocity Tai 


Solution: to solve this problem, the units must first be reduced to 
a common denomination: since 1 km = 1,000 m and 1 hr = 60 min, 
it follows that 


, km 1,000 m , 


“hr GOmim ’ 
therefore 
1 km, m__ 1,000 in , m_ _ 1,000 _ iyo. 
= hr * min 60 min * min 60. 3 
TIenee 1 in is 162 times grealer than 1 pues 
hr 3 min 


5. A Material Point and a Solid Body 


Bodies whose molion is dealt with in theoretical mechanics 
are assumed as consisting of a very great number of infinitely 
small particles. The size of each particle is imagined so small 
as to approach a geometric point. Hach such particle is known 
as a material point. 

Ilence, any body is regarded as being the sum, or a system, 
of material points. 

In studying motion in mechanics, the body concerned is 
frequently represenled by a single material pvint. The motion 
of a ship, for instance, may be designated as the molion of just 
such a malerial poinl. A moving ball attached to a long slring 
may also be considered a material point. 

Accordingly, the concept material point may signify either 
a very small particle of a body, or a whole body considered as 
a point. 

A material point is a body whose climensions are so small as 
to be negligible with respect to olher geometric values involved 
in the given problem. 

Bodies dealt with in theoretical mechanics are assumed to be 
absolutely rigid and unchangeable in size and shape under the 
influenre of another body. 


G6. The Scienee of Mechanies 


Mechanics deals with a varicty of problems, but notwith- 
standing this variety they fall under one of the following classi- 


fications: 
1. Determining the trajectory described by the points of a 


moving body, the position of any one of the points in its trajec- 
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tory, its speed and acceleration, etc., in short, the solulion of 
problems concerned with the movement of a body as a whole 
or of any of its individual points independent of the force 
applied. 

This branch of mechanics is.called kinematics. Kinematics 
deals with the relationship between the geometric elements 
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of motion and time, iriespective of the forces acting on the body 
in motion. 

2. Determining the nature af molion of a body as related to 
the forces acting on the body, or, conversely, determining the 
forces causing the motion. This type of problem is deall with 
in the branch of mechanics called kunetres. 

Mechanics also treats of terrestrial bodies ina slate of rest, that 
is, a slate of equilibrium. Here we seek the conditions under 
which forces acting on a body are brought into equilibrium, 
for knowing these conditions, enginecrs can ensure rigidity and 
strength lo the slructures they are building. 

That part of kinelics dealing with equilibrium of forces and 
the consequent stale of rest of a body is known as statics, while 
the investigation of molion ot bedies under the action of forces 
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applied to them constitutes another branch of kinetics called 
dynamics. 

Such are the sciences embraced by mechanics, and their fun- 
damentals are {taken up in the first part of this book in the follow- 
ing order: statics, kinematics, and dynamics. 


7. Chief Stages in the Historical Development of Mechanics 


It Look thousands of years for man to find scientific explana- 
tions for mechanical phenomena. The first known attempts 
of the kind were conducted during the 4th century B.C. Imple- 
ments and mechanical (levices of the lime were extremely simple, 
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knowledge of mechanics was correspondingly limited and the 
devices known—the lever, pulley, windlass, etc. —were studied 
for the most part from the standpoint of statics to altain an 
understanding of equilibrium of forces. 

Some of the mosl important work in ihe held of statics was 
done by Archimedes (287-212 B.C.), who carricd on research 
on the laws of the lever, centre of gravity, and other phenomena. 
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After Archimedes, there was little advance in mechanics 
until the 15th cenlury A. D., when it began to develop in- 
tensively, spurred on by the transilion trom primilive handicraft 
to improved methods of production. During this period Leonardo 
da Vinci (1452-1519) made several discoveries 1m the field of 
mechanics, while Slevinus (1548-1620) further developed many of 
Archimedes’ principles of statics and investigated the mechanical 
properties of the inchned plane. 

In the £7th cenlury mechanics was further enriched by Galileo 
Galilei (1564-1612). Galileo’s work in this sphere was carried 
forward by Isaae Newton (1642-1727), who improved the 
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formulation of some of Galileo’s laws and developed mechanics 
to the level of a science. The mechiumes of Galileo and Newton, 
now known as classical mechanics, formed the foundation for 
the subsequent inlensive growth of that science. 

The 18th century saw the advancement of a new science 
called analytical mechanics, whose founder was the Russian 
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mathematician and mechanic, Academician T.. Euler (1707- 
1783). 

An outstanding name ol the eighteenth century was that 
of the Russian scholar M. Lomonosov (1711-1765), eminent 
fof his discoveries in various spheres of science, including me- 
chanics; another major contrbulion was his discovery of the 
law of the conservation ol matter and energy. 
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Another amongst the first Russian scientists notable for 
their. work in mechanics, was Academician S. Kotelnikov who 
in 1774 published a book on equilibriim and motion of bodies. 

Beginning with the 19th century mechanics made rapid 
strides and its principles were apphed with ever greater frequency 
to practical problems. The Russian scientisL P. Chebyshev 
(1821-1894) carried out extensive research on, and created 
the foundation of, a branch of mechanics called the ‘Theory of 
Mechanisms and Machines’’. Russian scientists also contributed 
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enormously {o the knowledge of the mechanics of liquids and 
gases. Amongst them N. Zhukovsky (1847-1921) holds a leading 
position. Known as the ‘“‘Father of Russian Aviation”, he is 
the founder of the Russian theoretical school in that field, his 
works forming the basis of the general science of aerodynamics 
and aviation as a whole. Academician S. Chaplygin (1869-1942), 
one of Zhukovsky’s outstanding pupils, solved a number of 
important problems in contemporary super-speed aviation and 
olher pressing questions of mechanics of great theoretical and 
practical significance. 


STATICS 


CUAPTER I 


FUNDAMENTALS OF FORCE, AND AN INTRODUCTION 
TO STATICS 


%. Forees 


Some cxamples of mechanical phenomena are: a stone falling 
to the ground, a tramear passing from a rectilinear lo a curvi- 
linear stretch of track due to pressure on the sides of the whecls 
by the raifs, the deformation of the spring and consequent lowering 
of the pan of weighing scales when an object is placed thereon. 

fu all of the above instances a change of motion, or, as it is 
called. of mechanical position of a body. is brought about by the 
action of another body upon the oue in question. In the first 
and third of the above instances that other body is the earth, 
while in the second instance it is the rails. 

In mechanics, aclion exerted hy oue body upon another is 
called a force. 

lL must be noted thal these are instances of the interaction 
of two bodies (the earth and a stone, rails and wheels, the body 
heing weighed and a spring). When body <A exerts a force 
upon body B, body B exerts a force of equal magnitude upon 
A bul in the opposite direction. 


9. Staties 


As has already been said, statics deals with the equilibrium 
of forces. In order to find if a system of forces is in equilibrium, 
or what conditions are required {o maintain a given equilibrium, 
it is necessary first to cffect cither a composition of the given 
forces, that is, to replace all the forees hy a simple system of 
forces or by a single force that will exert the same action, or to 
resolve the forces into their components. Hience the laws of 
composition and resolution of forces are of primary import- 
ance in statics. 

Among all forces acting on a body there is always one which 
is manifest by an attraction towards the centre of the earth; 
that force is weight, or gravity. 
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Another constant force is frictton; let us say we want to shift 
an object along the ground. Bul we know from experience thal 
il is not always possible to do this and that the action will depend 
upon a number of conditions, one of the most important being 
the resistance of the surface of the ground, i.c., the force of fric- 
tion. All other conditions being equal, friction ‘will. vary directly 
with the weight ofthe object; the héavier the body, the greater 
will be the friction. 

The foree of gravily and the force of friction are very impor- 
tant factors in solving a great varicly of problems; therefore 
they will also be investigated in this section of the book. 


10. Elements Which Determine a Force , 


The action of one body upon another, known in mechanics 
as the application of a force, may be exerted in various directions. 
Hence, direction is the first element of a force. For example, the 
force of gravily which alfects everything around us acts towards 
the centre of the earth, Le., vertically. 

However, the direction of a force is not sufficient’ to deter- 
mine the action it will exert upon a body. For obviously the 
greater the forec, the greater the action in the given direction. 
Therefore fhe second element required 
lo delermine a force is tts magnitude. 

To express the magnilude of a force 
il must be measured by some definite 
force taken us a unit. The most con- 
venient way lo measure the magnitude 
of a force in mechanics is to compare 
it with the foree of gravity to which 
all bodies on earth are subject. For 
thal reason the kilogramme (kg), 
which is the weight of one cubic 
decimetre of waler, has been accepted 
as the unil of weight for measuring 
the magnitude of any force in mechan- 
ics. The instrument used for this 
purpose is called a dynamomeler. 

‘Lhe simplest type of dynamometer 
is illusLrated in Fig. 1. A spiral spring 
A, with a pointer D altached to a 
hook on the lower end, is suspended 
from a stationary hook Js. A strip C 
is fastened rigidly to the upper end of the spring. A mark O 
is made to indicale the position of (he pointer D when at rest 
(Fig. 1a). When a load, Jet us say a 5 kg weight, is suspended 
from the hook on the lower end of the spring (Fig. 15), it will 
stretch the spring so that Lhe pointer will finally come to rest 
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ig. 1 


at a new position which is then marked 4. Thus the force of 
gravity acts on the load and causes the spring lo stretch to a 
definite extent. Now if the load is removed and we subsequently 
stsctch the spring again by hand Lill the pointer reaches the same 
figure J, we may say ihat we are exerting a force of 5 kg upon 
the spring. And if we 
hang a 2.5 kg weight 
on the spring, we 
would see thal the 
pointer comes {o resl 
halfway between O 
and 5. Therefore il we 
divide the distance 
hetween Oand 5 inlo 
five equal parts, we 
may then measure 
forces to wilhin onc-kilogramme divisions; or by dividing the 
same distance into ten equal pails, we could measure forces 
to within half-kdlogramme divisions. Dynamomelers constructed 
on the principle of the deformation of a spring are called 
spring dynamometers. 

Fig. 2 shows another type of spring dynamometer used to 
measure forces of Jarge magnilude, from 2 to 5 tons. When 
pulling forces are apphed to hooks A and A. plates B and B 
will be brought closer to 
cach other and_= displace 
one of the pointers on 
the cial. By hilehing such 
a dynamometer belween 
a lacomotive and a train 
of cats, the pulling power 

Fig. 3 ol the Jocomolive can be 
measured. 

Finally, the thud element of a force is its point of application. 
Let us imagine that the load G in ig. is to be raised by a lever. 
The magnitude of the force needed to raise the load will depend 
upon the distance between the applied loree and the fulerum C. 
If the force is applied at point /\,, il will have to be greater than 
if apphied at point A. From this it follows that in order to deter- 
mine the action that a given force will have on a given body, its 
point of application must be known. In practice, the force will 
not act at a geometric point but will bear over a certain area. 
But for convenience in compulation il is assumed as applied 
at one definite point of contact. 

Wherefore, the elements required to delermine a force are direction, 
magnitude, and point of application. 
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11. Graphic Method of Representing Forces 


The action of forces is much easier to understand when they 
are represented graphically. Let us take a simple example. 

Assume it necessary lo represent the pressure exerted on®a 
horizontal plate by a stationary ball whose weight G = 2.25 kg 
and which is lying on the plate’s surface at a distance of 
a mm from ils front edge and 6 mm from its left edge. 

The apphealion of the force G occurs at the point of contact 
between Lhe flat plate and the ball. By drawing a straight line 
AL at a distance of a from the front edge of the plate (Fig. 4) 
and another straight line AJN al a distance of b from Lhe left 
edge. we find Lhe point of application 
A at their intersecion, At this point 
a force equal to the weight of the ball 
is acting on the plate. Since the force 
of vravity acts directly downwards, we 
draw a vertical line BC through point 
«A along the path of the force. Now all 
that remains is to mark olf on the latter 
line the loree to be represented, to do 
which — scale must be selected, such as 
10 mm to one kg. We then mark off 

Vig. t a section of 225 mm on the line BC 

from point A downwards to D, and 

draw an arrow al D indicaling that the direction of the force 1s 
downwards. 

The line upon which the foree has been Taid out (in this case 
line BC) is called the line of action of the force. This is a 
term we shall subsequently mahe frequent use of. 

Toree, as we see, is a quantify possessing direction. Other 
quantities possessing direction are also applied in’ mechanics 
(velocity, acceleration, ete.) and are alt called vector quantities 
or vectors, as distinguished from quantities which have no cirec- 
tion (as, for instance, area, voluine, ete.) and which are called 
scalar quantities. 

A vector is delineated as part of a straight line whose Iength 
is based on a scale equal to the value of the given vector, while 
its direction is taken as the cirection of this value. 

To show the direction ol the veclor, an arrow is drawn on the 
segment of the line where the vector is laid oul. A vector og¢cur- 
ring in the text is designated by the same Ietters as indicated 
on the length of its delineation, except that a vinculum is drawn 
above these IcLters; for instance, [he vector represented by the 
length AD in Fig. 4 is written in the text as AD. 

A vector may also be designated by only one letter instead 
of two in the text, but printed in bold type. For example, if 


the vector AD has a value of G, it is designated as G. 
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In the above example the letter A marks the beginning of 
the vector while fhe letter D— its end. To denote a vector 
the Ietter which marks ils beginning is always written first and 
then follows the letter marking its end. 

ff the vector G@ were to act from points D lo A, then it would 


be written as DA. 


12, A System of Forees and Its Resultant 


Fig. 5 represents a body with forces P,, P,, and P, applied 
at points A, B, and C. The ageregale of forces acting upon a 
body is called a system of forces. 

If we find one force Ri exerting the same action upon a body 
as the whole system of indicated forces, 
then that force can be used lo replace 
the system of forces. 

A force which exerts the same action 
as a given system of forces is culled 
the resultant of forees. 

lorces whose concurrent action can be 
replaced by a resultant of lorees are called Wig. 0 
the components of the foree. 

The resullant of forees is found through the composition 


of forces. 





13. Two Equal Forees Acting in Opposite Directions 
Along a Siraight Line Connecting Their Points of Application, 
Are in Lquilibrium 


Assume Lwo men holding the ends of a pole and pulling in 
opposile directions. If the pole sluits toward one of the men, 
we will sav he is pulling i! with greater lorce than the other; 
if the pole dees not shill, we will 
say the (wo men are pulling with 
ee equil force. In Fig. 6, if forces P, 

and P, applied at points A and B 

Vig. 6 are equal in magnitude and acting 

in opposite directions along a 

straight line connecling their points of application, ‘hey will be 

in equtlibrium and will cause no change in the mechanical state 

of the body. In like manner forces P, and P, may be applied to 
one point (Fig. 7). 

From this it follows that tf we add tivo more equal forces acting 
in opposite directions along a straight line lo a system of forces 
already acting upon a body, the mechanical stale of thal body will not 
be changed. - 
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14. The Point of Application May Be Altered 
Alony the Line of Action of a Foree 


Let us assume that a force P is applied to a body at pognt 
A (Fig. 7) and that at another point, say 13, we apply two forces 
P, and P,, each equal in magnitude to P and acting along its line 
of action but in opposite directions. As previously éxplained, this 
will not change the mechanical state of the body, but as a result 
we will have asystem of three 


forces P, P,, and P, acting zB 
along one line. But forces P g A aaah : 
and P, are equal to cach other a) 


P,P 


pA AB AS 
a 


—=0- —— 4) 
Fig. 7 lig. 8 


and in mutual equilibrium and consequently the mechanical 
state of the body lo which the three forces are appliad depends 
on force P, alone, which 1s cqual in maynilude lo P and acting 
in the same direction. In olher words, we have altered the point 
of application of force P to point B. 

This property of forces is frequently used in solving problems 
of mechanics.* 


15. Equilibrant of a Force 


Let us return lo Sec. 12 (Fig. 5), where it was shown that the 
forces P,, Pg and Ps; may be replaced by their resultant R. 

Now let us apply force R,, equal in magnilude, opposite in 
direction, and collinear with R, to point O. On the basis of what 
has been staledin Sec. 13, R and R, are equivalent and conse- 
quenlly the forces P,, P,, and P; are equivalent to R, which 
means that a body acted upon hy this system of forces will be 
in equilibrium. A force R, which is equal, opposile, and colli- 
near with the resullant R of a svstem of forces acting on a body 
is called the equilibrant of (hal system. This line of reasoning 

* A clarificalion is required here. Let us assume that twe forces 
P, and P,, equal in magnitude and acting in opposite directions along 
the same line of action, are applicd to a thin bar at points A and B 
(Fig. 8a). Force P, may be moved to point B, and force P, to point A 
(Fig. 8b), bul il is apparent that in the first instance the bar would tend 
to stretch, and in the second would tend Lo contract and take the shape 
shown in Fie. 85. Therefore from the physical standpoint the situation 
of the point of application of a force along its line of action is not a matter 
of indifference. Hlence, as already stated in Scc. 5, fundamental deduc- 
tions in theoretical mechanics are based on the assumption that a body 
on which forces are acting is absolutely rigid and unchangcable. 
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may be carried further. Let us assume Lhat we have a system 
consisting of P,, P,, and R,. Then their resultant would be 
equivalent in magnilude to force P,, and would be opposite 
anf collinear with it, while P, would be the equilibrant. This 
means that in a system of forces in equilibrium, any one of the 
forces is the equilibrant of all the other forces. 


Oral Exercise 


What is the difference between the resultant and the equilibiant of 
forces? 


16. Composition of Collinear Forees 


* Given two collinear forces P, and P, acting on a body in the 
same direction at points A and B (Fig. 9a). The problem is to 


compose the forces, i.c., to 

find their resullant. Aig SO Fe De 
We know by experiment 

that the aclion of two such R=P,+D2 a) 


forces of the mechanical 
slate of a body will be the , jf 

same as the action of another eA 8 D 
force equal in magnitude to ae aa 
the sum of the two Torces and ,) 
acling in Lhe same direction. 
Wecan find (his sum graphi- 
cally bv altering the point 
of application of force P3 lo the end C of the vector P,. as shown 


in the figure. Then the resultant can be represented by the vector 
AD. The same result may be oblained if the end ot the vector 
P, is transferred to point 73. From all of which the resultant 


R~P, | Py 


Or let us take the case of two opposile forees acling along 
one line (Jig. 9b). Here it is necessary lo compose the lorces 
P, designated by AC, and P, designated by BU. into their result- 
ant, the second foree being greater than the first (1, > P)). 
Let us assume force P, to be the sum of two forces acting in the 
same direction—the force designated by the vector BE, which 
is equal, opposite, and collinear with P,, and a second designated 
by ED. Forces AC and BE are in equilibrium since they are 
equal, opposite, and collinear. As a resull the two forces P, 
and P, are reduced to one force, i.e., to the resultant £D, which 
is equal in magnitude to the difference between them and acts 
in the direction of the greater force: 


R =P, — P,. 


Fig. 9 
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If instead of the resultant of two forces we must find the result- 
ant of more than two forces with a common line of action, 
then each direclion of forces is first summed up and the resultant 
of the two forces determined as described above. e 

If it be assumed that the forces acting in one direction are 
positive and those acting in the other are negatiye* then their 
algebraie sum will be the resultant. 

Wherefore the resullant of two or more collinear forces is the 
algebraic sum of their components. 

. 

IHustrative Problem 2. Find the resultant of the following live collin- 
ear forces: P, = 400 kg, P, = — 200kg, P, = —350hg, P, = 100 kg, 
and P, = —175 kg. 

Solution: the resultant R= P,+P.4 P,+P,+ Py, = 400 = 
—200 —350 + 100 —175 = —225 kg, acting in ithe direction oppo- 
site to P, and P,. 


INustrative Problem 3. A man weighing 82 kg is standing on floor 
scales and pulling vertically on a rope hanging from the ceiling. What 
force is he exeiting on the rope if the scales are registering 45 kg? 


Solution: the figure registered on the scales shows theeforce wilh 
which the man is pressing down upon them. This force, which is the 
resultant of the weight of the man and the force cxerted by means of 
the rope (in opposition Lo the weight of the man), we shall designate 
as P, 

If we take the forces acling veitically downward as positive and force 
P as negalive (the man is pulling lumsel! upwards), then we have the 
following equation: 


82 — P = 45, from which P = 37 kg. 


17. Constraints and the Reaetions of Constraints 


Various kinds of motion occur when bodies are acted upon 
by forces. Most frequently we meet with the motion of a body 
whose free choice of position in space is restricted by other 
bodies. Instances of th.s type of motion are: the movement 
of a body on the earth’s suriace, the revolution of a shaft in a 
bearing, the movement of the carriage of a lathe along the 
guides of ils bedway, etc. 

This kind of motion of a body is called restricled motion. The 
conditions restricting the motion of a body are called constraints. 

The action on a body by other bodies exercising constraint is 
measured by a force called the reaction of the constraint. 

In Fig. 10 the ball rolling down the inclined plane under the 
force of gravity is subject to the reaction of that plane, des- 
ignated by force N perpendicular to the plane AM. 

Or, take a beam lying freely on two supports (Fig. 11). The 
weight of the beam exerts pressure on both supports, while 


* The choice of which forces to designate as negative and which 
as positive varics with each case and has no influence on the final result. 
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the supports in their turn exerl opposing forces Q, and Q, on the 
beam and are called the reactions at the supports. 

It is important to stress the following: the force exerted by a 
body on a support is applied fo a point on the support, whereas 
the reactive force of the support is applied at a point on the body, 
with the result that the two forces have different points of applica- 


N 

M a @ 

A 

K ? TU 
Fig. 10 Fig. 11 


fion. So is it in the case of the bull on the inclined plane when 
the pressure of the ball is exerted at a point on the plane and 
the reactive force is applicd to a point on the ball. The two 
points are contiguous al point A. In the same way the points 
of application of pressure of a beam are on the supports, whereas 
the points, of application of the reactions are on the bean. 


Oral Isxercise 
A ball weighing 2 kg is resting on a horizontal plate. What is the 
direction of the reaction of the plate, where is ils point of application, 
and what is ils magnitude? 


18. Questions for Review 


oe What do we call a force in mechanics and how doves it manifest 
itself? 

2. Is there any difference between the line of action of a 
force and the direction of a force? 

3. In what sequence showd the elements designaling a 
foree be delineated on a drawing? 

4. What quantily is a vector? 

5. What is the difference between the resultant of a system 
of forces and equilibrant? 

6. What is meant by the expression fhe algebraic sum of 
forces? 

7. What is the difference between the force that a body 
exerts on a support and the reaction atl the support? 

8. What is the direction of the reactions exerted on the 
wheels of a locomotive at rest? 


19. Exercises 


1. Load B, weighing 3.5 kg (Fig. 12) and attached 
by a cord to dynamometer A, is lowered to a table in 
such a way that the cord remains taul. The pointer 
on the dynamometer registers 1.5 kg. [To what is the 
reactive force of the table applied, what is its direction, 
and what is its magnitude? 





2 A man is slanding on floor scales and pulling on a rope 
suspended from a dynamometer fastened to the ceiling. The 
dynamonneter registers 15 kg while the scales on which the man 
is Standing show 65 kg [*ind 1) the weight of the man and 
2) the magmitude and directions of the reactions exerted on the 
man by the platform of the scales and hy the rope. 


CHAPTER ll 
COPLANAR S\STEMS OF CONCURRENT FORCES 


20. Finding the Resultant of Two Forces 
Acting at an Angle 


So far we have investigated systems of forces having a singte 

hne of action and whose resultant is collineat with these forces. 

Now we shall take up the question of finding 

Py the resultant of two forces whose lincs of action 
sft intersect at a pol and torm an angle 

p> Ihe simplest system of forces acting at an 

angle 1s obtuncd when the forres am of equal 

lig 13 magnitude as shown in ig 13, where forces 

P, and P, are cqual and are acting al an angle «. 

Since there is no reason tor the resullant Lo be directed closet 

to one force than to the other, it should bisect the angle If the 





Fig. 14 


forces were ol different magnitudes, the resultant would remain 
in the same plane and make a different division of the angle 
formed by the lines of action of the forces. 
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Let us make the following experiment. 

Suspend two spring dynamometers A and B from hooks in 
a stationary horizontal bar as shown in Fig. 1-ta. Tie their hooks 
to ging 0 with cords of any length. Then hang load @ from the 
ring by a third cord. The cords will become taul, the load will 
swing and the pointers of the dynamometers will shill hack 
and forth. Finally the dynamometers and the weight will stop 
fluctuating and the whole system will reach a state of equilib- 
rium. 

Now let us see what forres are acting on the ring 0. The spring 
of dynamometer A is acling on il from the left, and the spring 
of dynamometer B from the right. The weight @ of load ¢ is 
acting on it directly downwards. And since the system is in a 
sbate of rest, the three forees are in equilibrium. 

Now Jet us take a sheet of cardboard, place it behind this 
sysLein of forces, and with a peneil mark points a and 6 the 
points from which dynamometers .f and Bare hung --and the 
centre of the ring O, and also draw a straight hne Oc designating 
the posilion of the cord trom whieh the load 35 hung. 

Now wecan delincate on the cardboard all the forees acting 
on the ring and meeting at ils centre. First we draw lines Qa, 
Ob and Oe to represent the lines of achon of the lorees acting 
on the ring (Fig. 11l,, the weight of {he load is known and the 
magnitude of the two other Llorecs is taken trom the dvnamometers, 
By choosing a suitable scale we can lay otf corresponding lengths 
from point O along the three lines and add arrows showing the 
directions along which the forces are acling. As a resull there 
will be ibree forces designated on the cardboard: P,, Py and @, 
expressed by the vectors OA,, OB,. and OC). 

These three forces are in equilibrium. Assuming thal force 
G is the equilibrant of forces P, and P,, we then delineate 
vector OC,, which represeuls force R, equal in magnitude to 
force G and acting in the opposile direction. In accordance 
wilh Sec. 12, the foree Ris the resultant of P, and P,. 

If we draw a straight line extending from A, (the end of the 
vector of force P,) parallel to the vector of force P,, and another 
line from J3, parallel Lo the vector of force P, (Lhe nd of the 
vector of force P,) we will find that these two lines intersect 
at poimt C,, that is, at the end of the vector of the resultant 
R. lence, by thus constructing a parallelogram of the vectors 
OA,, and OR, of the forces P, and P,, we obtain their resultant 
R in magnitude and direction, designaled by the diagonal OC, 
of the parallelogram. 

Such a parallelogram is called a parallelogram of forces. 

Wherefore the principle for the composition of two forces 
acling at an angle may be stated as follows: fe resultant of two 
forces with a common point of application and acting at an angle 
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is equal in magnilude and direction to the diagonal of a parallelo- 
gram constructed with the lwo forces as adjacent sides. 

In the above inslance the component forces present a common 
point of application (the centre of the ring shown in Fig. 14a). 
But if the forces are exerted al dilferent points, they may be 
shown as applied to a point where these lines intersect and a 
parallelogram with their vectors forming adjacent sides 
may be constructed as shown in Fig. 14. 

The resullant oblained in this way is called the geometric 
(or vectorial) sui of component forces. 

This principle of the parallelogram is also employed in the 
composition of other vector quantiles acting at an angle. 

It will be recalled from geometry that any side of a triangle 
is less than the sum of the olher two sides and larger than their 
difference. By applying this to the resultant in Fig. 14b we 
obtain 

Pe bP eS Py. HP 


When the angle under which forces are acting is changed, 
their resultant will also change: if the angle decreases, the result- 
ant will increase and vice versa; with an angle of 0°, Lhe two 
components will have hoth the same line of action and of clirec- 
tion and their resullant will be P, | P,. whereas at an angle 
of 180° their resultant will be P, — P,. With these extreme angles 
between coinponentl forces, their geometric sum becomes their 
algebraic sum. This means that the principle used in the compo- 
sition of Lwo collinear forces is part of Lhe principle of the paralte- 
logram of forces. 


IHlustrative Problem 4. Two forees P, and Po of equal magnilude are 
acting at an angle of 120° Find their resultant (fig. 15). 

Solution: the paralldlogrant constructed on Che veclors of these forces 
is a rhombus, for which i:ason the diagonal OC bisects angles AOB 
and ACH. Therefore 7 AOC / COB = 60? = “ ACO ‘ OCB. 





Fig. 16 





It follows that the resultant forms an angl> of 60° with each of the com- 
ponent forces. Furthermore il is easy to see that the triangles OAC 
and OAC are equilateral, which means that OC = OA =O8B. Hence 
the resultant in this case is equal to each of the components. 
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Hilustrative Problem 5. A groove is being cut in a workpiece machined 
on a lathe (Fig. 16). Ht has been determined with a dynamometer that 
radially acting force Py = AB -- 55 kg, and vertically acting force 
P, = AC = 93 kg. Find the magnitude and the direction of the resull- 


ane R = ADP. 

Solution: since the components are perpendiewar to one another, 
the parallclogram constructed on them vectors will he a rectangle and 
its diagonal can be determined by the Pythagorean Theorem: 

R = | 052 ++ 932 = J08 he. 
Fiom the luaugle ADC we oblain DC = AC tan y, therefore 
DCE 6) % 
dan yp = a= as - 0.092 and the angle yp — 30°30’ 


21. Resolving a Foree info Two Components 
Applied at One Point and Aeting at an Angle 


The reverse of (he composttion ot forces is called the resolu- 
lion, of a jorce into ils components To resolve a force into two 
components signifies finding lwo forces whose combined action 
will be the same as the qwen force, i.e., funding two forces whose 
resultant will be equal to the gwen force. 

It can be easily found that such a problem may have au in- 
finile number of solutions. Let us assume it necessary lo resolve 
the force Q = OA inlo two componen!s (lig. (7). By drawing 
two lines, OK and OL, through the point ot 
applicalion O, and lines AC and AJ3 parallel 
to them, Irom point A, we obtam a parallelo- 
gram O} AC [rom which we sce that foices OB 
and OC are components of force Q. But other 
lines of achon could hkewise be taken for the 
components --say OAL and ON. Then we 
would obtain the parallelogram OJ.A4, from 
which il follows that the toree Q may be che 
resullant of two other forces OD and OF. 

Therefore the problem as it is staled 1s Pig. 17 
indeterminate and adililional conditions must 
be included to obtain a single solution tor cach spevific case, as 
shown in the following examples. 

1. Rasolve force Q (Fig. 18a) into two components P, and P,, 
whose lines ot action MN and ST intersect with the action line 
of Q al point O. 

By altering the point of applicalion of force Q to point O 
we obtain vector OC =.Q. Then we construct a parallelogram 
OACB on that vector by delineating two lines from point C, 
that is, CB parallel to MN and CA parallel to ST. The resulting 
vectors OA and O8 will designate the sought component forces 
P, and P,. = 





3 — 5018 


2. Resolve force Q (lig. 185) into two components of which 
one, P,, is defined in magnitude and direction. 

We extend the lines of action of the two given forces to their 
point of intersection O and construct vectors OA - P, and 





aN 
oe 
”“ 
“ 
a 
oe 
~ f 
re - 
M er Ie = ML 
~T 
a) 
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OB Q. We then conneet Band A and delineate OC || AB 
and BC || MN, thus obtaining the desired second &omponent 
P OC. 


Oral Exercise 
Can a given foree be resolved info components, cach of which acts 
at a right angle Lo it? 


Mustrative Problem 6. A verlical Jond P of 1,200 kg is supported by 
a triangular bracket ABC. Find the forces acting on AB and BC if 
AB = 600 mm and AC = 800 mi (Hig. 19). 
Solution: the forees acting on the indicated elements are compo- 
nents of force P and directed along these elements. By constructing the 
arallelogram BEDI on vector BD, which represents force P, we obtain 
both conponents P, and P.. ‘The first is directed from point #3 towards 
point #2, that is, from «along the support AB and tends to stretch the 
lalter. The second component Jf is directed towards point C, that is, 
towards the point which fixes the element BC and therefore tends to 
compress that element. 
By measuring the {wo coniponents by (he same scale as used in des- 
ignating force P, we ean find their magnitudes. 
These magnitudes can also be found by calculation, as follows. 
Since triangles ABC and BED are similar, then 


BE Py, AB_ 600_ 3 
BD P ~ AG ~ 800" 4 


o 





hence 
Diss $ P= 3 ¥% 1,200 = 900 kg. 


Fui thermore, 
ED _ PP. BC _ \V600? + 800? _ 1,000 


BD” P~ AG” 800. 800 


milo 
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and 


4 P= \ 1,200 = 1,500 kg. 

Illustrative Problem 7. Slide-block HW (Fig. 20) which is subject to the 
acfion of force P, is moving along a straight horizontal bur AB at an 
even speed. What reaction does the bar exert on the slide-block? 

Solution: the reaclion we seck is perpendicular to the bar, i.e., it is 
directed from it vertically upwards. We resolve foree P into two compo- 
nents CE and CF, of which one is perpendicular, and (he other parallel 
to A. The parallelogram of totces CED? so formed is a reetangle, of 
which side CF represents the downward pressure of the slide-bleck 
on the bar, and side Cl* represents Lhe force acting in the sane direction 
as the movement of the slide block#. 


P= 





c D 
| z & 
! ? 
H VN ca 4 
eee T 
Fig. 19 ig. 2t 


Assuming that force P == 80 kg and the angle «® which il forms with 
the bar is equal to 60°, then 7) LC — oe a = 30° 
Irom the right triangle DCTs we derive 
CK = UD cos 30° = 80 » 0866 -- 69.3 keg, 


hence the reaction sought is equal lo 69.3 kg and acting opposite to 
force N 


Illustrative Problem & In Vig. 21, line AB represents the axis of the 
cross section of Lhe wing of an airplane travelling horizontally along Uhe 
line HH. The pressure of the air N perpendicular lo the win,, is des- 
ignated by the vector OC. Vind the lifling power that (he air exerts 
on the plane. 

Solution: By resolving N into lwo components, we obtain vertical 
P, = OD and horizontal P, = OF. The first gives {he magnitude of the 
vertical pressure of the air and is equal to Lhe lifting power of the plane. 


i 





22. The Composition of Several Forces Lying in One Plane 
and Interseeting at One Point 


The’ principle of the parallelogram can also be employed 
to solve problems involving more (han two component forces. 
By moving any two of the forces along their lines of action 
so as to have a common pvint of application and constructing 
a parallelogram of forces, their resultant R, can be found. Then 
the next force is moved to the common point of action and 


* This force is in equilibrgym due to the force of friction induced on 
the surface of contact between the slide-block and the rod. 
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combined with resultant R to obtain R,. Thus we continue 
with the rest of the forees until finally by combining the last 
component wilh the resullant of all the other forces we obtain 
the resultant of the whole system. 
The order in which we combine the 
forces will have no influence on 
the final result, but tf course the 
partial resultants will differ. 
Fig. 22 shows a system of four 
B meeting forees P,, P,, Ps, and P, 
whose lines of inlersecting action 
are at point O. By transferring 
the points of appheation P, and 
P, to this same point and con- 
structing a parallelogram OB AF, 
we obtain our first partial result- 
Vig. 22 ant BR, Oh,. This we com)ine 
with force P,, which we have also 
transferred to O. and obtain the sceond partial resultant R, -- 
=O. Finally, by constructing parallelogram OMIT, on 
vectors Ol, and O11, of forces Ik, and P,, we obtain the result- 


ant R- QAI for the whole system olf forces. 








Vig. 23 


The forces need not necessarily be combined in this order. 
We could first have combined P, and P, and then combined 
P, wilh their resultant, etc., and the final result would have been 
the same. 

There are other methods of combining concurrent forces. 

Let us take four forces P,, P,, P;, dnd P, (I*ig. 23). 
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First delineate two perpendicular coordinates zx and yy 
through a common point of application O (see lig. 23a). Then 
we resolve each of the given forces into Lwo components whose 
lifes of aclion coincide with axes ax and yy. By connecling the 
perpendiculars Aa, and Aa, {from point A (the end of the vector 
of force P,) with axes rx and yy, we resolve P, into two compo- 
nents Oa, and QOa,. The process is then repeated with the other 
given forces. As a result we obtain four components Oa,, Ods, 
Ob,, and Or, acting along axis av, and the same number of 
components Ob,, Oa,, Oc, aud Od, acting along axis gy. In 
short, we replace the given forces by these eight forces. 

Now we work oul the algebraic sum of the forces acting along 
each of the axes we and gy. For the forees acting along axis 
zx we obtain the resultant ft, - Ob, 4 Or, -- Oa, --Od,, desig- 
nated by veclor Off in Fig. 23b. In exactly the same way we 
find the resultant of forces acting along axis yy, Le, Ry > Ory -+ 
+ Od, - Ob, - Oa, as designated in Fig. 23b hy vector OF. 
In this way we reduce all the given forces to two, acting al right 
angles lowach other, By constructing the parallelogram OEGF, 
we obtain the desired resultant Ro designated by vector OG. 

The magnitude and direction of this resultant can be found 
by calculation without resorting to deliueation. 

Firstly, designale (he angles formed with axis rr by forces 
P,. Py, P.. ete., as a. a, ag, ele. From triangle AOa, we obtain 
Oa, - OAcosa, Py, cosa; in the same way we find that 
Od, -= P, cosa, Ob, -P,cosa@,, and Or, Py cos ay. 

From the same triangles we tind each vertical component of 
the given forces: O01, -- OC sine,  Pysinay, Od,  P, sin a, 
Ob, P.sine, and Oa,  L sine,. Llence, 

Ry -- Py COS a, | Py COS ay Prcosa, - Py cos ey; 
and =R,=-P3sinas | Pysina,g P,sing,  P, sin a. 

The magnitude of resultant Rois determined from triangle 

OLG as the hypolenuse of a right triangle: 


R- \RE= LE. 

Angle a formed by this resultant wilh axis 21 is determined 
. 5 : R 

from the same triangle: R, =- #, 1an a, from which fan @ - ,* 
xe 


In general, the resultant of a svstem of n forces meeting at 
one poinl is dclermined by the following equations: 


R, == P, cos a, -| Py, cosa, + Py cosay +... | 2p COS ay \ (1) 
R, -= Py sin a, -|- Py sin x, | Pysin ew 1... | Pasina,) 
R—tR2 + R, (2) 
inet (3) 
Ry 


Wherefore, fhe resultant of a system of coplanar concurrent 
forees is equal to the geometric sum of two forces, each of which 
ts the algebraic sum of the components of the system along two 
ares intersecting at right angles. e 

The tangent of the angle formed by a resullant and a horizontal com- 
ponent is equal to the ratio of the algebraic sum of the vertical com- 
ponents to the algebraic sum of the horizontal components. 


Oral Exercises 
1. If Rt, -- 0, and R, 4 0, what is the magnitude and direction of the 


resultant? 
2. If Ry = R,, what will he the direction of the resultant? 


IWustrative Aiea ve Given a system of concurrent forees in which 


P, = 20 he, — 25 P, = 30 kg, and P?, = 40 ke (Fig. 23). The 
aliules these con aan “wilh the horizontal axis are «, = 70°, a, = 30°, 
a, = 20° and a, -- 60°, from which the resullant of these forces must 


be found. 
Solution: Rye and R, are calculated through TEquations (1): 


Ry = 20 cos 70° + 25 cos 30° + 30 cos 20° 40 cos 60° = 
-- -- 20. 0.342 $ 25 « 0.866 + 30 0.949 40 x 0.5% 23 ke, 
Ryo = 20 sin 70° 25 sin 30° -F 30 sin 20? + 40 sin 60° == 


-- 20 v 0.94 - 25 . 0.54 30 <« 0.342 + 40 « 0.866 = 13.6 kg. 
The magnitude of the resultant, according to Mquation (2), 
Ro | 23% £ (3.62 = 26.7 he. 
and the angle «& which it forms with Lhe hotizontal axis 


tun @ -- 0.591, whenee we voblain « — 30°36’. 


23. Equilibrium of a System of Coplanar Forces 
Interseeting at One Point 


As we have already learnt above, a system of forces is in equi- 
librium if each of its forces is Lhe equilibrant of all the others, 
that is, if each of its forces is equivalent Lo, and opposing, the 
resultant of the other forees. In combining forces according to 
the method shown in J*ig. 22 we oblain a resullant OL equal 
in magnitude and opposite in direction to force P, and the gene- 
ral resultant is zero, i.e., the system of forces would. he in 
equilibrium. 

For a system of concurrent forces to be in equilibrium, their 
resultant must he zero. 

Let us see what conditions must be satisfied for this to hold 
true. 

Let us return to I'ig. 23. As we have already seen, resultant 
R can be defined as the geometric sum of the forces R, and R,, 
each of which is the algebraic sum of the components of the 
system obtained by resolving its forces along axes xz and yy. 
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Therefore if the system is to he in equilibrium the condition 
VR2 -|- 12 -=0 must be satisfied. Since R2 and R2 are always 
positive quantities, this will be the case only if R, and R,, are 
eath equal to zcro. 

IIence by emploving Lquations (1) we obtain the following 
conditions for Lhe coplanar system of convergent forees lo be 
in equilibrium: 

Ry, == P, cosa, | Pycos x, {- Pyeosa, ' ... , Py eosa, -0 (A) 
R, = P,sing, | Pysina, | Pysina; |... , Py sine, = 0. (5) 


Wherefore in order that a coplanar system of convergent forces be 
in equilibrium, il is necessary and sufficient that cach algebraic 
sum of the componenis of those forces along two perpendicular 
ares be equal to zero, 


Mustrative Problem 10. Given a coplanar system of convergent forees 
(lig. 24a) in which P, = 23 ke, P, -= 27.0 hg, Py = 24.3 he. 1) = 30 ky, 
and P, = 30 kg. The angles formed by their Hines of action with the 
horizontal axis Tr passing through the point of intersection of the forees 
are respeclovely 9, = 26°, a = G89, a, = 10°, @, = of and a, - SL’. 
Determine whether the system is in’ equilibrium. 








lig. 24 


Solution: by applying Equations (4) and (0) we obtain 

R, = P, cos 26° — P, cos 68° -- P, cos 15° — Py cos 09° + 

+ P, cos 31° = 23 « 0.899 27.5 « 0.375 - 21.3 > 0.966 — 

— 30 x 0.515 + 3O x 0.857 = 20.68 —- 10.31 - 20.58 - 15.45 + 
+ 25.71 = 46.39 — 46.34 = 0.09 kg we 0. 

Ry = P, sin 26° + P, sin 68° + P,sin 15° -- P, sin 59° — P, sin 31° 
= 23 x 0.438 + 27.5 x 0.927 + 21.3 x 0.259 — 30 x 0.857 — 

— 30 x 0.515 = 10.07 + 25.49 + 5.52 — 25 71 ~ 15.45 = 41.16 — 
— 41.00 = 0.08 kg x 0. 
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Therefore the system is in equilibrium*. ; 
In Fig. 245 this problem is solved graphically (the scale used is 
1 kg = 1 mm). As may be seem from the drawing, Ry = 0 and R, = 0. 


24. Lines of Action of Three Non-Parallel Balaneed 
Coplanar Forces that Interseet at One Point 


Fig. 25 represents a body under Lhe action of three balanced forces 
P,, P., and P53. Since any one of these forces is the equilibrant 
of the other lwo, it must be equal and opposite to the resultant 
of the other two forces. If we transfer forces P, and P, to their 
point of intersection O and find their resullant OC. we may 
see that force P, must have the same tne of action as resultant 
R; in other words, il must pass through the same point O at 
which P, and Py inlersecl. Wheretore, t/ three non-parallel forces 
lying tn one plane are in equilibruim, thetr lines of action will 
tnlersect at one potut. 








Fig. 25 Fig. 26 


IHustrative Problem 1f. \ man is filing a workpiece 4 licld in a vise 
(Fig. 26). In order that the file move evenly, his hands exert forces P, 
aud Poiat each of ils ends (points A and /3) and thus overcome resist- 
ance R ot the workpiece. In short, forces P, and P, compensate force R, 
and all thiee forces meet at point O. 


25. Questions for Roview 


t. What system of forces is a concurrent system? ‘ 

2. Is there only one solulion to a problem in which a forte is to be 
resolved into two coinponenls if either Lhe magnitude or the direction 
of one of the components is given? 

3. What is the answer to Question 2 if both the magnitude and direc- 
tion of one ol the components are given? 

4. Whal is the answer to the same question if the magnitude of one 
of the components and the direction of the other are given? 

* Since our calculations have been approximate, we may neglect 
the quantities 0.05 and 0.08 kg, inasmuch as they are of no importance 
as compared with the forces given. 
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5. After the successive composition of forces P,, P,, and P,, respec- 
tively (Sec. 22, Fig. 22) by means of the principle of the parallelogram, it 
was found that the system was in equilibrium. What is the position of 
the line of action of resultant R, and what is ils magnitude? 

@ The system of forces in Fig. 25 is in equilibrium. By constructing 
a parallelogram of forces P, and P,, prove thal force P, is their equilib- 
rant. 

7, Will a system of forees be in equilibrium if only one of the Equa- 
tions (4) and (5) is satisfied? 


26. Exercises 


3. Show five torces P,. P,, P3, P,, and P, with a common point 
of application and whose lines of action form angles of 30°, 
120°, 270°, 300°, and 330°, respective- 
ly, with the horizontal axis (lay out 





the angles counterclockwise). ‘he mag- 4o—e2-~-<-—-— 
. ; . ate aes ) = YY 
nitudes of (he forees are P, 150 hg, | 


Py, = 200 ke. Py=120kg. Po 180 kg, fh=—L 
and P, -- 80 ky. 

4. Iind the resultant of two forcesP, 
and P,, when cach is 100 hg and theit Vig. 27 
lines of acUion intersect at right angles. 

5. lig. 27 represents a cable fastened al points A and B 
with load A of weicht G@ susnerded from it in the middle. Cal- 
culate (he force P exerted on cach half of the cable if LZ 5 m, 
a .600 mm, and the weight G of load A 100 hg. 

6. The workpiece A in Fig. 28 is being machined lengthwise 
on a lathe by cutter B.A perpendicular force OC of 127 kg desig- 
nated by N is acting on the culling edge. lind forces P, and P, 
acting on the cutler in the direction of the axis of the workpiece 





Fig. 28 Fig. 29 


and also perpendicularly lo it if angle @ between the cutting 
edge and the workpiece (called Uhe main angle in plan) equals 35°. 

7. Find the forces acting on supports AB and BC of the 
triangular bracket in Fig. 29 if AB = 800 mm, AC = 1,200 mm, 
and P = 900 kg. 
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8. Load Q weighing 200 kg (Fig. 30) is suspend- 
ed from joint 2 belween two bars fastened on 
hinges A and C. Find the magnitude and direc- 
fion of the forces acting on the {wo bars. 

% In Fig. 3) five forces are applied al point 0: 
P, =20 kg, P, 40 kg. Py -=30 kg, Py == 

33.3 ke. and P, - 53.3 kg. Angles «, = 45° 

lig. 31. and a, - 60°. The lines of action of forces P, 

and P, coincide and are horizontal and force P, is 
directed vertically downward. Kind the resultant. 





CIAPTI WOOL 


COPLANAR PARALLEL FORCES, AND THE MOMENY 
OF A FORCE 


27. Composition of Parallel Forees Acting in One 
Direction 


The principle of the parallelogram obviously eannot he 
applicd to Lhe composition of parallel forces. To arrive at a 
principle for the composition of two parallel torees we musl 
replace them bv (wo inlersect- 
ing forces having the same 
aclion as the given forees. 

Lel us assume we are to lind 
the resullant of the two parallel! 
forces P, and P, in Pig. 32. 

We connect the points of 
application A and J of the 
two forces wilh line AB and 
resolve P, inlo two arbitrary 
components AJ and Al’, of 
which the first is directed along 
line AJ3. We then resolve force 
P, in such a way as to make 
its component BG also act 
along line AB and have the 
same magnitude as foree AE. 
Then its second component an 7 
BH will be fully determinate. Since the components A/ and BG 
have been constructed equal in magnitude and acting in oppo- 
sile directions, they will therefore balance each other, it then 


follows that forces P, and P, can be replaced by forces AJ’ and 


BH which are acting at an angle. _ 
We transfer the points of these two forces Lo Lheir intersection 


at Q,, that is, we lay out O,K = AF and O,L = BU. Then 





Fig. 32 
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we resolve each of these forces in two directions: UD parallel 
to AB, and O,Z parallel to the lines of action of the given forces 
P, and P,. As a result we obtain four forces 0,M, 0,N, 0O,S, 0,T. 

It is apparent that triangles 0,MA and LAC are equal to 
each other because 0,4 = AF and the adjacent angles are 
equal. Irom this it follows that Af = AC, and since Mik 
= 0,S, then 0,S — AC, ie., O,S -P,. And since the triangles 
are equal, it also follows that O,Af E. 

In the same way we can prove that 0,7 =P, and O,N - BG. 
Therefore, since 0,4! and O,N are equal aud opposite, they 
are in equilibrium. Accordingly, the resullant of forces O|K — AF 
apd O,L = BIT can he expressed by the algebraic sum of the 


forces O,S and O,T, and since fhese two torces are equal in mag- 
nitude, respectively, to the given forces P, and P,, the resultant 
of forces AF and BD is eapressed by P, + Py. Llowever, the 
action of forces AF’ and 3D is the same as the aclion of forces 
P, and P,. Hence we conclude that the resultant of forces P, 
and P, is equal to their sum and we have therefore determined 
its magnitude. Now if remuins for us to find the position of point 
O at which the line of action of resuliant 0,4 and line Ab inter- 
sect. Since lriangle 0, AO and O,KS are similar, it follows that 


oe = ue or if we consider that O,S represents the magni- 











tude of force P,, we then obtain oe = 8. 
P . w me 
In the same way we obtain the proportion 
OB _ 00 | 


IL” P, 


By dividing the first proportion by the second and hearing 
in mind that KS = TL, we obtain 


If we designate a, as the length of UA adjacent to the point 
of application of P,, and b, as the Jength of OB, the proportion 
will become 

9 a, 
by 

We then delineale line A,B, through point O perpendicular 
to the lines of action of the given forces and clesignate a as segment 
OA, and segment OB, as b. Since triangles OAA, and OBB, 
are similar, we obtain el at hence, pap whence it fol- 

1 


lows that 


Py 
P, 


P,a = P,b, 
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Wherefore, the resultant of two parallel forces having the same 
duction is equal lo their sum, is parallel to them, and acts in the 
same direction, L.e., 


R =P, | P. (6) 


The point of application of the resultant divides- the line that 
connects the pounts of applwation of the given ferces into a ratio 
inversely proportional to their magnitudes. 

In other words, the line of action of the resullant passes 
between Lhe lines of action of the component forces at distances 
inversely proportional to their magnitude, i.e., 


oct 7 
b, P, : (7) 
a P, 

ho P, (8) 


By mulliplying the means and the extremes of Iiqs (7) and 
(8) we obtain 


Pit = Pby 
Pya - Pb. (8a) 


For some problems Equation (8) may he presented in a more 
convement torm by expressing if as a derivative proportion: 
alb P,P, 

b ~~ Pp, 

‘ ; al b b 

Bv exchanging the means, we oblain -"35-° 

; a . Pr+P, P, 4 
An exchange of the means in Equation (8) resulls in 


. a|b b a é nd 
Consequently PL EP, = Py O=P,? and since P, + P, is equal 
, aib ob _~a, 
to the resullant R, then fe = =p, 


Oral Exercises 
1. Does the derivation of Eqs (6) and (8) depend on the magnitudes 
of forces ALE and BG (Fig. 32)? ‘\ 
2. Whal will be the posilion of point O, through which the line of 
action of the resultant passes (Tig. 32), if P, and P, are equal in mag- 
nitude? 





2%. Composition of Parallel Forees 
Acting in Opposite Directions 


Assume it necessary to find the resultant of two parallel 


forces P, and P, (fig. 32a) acting in opposite directions when 
P,- P,. Solution: we replace force P, by two forces —force 
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P, applied at point B and equal in magnitude to force P, but 
acting in the opposite direction, and force R which is equal 
in magnitude to the diflerence P,—P, and apphed at the 
poiat determined by the ratio Cea. Under these condi- 
tions we may regard force P, as the resultant of the two parallel 
forces P, -- P, and Pj. Llowever, force P, being Lhe equilibrant 
of force P,, it follows that the given system of forces has been 
reduced to the one force & = 2, — P,. Llence this 1s the desired 
resultant. 1n shorl, the magnitude of 
the resultant has been found as 


R =P, --P,. (6a) 


etlaving chosen the point of apph- 
calion of force R so that the dis- 
tances OA and AB salisly the con- 
dition 





OA _ ?P, 
ABR’ fig 82a 


we convert this condition into a derivative proportion and 


oblain 
OA Pr; 


TAB + 0A ~R42P%° 


By taking a, to represent UA, and b, to represent OB and 
bearing in mind that force P, is equal in magnitude lo force 
P, and tha! Rois equal to the dilference 2, — Py, we obtain 


ay A poesia P 
Dee Se ee a 
By extending the perpendicwlars AA, a and BP, — bd 
from points A and J3 to the line of action of resultant My, 
we obtain similar triangles AA,O and B,O, from which it 


follows that 


Mine 
b B 
and Equation (7) may then be expressed as 
we): 
‘a db” OP, 
from which 
Pya -= Pb. 


Wherefore, the resultant of two parallel forces acting tn opposite 
directions is equal to their difference, ts parallel to them, and acts 
in the direction of the greater force. 

The line of action of the resultant lies beyond the larger force 
at distances from the component forces equal to the inverse propor- 
tion of these latter forces. 
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If it is necessary to find the resultant of a system of parallel 
forces of which some are acting in one direction and the rest 
in the opposite direction, the simplest method is to first combine 
those acting in one direction and then those in the other digec- 
tion, and finally combine their two resultants. 


Oral Frercise 


As the magnitude of P, approaches that of P,, what will be the posi- 
tion of point O (Fig. 32a) through which the resultant R passes, provid- 
ed the points of application of P, and FP’, remain the same? 


29. Resolution of a Force into Parallel Components 


The resolution of a force into two parallel components is just 
as indeterminate a problem as the resolulion of a force into 
components directed al an angle; additional conditions must 
be given in each individual casc, such as the points of appli- 
cation (or lines of action) of both components, or the point of 
application (or line of aclion) and magnitude ot one of the com- 
ponents, or the point of apphealion of one of the components 
and the ratio of their magnitudes, etc. The problerfi will then 
become determinate aud can be solved by applying the equations 
used in the two foregoing sections. 

Let us assumc it necessary to resolve force P (Fig. 33) into 
two components P, and P, acting in one direction, with the magni- 
tude of force P, given. The distance hetween the action lines of 
forces P and P, is equal to a. The magnitude of force P, is found 
from Kquation (6): 

P,  P-- Py. 


The distance r between its line of aclion and force P is found 
through Equation (8), according to which P,a  P,x, whence 





Fig. 33 Fig. 34 


Illustrative Problem 12. A load G weighing 1,200 kg is travelling along 
a beam resling on two supports A and B (Fig. 34). Find the bearing 
loads P, and P, exerted by the load on each support if il comes to rest 
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at a distance a = 1,500 mm from the lett support. The length of beam 
iL = 4,500 mm. 


Solution: as the load moves, the bearing loads on the supports change 
and when it is at the extreme Icit, ils entire weight will rest on support 
A. &s iL moves from [eft to right the bearmg Ioad on the left support 
decreases while that on the right inereascs and’ at the extreme right the 
enlire weight of the load will be borne by support B. 

Therefore force G is the resullant of the components P, and P, aeting 
in one direction, and so by applying Loq. (8a), we Jind that, in the given 
position of the load, 


Ga 1,200 » 1.300 
== 1000 he 
P L 1,500 1000 ha, 


and 
P= 1,200 9 100, = 800 ke. 


The reactions al the supporls are equal to P, and Poin magnitude 
and act in the opposite direetion. 


30. The Centre of Coplanar Parallel Forces 


Given agsystem ol coplanar parallel forees Py, Pz, Py, and P, 
(Fig. 35). By combioing lorees Py and P, apphed at points A 
and 2B, we find the first partial resul ant Ry apphed at O,. 
After connecting point O, and the pom 
ol epplicalion C of force P,, we combine 
this force with Ry, and thereby obtain 
the secoud patlial resultant’ Wt, By 
going through the same process wilh 
this force and the Jast component Py, 
we oblam the resullant Roof the entire 
system, wilh the point of apphcabion 
at 0. 

Now Jet us assume that all the given 
forces are rotated about their points 
of apphcalion through a freely-chosen 
angle a in their plane, as indicated 
by the dolled lines. Since P, and P, 
have nol changed in magnitude and 
their points of application remain [he lig. 35 
saine, the point of application O, of 
resultarrt KR, also remains the same. The point of application 
C of force P, likewise remains unchanged, from which it follows 
thal the point 0, of application of their resullant Ry, is also 
unchanged. By carrying this line of reasoning to its conclusion 
we sce that the point of application O ol resultant R of all 
the forces also remains the same. 

If all the forces in the system are retated through the same 
angle, their resultant will also rotate (hrough the same angle and 
its magnitude and point of application will remain unaltered. 
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The point of application of the resultant 0 is called the centre 
of parallel forces. 

Wherefore, the centre of parallel forces remains unchanged no 
matler whal their direction if they retain their magnitude and 
points of application. 


3l. Moment of a Foree in Respect to a Point 


We know from experience that il 1s easiest to get a work- 
Piece gripped in a vise if we apply pressure on the handle as 
far as possible from the axis of rotation O of the screw (Fig. 36). 
A grealer force will have lo he applied at point A, than at A 
to produce an equally tight grip. Tfence the rotating action of 
a force with respect to the axis of rotation O depends not onty 
on the magnitude and direclion of the force, but also on the 
distance of the line of action of force P trom that axis. 


0 Pp 
ah 
vA 
ye 


/ 
Pie. 37 





The quantity used in mechanics to measure the rotating 
action of a foree ts called (he moment of a force, 

Assume a force P to be applied to a body (Hig. 37). From 
any freelv-chosen point O we extend a line OA_ perpendicular 
to the action hne of the foree. ‘Phe product of the magnitude 
of the force and the length of the perpendicular is called the 
moment of the foree P with respect lo point O. By denoling Af 
as Lhe magnitude of the moment, we then obtain 


M ~Pp, (9) 


in which P represents the magnilude of the force, and p is the 
length of the perpendicular connecting point 0 with the line 
of action of the torre. 

The point O with respeel Lo which the moment of force has 
been taken is called the moment centre, and the disLance p from 
the moment centre lo the action line of the force is called the 
arm of the force wilh respect to the said point. The product of a 
force and its arm is called the moment of the force with respect 
lo a gwen point. 

Since force is ineasured in kilogramines and the arm in units 
of length (m, em), the moment of a force is expressed in kilo- 
gramme-metres (kg-m) or kilogramme-centimetres (kg-cm). 
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From what has been said it is apparent that the larger the 
magnitude of a force and the larger its arm, the greater is its 
tendency to produce rotation with respect to a given moment 
centge. If the moment centre coincides with the line of action 
of the force, Lhe moment of the force will be zero since its arm 
will amount to zero. 

Lel us assume that force P, and arm p, produce the moment 
M,, and the second force P, and arm py, produce the moment 
M, with respect to the same point. Then Af, Pp, and AL, = - 
— P,p,. Furthermore, let us assume thal the two moments 
are equal, ic, thal Pyp, Pap; From this it) follows that 
Py _ Ps. 


P, Py 
e 


Wherefore, when moments of forces with respect to one and the 
same point are equal, the magnitudes of the forces will be tnocrsely 
proportional to their arms. 

In order fully to determine the action of a force on a body, 
it is necessary to lake into consideration not only its magnitude, 
but also the direction in which it tends lo produce rotation. 
Thus in Fig. 37 the mutual positions of the force and the moment 
centre indicate thal they tend to produce clockwise rotation. 
If force P were actiny in the opposite direction, or if poiat O 
were on the other side of the action of the foree, the moment 
would tend to produce counterclockwise rotation. 

Hereafter we shall call a moment posime if it tends to pro- 
duce clockwise rotalion, and negattve if it tends to produce counter- 
clockwise rotation. 


Oral Isxercises 


1. Will a moment of force with respeel fo: given moment centre 
change if the point of the force is altered alous its line of action? 

2. On what fine are points situated wilh re 
spect to which the moments of the foree are 
zero? 

3. Gan forces of different magnitude  pro- 
duce equal inoments with respeel to one and 
the same centre? Under what condition? 


Hlustrative Problem = 13. A workpiece is 
being machined on a lathe by means of a 
cutter A (Fig. 38). The distance l from the 
cutting edge to ihe base of the tool is 60 mm, 
the vertical component P of the pressure exerted 
on the cutting edge by the workpiece is 900 hg. 
Find the moment of foree P with respect to Fig. 38 
point #3 where the cutter is fastened in its B 
support. 

Solution: the moment tending to rotate the cutter (the “bending 
monent”’) is found from the equation MW = Pl = 900 x 60 = 
= 54,000 kg-mm = 5,400 kg-cm. It can be secn that as the length of 
the moment arm p increases (the jdistance frum the cutting edge to 
the base of the tool), the bending moment will also increase. 
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IMustrative Problem 14. In the preceding example, P is the force the 
workpiece exerts vertically upon the cutier and causes the reaction P’ 
of the culter on the workpiece. This reaction is equal and opposite to 
the force P. Find the inoment of the force P’ with respect to point O 
on the axis of the workpicce if its diameter 2 = 80 mm. 7 


Solution: in this case the arm of the sought moment is equal to 7 


‘ys 
PP. =900 x 40=36,000 kg-mm = 3,600 kg-cm. 

Under the action of this moment the workpicce (together with the 
spindle with which it is lightly joined) will tend to twist. This is called 
torque. 


and the moment AJ = 





32. Moment of a Resultant 


Assume we have two parallel forces P, and P, acting in the 
same direclion and that their resultant R has been found 
(ig. 39). Let us freely choose a point C as the moment centre. 
The moment of the resultant R with respect lo this point will be 


My - Re -: (Py | Pade. (a) 


Let us express the moments of the component forces in respect 
to Lhe same point O: 


Mp, - Pa -¢) = —Pya Pye; 
Mp, Pb yc) Py te Dye 


By adding Lhe members ol the right and Ieft parts of the 
two equations we obtain 


Mi, 4 My, Pb -Pya } (Py | Pye. 
By applying Equation (8) we derive 
Pob -Pya=0. 


Therefore the sum of the moments of the component forces 
is equal to (2?, {- P,)c. Bult as may be seen from (a) above, the 
moment of the resultant is also equal to (P, + P,)c, the moments 
having been laken logelher with their algebraic signs. 

It is easy lo see Lhat we would have arrived at the same solu- 
tion no malter where we had taken the moment centres in the 
same plane (say al (,, €,, Cy, ele.). 

If there had been more than two parallel forces, then by com- 
bining them in succession and applving the same principle as 
above for each partial resultant, we would finally find Lhat the 
moment of the resultant is also equal to the algebraic sum 
of the moments of all ifs components. 

We have therefore proved an important relationship for 
moments of forces in general], and in the particular case for paral- 
lel forces acting in one direction. In more detailed courses on 
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theorctical mechanics this relationship is proved to hold true 
for any distribution of forces in a plane. 

Wherefore, the moment of the resullant of a coplanar system 
of forces is equal to the algebratc sum of the moments of the compo- 
nent forces with respect lo one and the same moment centre. 

This may be expressed for an n number of forces by the follow- 
ing equation: 

Mrn= Mp, + Mp, }- Mp, |... | Mr. (10) 


In using this equation it must be borne in mind that the al- 
gebraic sign of the moment of each force must be retained. 


——_— 








A P;) |p 
°C, 2, 
a a ap { 
| | 
be es 
Fig. 39 lug. 40 


Ittustrative Problem 15. Find Une resultant of the patallct forces 
P, = 30kg, P, = 53 kg, and P, — 70 h¢, by using Mquation of moments 
(10), the distances between their lines of force being @, = 80 min and 
a, — 200 mm (Hig. 40). 

Solution: the magmtlude of resultant Ro =P, + Py - Py = 30 + 
+70 03 = 47 kg and, consequently, 15 directed upwards. 

Let us take (he moment centre on the tine of action of foree P, and 
Iet xg denole the unknown arm of the resullant. Then the equation of 
moments is —Rr = Pa, — P,(a,4 a.) fiom whech, after substituting 
figures for the letters they represenl, we find x = 401 min, 


33. The Couple 


Let us now return to the composition of two parallel forces 
acting in opposite directions. As has already been shown in 
Sec 28, the resullant of two such forces is equal to their difference. 
Now Iet us assume that the two components are equal in magni- 
tude as illustraled in [ig. 41. In this case, according to [equation 
(6a) the resultant is zero. Klowever, a body under the aclion of 
two such forces would not be in equilibrium. We hnow that such 
forces would tend to produce rotation of the body. A good illus- 
tration of such a system of forces is shown in Fig. 42 — two hands 
turning a Teamer. 

A system of two equal parallel forces acting in opposite di- 
rections is called a couple. 
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A couple possesses no resultant. 

A couple is characterised by the magnitude of the forces con- 
stituting it and by the distance between their lines of action. 
The distance between (the action lines of the forces forming a 


couple is called the arin of the couple. 


tl RR 


Tig. 


The action of a couple on a body to which it is applied is di- 
rectly proportional lo the magnitude ol the forees composing it 
and to the length of its arm. This action is measured by the 
moment of the couple and is the product of the magnitude of 
one of the forces and the arm of the couple. T herelore if we 
denote the arm of the couple in ig. 41 as a and its moment as 
M, we obtain the moment of the couple as the expression M = 
=P,a  P,a or, in general, the equation 


Mo Pa. (11) 


The moment of a couple, just as the moment of a force, is 
measured in kg-m, ke-em. ele. In order (o determine the action 
of a couple, if is necessary to know not 
only the magnitude of its moment, but 
also the duection in which if tends to 
rotale the body. Just as with (he moment 
of a force, we shall consider the moment of 
a couple to be positive if it lends to pro- 

7 Vig. 43 duce clockwise rotation, and negative if 

ae counterclockwise. 

Fig. 43 represents a couple P,; and P, wilh an arm a and where 
the moment of the couple M  P,a  P,a. The moments of 
forces comprising the couple with respect to an arbilrary point 
O lying in the plane of the couple are expressed as 


Mp, ~ —P,a, 


2 


A 
\ 
db 


and 
Mp,  P, (a, -+ a). 
Combining these two moments, we obtain 
Mp, + Mp, --—Pyq, 4- Po (a, + a) = —P a, + Poa, + Poa. 
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Since forces P, and P, arc equal in magnitude, then 
Pra, Pya, 0 


and 
Mp, = Mop. Punt. 


Thus, the algebraic suin of Lhe moments of forces P, and P, 
with respect to point 0 is equal to the moment of the couple. 

Wherefore, the momeni of a couple is equal in magnitude and 
possesses the same sign as the algebraic sum of the moments of the 
forces comprising ut with respect to any point lyiny in the plane 
of the couple. 

A couple can be balanced only by another couple which ts equal 
in moment and opposite in sign. lt cannot be balamed by one 


force. 


Oral Exercises 
1. Given two couples, the arm of one of which is one-tifth the length 
of the arn® of the other. What would be the ratio between the forees 
comprising the couples if the moments of the couples were equal? 
2. ‘The arm of one couple is mi firis tess than that ol a second couple. 
The magnitude of the .orecs cuprising the first couple is nm times greater 
than that of the second. Whalois fhe ratio of he moments of the two 


couples? 


34. Equilibrium of a Coplanar System 
of Parallel Forces 


Let us see what conditions a system of parallel forces in a 
plane must satisfy for a body to which they are applied to be 
in equilibrium. 

Assume a system of parallel forees P,, P,, Ps. Py, and Ps, as in 
ig. dia. As has already been shown, the magnitude of the 
resultant of forces P,, Py, and P, is equal lo the sum of these 
forces. By combining them it succession we oblain (he line of 
action of resultant R,. ‘Then we combine Jorees P, and Py acting 
in the opposile direclion and oblain (he other partial resullant Ry. 
Let us assume that RR, is equal and opposile in direction to the 
first resultant R,. The syslem is therefore reduced to two equal 
and opposite forces and its resultant is zero, which means thal 
it is in equilibrium. If the sum of Lhe forces acting in one direc- 
tion would not be equal to the sum of the forces acting in 
the other, or, in other words, if (he algebraic sum of all 
the forces would not be zero, the system would not be in 
equilibrium. 

In Fig. 446 another system of forces is represented. Proceed- 
ing as before, we obtain resultant R, of forces P,. P3, and P,, and 
then the second partial resultant R, of forces P,, P;, and Px. 
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These two resultants are also equal in this case, but their lines 
of action differ and they form a couple. 

We therefore see that 1f a system of parallel forces is to be 
in equ''!brium, if is not enough for the algebraic sum of formes 
to be equal to zero; another condition that must he fulfilled is 
that the system is not reduced to a couple, i. ,e., that the 
moment of the couple equals zero. 

IIow can il be determined whether this second condition is 
satished? 


en 
> 
—a— 
oo 


Iie. 44 


TL wilh be ieealled fiom the preceding section that the 
moment of a couple is equal to the algebraic sum of the mo- 
ments of the jorces comprising the couple with respect to any 
powt lying in its plane. This means that the oblained moment 
of the given couple will be equal to the algebraic sum ot the 
moments of forces R, and R,. But R, is the resultant, ot the 
group of forces P,, Ps and P,, while R, is the resultant of the 
second group of P,, P,, and P,, aud it has been proved in Sec. 32 
that the moment of the resultant is equal to Lhe algebraic sum 
of the moments of the component forces. Hence the moment 
of the resultant R, is equal to the algebraic sum of the momen 
of the forces P,, P;, and P,, and the moment of the resultant 
R, is equal to Lhe sum of the moments of the forces P,, P,;, and Pg. 

We then come to the conclusion that the moment of the couple 
to which the given system may be reduced will be zero if the 
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algebraic sum of the moments of all the forces P,, P,, P3, Ps, Ps, 
and P, is zero. 

Ifence a system of an n-amount of coplanar parallel forces 
will be in equilibrium under the following conditions: 

1) the algebraic sum of all the forces musl be zero, i. ¢., 


Pode Py Pe ea hb Py S05 (12) 


2) the algebraic sum of the moments of all the forces with 
respect lo any point in ihe plane of the system must he zero, 
i. ¢@., 

Mp, -|- Mp, -| Mp, ‘} M,, 0. (13) 


Both of these conditions must be satisfied srmullaneously 
for a system of parallel forces to be in equilibrium. 

Assume the lever AJ3, wilh ils fulerunm al O (lg. 15a), to 
he acted upon by forces Q, and Q, al ils left side and by force 
P al ils right. For the lever to be in equihbrium the conditions 
expressed in Eqs (12) and (13) musl be 
satisfied. Uhe forces P, Q,, and Q, and 
the reaction of the fulcrtm Rare acting 
on the lever; then if the forees acfing 
downwards are regarued as positive, Ia. 
(12) hecomes 


P-+Q.1Q R 0, 


from which R ~ 2? | Q, | Qo. 

We have thus determined the reaction 
of the fulerum. Now Iet us determine 
the magnitude of force P by applying 
the second condition required to obtain 
equilibrium. By taking point 0 as the 
moment centre, Ey. (13) heeomes 


Pb Q1a, 3 Quy 0, 





from which P  &%  Q@ 
lf all the forces were applied on one 
side of the fulcrum (Fig. 456), we would Fig. 45 


have 
Q,+Q,—P —R =0, from which P-} R -Q, | Qe. 


To determine force P in this case, we will wrile the equation 
of«moments with respect to point O as follows: 


Q,4, + Q,a, --Pb==0 from which IP Gass t Gets 
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and the reaction at the fulcrum R = Q, + 0, —P=Q, + Q2— 
— Lids} Ot 


Now lel us take another example. 

Fig. 46 represents a beam lying horizontally on supports A 
and B with one end catending beyond its support as an over- 
hang. I‘orces P,, P., P3, and P, are acling downwards on the beam. 
It is required to find the reactions at the supports R, and Rez. 

From Eq. (12) we oblain one equation with two unknowns: 


Ry | Ry -Py ft Pe | Pa + Pye 


First we will determine reaction Rg by taking the algebraic 
sum of the moments with respecl lo point A: 
Pra 4 Pa(a4 6) | Ps bbl) -Ra@phbbe | aE 
1 Pa} bjec | d-e)— 0. 
Afler finding Rg we insert it in the first equation} and 
find By. 








P3| Rp 
A l 2-8 
ay} a ——-tF-- 4 —— 
-——- L } 
ig. 46 Fig. 47 


Nlustrative Problem 16. ‘The beam lying on supports A and Bin 
Fig. 47 is acted on by forces P, 200 kg, P = 300 kg and P, = 250 kg. 
Find the reactions at the supports Ry and Ry, if a, - 1m, Oye 1.5m 
and @ -= 2 m, and the distance FE belween the supports - 5 m. The 
weight of one linear m of the beam is 20 kg and «ls length 5.5 m. 

Solution: the beam is ia equilibrium under the action of forces P,, 
P, P, of its) own weight acling diucetly downwards, and of the 
reactions al the supporls. First we must deterinine reactions Rg and 
Ry caused by forces P,P, and P. 

Since the reactions acl upwards, Eq. (12) becoines 


PL+ Py 4 P, Ra Rp = 0, ic., Ra + Rp 200 + 
1 300 + 250 + 750 ke. 


We obtain the second equation by reducing to zero the algebraic sum 
of the moments with respect to any poiml in the plane of the forces. 
For the sake of simplicity we will take poml A as the moment centre, 
with respect to which the moment of reaction 4 is zero: 


Pyayt Pa, + a) + Py(a, + a, fay) - RB = 0; 
substituling numerical values, we obtain 


200 x 1+ 300 x 2.5 + 250 x 4.5 —- Ry x5 =0, 


96 


from which 
Rp = 415 kg and Ra = 750 - 415 = 335 kg. 
If we had taken the moment centre on the line of aclion of force 
P, the cquation of moments woukl have become . 
Ra > 14+ 300 > 1.5 + 250 « 3.5 — 4RR = 0, 
from which 
ity - RG = 1,320. 
In solving this equation in combinalion with the equation R4 + Rh = 
= 790, we would have obtoined the same result. 
The weight of the beam itself is 5.9 « 20 — 110 hg and is distributed 


equally between the two supports. Hence the full reaction Ry al support 


; Oo. , : 
A is 335 - SS = $90 ke and the reaction Wty at support B is 415 4+ 


e+ 00 = 470 ke. 


35. The Moment of a Force in Respect 
to an Axis 


Fig. 48a represents a vertical shal( OO, capable of revolving 
in ils beagings and having al its upper end an clbow OA forming 
aright angle AOO, wilh the shall. \t point A foree P is applied 
which, Just as the axis of the elbow, lics in the plane MN and is 
perpendicular lo the axis of shaft OO,. Under the action of this 
force the shaft begins lo revolve. 





hig. 48 


Now, let us assume that foree P does not he in the plane ALN 
but acts at an angle with it (lig. 185). Let us resolve this force 
into two components: AC in the plane of rotation of clhow OA, 
and AD lying parallel to the avis of the shaft 00. 

It is obvious thal force AC will tend to make the shaft rotate, 


whereas force AD will tend to push the shaft downward in line 
with ils axis (to avoid this the lower end of the shaft is con- 
strained by a thrust bearing). It is evident that in the first case 
(Fig. 48a) itis the entire force P that rotates Lhe shaft, while in the 
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second case it is only one of its components. In the first case 
the tendency of the force to produce rotation is measured by 
its moment with respect to point 0, which is equal to Pa and 
where a represents the arm (the length of the perpendicular 
OB extending from rotation centre O to the action line of the 
force). In the second case the tendency of iorce P to produce 
rotation is measured hy the moment of force P, with respect 
to the same point QO, and is equal to P,a, in which a, represents 
the arm of the force with respect to point 0. Component P, of 
force P is a projection of force P on plane AJN, perpendicular 
to the axis 00,. The moment of force P,, equal to P,a,, will be 
the moment of force P with respect to the axis. 

It will be found that if a force lies in a plane perpendicular 
to an axis, its moment wilh respect to the avis will be equa) 
to ils moment in relation lo the point where the axis intersecls 
the plane. From Fig. 48) ilis apparent that the moment of force 
P decreases as the angle CAB increases. For that reason il is 
of greater advantage lo apply a foree so that it will act in a plane 
perpendicular to the axis of rotation of a body. 


36. Questions for Review 


{. What is a moment of force wilh respeel to a point? 
2. Ts il possible lo select a potut in ielation lo which the moment 


of foree will be zero? Ty there only one such point? 
3. Whatis the relation between the moments of the resultant of a 


system of parallel forces and the moments of ils components? 
4. What conditions must a system of parallel forees salisfy if it is 


lo be in equilibrium? 
37. Kxvereises 


10. Given two parallel forces P, and P, acting m one direction 
(Fig. 49). The distance / between their [nes of action is 120 mm. 
Find the line of action and the magnilude of the resullant if 


P, =48 kg and P, = 144 kg. 
11. Solve Problem 10 with P, and P, acting in opposite direc- 


tions. 


os 400 400 


PB, 
2004-1504 250 250-150 


Pp, l 


900 500 
708 


Fig. 49 Fig. 50 


12. Find the line of action and the magnitude of the result- 
ant of the system of parallel forces shown in Fig. 50 (forces are 
denoted in kg, and Iengths in mm). 

13. Find the resultant of the system of parallel forces repre- 
sented in Fig. 51 if P,; — 100 ka, P, 900 kg, P, ~ 800 kg, 
P,= 300 kg, and a=300 mm, Jb -= 
= 600 mm, and c = 200 mm. 


14. A beam lying freely on two sup- 
ports A and # (I*ig. 52) is under the my Pe BAP, 
vertical action of forees P, = 300 kg, a 
—- a & che 


P, = 3800 kg, Py —- 150 kg, and P, — 210 kg. 
Kind the reactions of the supports 


caused by these forces if a, -1.8 m, Hie AL 
a,*= 0.9 m, a, ~0.9 m, 2 = 4.5 m and sie 
L = 6 m. 


15. The fulerum of Jever AB in Fig. 53 is al point & and is 
under the action of ferees P, 120 kg and P, - 60 kg. The 
distances hetween the lines of action of [hese forees and the; ful- 
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crum are «@, — 360 mm and a, = 375 mm. Whal must be the 
magnilude of a toree P, applied at cml 2B of the lever to keep 
the lever in equilibrium if its length £960 mm? What will 
be the reaclion # of the fulerum (assuming the lever itself to 


be weightless)? 


CIPAPTUR IV 


CENTRE OF GRAVITY, AND STABILITY OF BODIES 


38. Centre of Gravity, and Centre 
of Parallel Forees 


The force of the carth’s altraction (gravity) acls on all the par- 
ticles of a body. Gravitational forces always act on the particles 
of a body in a line directed towards the centre of the earth 
and therefore converge. But the angle of deviation from the 
parallel is extremely small, amounting to only one second along 
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a meridian on the carth’s surface for two points situated 31 m 
apart. And since bodies with which engineering mechanics 
is concerned are infinitesimal as compared with the radius 
of the carth, the forees of gravity acting on Lheir particleg are 
considered parallel. 

When we combine all the elementary gravitational forces 
acting upon all the particles of a body, we obtain their result- 
ant. This resultant of the forces of gravity acting on all the 
particles of a body is called the weight of the body. The point of 
applicalion of this resultant is called the centre of gravity of 
the body. 

It will be seen that the centre of gravity is also the centre 
of parallel forces, and as already explained, holds true no mat- 
ler whal the direclion in which the forces act if only they remain 
parallel. ‘rom this it follows thal the centre of gravity of a body 
remains unchanged irrespective of the position of the body with 
regard to the carth’s surface. 


39. Centre of Gravity of Certain Bodies 
of Simple Form 


In many engineering calculations where the weight of bodies 
musl be taken into account, if is necessary Lo know the exact 
position of Lhe centre of gravity. In some cases it is very easy 
to find the centre of gravily. 

Let us invesligale several instances where bodies are of simple 
geometric form. 

1. The centre of qravity of a sphere coincides with its geonwtric 
centre. The truth of this statement is apparent from the fact 
that the resultant of all the clementary gravitaUional forces 
acling on the particles along one diameter passes through its 
centre, which is also the centre of the sphere. 

2. The centre of gravily of a right curcular cylinder (Tig. 54). 
Let us make a cut through any arbitrary point 0 perpendicular 
to axis 0,0,. ‘Taking a particle M, in this section we then choose 
another particle M, on the same diameter and at an equal dis- 
tance from the centre O of the section. It follows that the result- 
ant of the elementary gravitational forces acting on Lhese two 
particles passes through the centre of the section. Following 
the same procedure with respect to any point of the cylinder, 
we come to the conclusion that the centre of gravity of the whole 
cylinder lies on its aris 0,0, and at half its altitude al point C. 

3. The centre of gravity of a right regular prism (Fig. 55). By 
reasoning as in the case of the above right circular cylinder, 
we reach a similar conclusion, i. e., that the centre of gravity 
of a right regular prism lies on ils aris and at half its altitude. 

But there is one important factor to be borne in mind. It is 
evident, [rom what has heen said, that we assume the elementary 
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gravity forces acting on ihe particles as being equal in 
magnitude. This presupposes that the hody is uniform 
throughout. Such a body is known as homogeneous*. If this condi- 





@ Vip. o4 Fig. 55 


tion is not satisfied, the process of finding the centre of gravily 
becomes complex, as may be seen from the following example. 


INustrative Problem 17. Fig. 56 represents a eviindrical shatt with 
a length LZ = 1,000 mim and made of two materials of different specitic 


‘ 500 1m il is made of aluminium with 
a specific gravily y, = 2.6 g;cu em, while the remainder of its length 
DB is made of stect with a specific 
fravity py, = 7.85 g/euem. Find 
the cenlre of gravity of Lhe shaft. 
Solution: if the shaft were hom- 
ogeneous, its centre of pfoavily 
would be on its axis and halfway 
along its length, i.e., wilhin seclion 
D ala distance ? = 500 mm from 
its end. But in the case in hand it 
will be necessary to delermine the 
weight of each component of the 
shaft before finding its true centre 
of gravity. Vie. 36 
By first’denoting the: 1 of the 
cross-section of the shaft as I’, the 
weight of ils aluminiuin part AD will then be expressed as G, -- Llyy = 
= 2.6 Fl g, and the weight of its steel part DBasG, = fl yp, — 7.85 Fi ge 
The point of application of the first force G, is C, in the middle of AD, 
and that of the second force G, at point C, in the middle of DH. The 
distance between points C, anc é, is 500 mm. In order Lo find the overall 
centre of gravity C of the shaft we must find the poinl of application 


gravily. Along ils length td — -," 





* Henceforth it shall be assumed that a body is homogeneous unless 
the contrary is stipulated. 
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of the resullant of the two already obtained paralle] components, as 
follows: 
a 7.85 Fl 
b 2.6 Fl 
then a = 375 mm and b = 125 mm. 

IJence the sought centre of gravity C of the shaft lies at a distance of 


c= $ + a= 250 + 375 = 625 mm from its left end. 


3, from which a= 3b; and since u + 6 = 500 min, 


AQ. Centre of Gravity of Plane Figures 


lig. 57 represents a homogencous disc of uniform thickness, 
i. e., a cylinder of small height as compared to ils diameter. 
It is apparent from what has already been said that the cenfre 
of gravity of the disc lies in the centre of its middle section MN 
dividing its thickness in half. ‘therefore inslead of the whole 
disc we may deal with ils middle section, where we may assume 
all the material of the disc to be concentraled. Llence we may 
regard the centre of gravily of this disc as the centre of gravity 
of the material area of a circle. In exactly the same way we may 
regard the centre of gravity of a triangular plate ASD (Fig. 5h 
as the centre of gravity of its middle section, i. e., as the centre 
of gravity of the area of a triangle; and so forth with other plane 
figures. 

Now let us consider methods of finding the centre of gravity 
of a number of plane figures. 
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1. The centre of gravity of the area of a circle lies in its geometric 
centre. 

2. The centre of gravity of the area of a triangle lies at the inter- 
seclion of its medians. 

Given triangle ABD (Fig. 58). We delineate median BE 
connecling vertex B with the midpoint E of its base AD. Then 
we (lelineate segment KL at any arbitrary place parallel with 
base AD. Since the triangle BKL is similar to BAD, then 
KC, = C,L. Hence the resultant of all clementary gravity forces 
acling on all the particles lying along segment KL is at point 
C,, the intersection of median BE with that segment. 
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Following the same procedure with respect to any other linear 
segment parallel to base AD, we sec that the-centre of gravity 
of Lhe triangle lies on median J34. 

Wow let us delineale another median Al’ to the side BD. 
Using the same method as with median BE, we find that the 
centre of gravily also must lic on this median. From this we 
conclude that /he centre of gravity of the area of a triangle lies at 
the intersection of us medians. 

In geometry it is proved that the point of intersection of the 
medians of a triangle divides them in a ratio of 1:2, ie, 
CE = 1/2BC and CF — 1/2AC. liom this it follows that the 
centre of gravityC licsatudistanceCH - 1/3BhorCk =1/3AP, 
ie, at a distance of one-third the 
léngth of a median from the side to 
which il has been dehneated. 

3. The centre of gravity of Ute arca of 
a parallelogram (Fig. 59). 

Delineale, diagonals AD and BE. 
The diagonals of a parallelogram are 4 
divided « their midpoints by their 
point of inferseclion. fence segment 
AC of Giagonal A/J is a median of tri- 
angle ABI, and segment CJ) of the same diagonal is a median 
of triangle BDL. Vor this reason the centres of gravily C, and 
C, of thee lwo triangles he on the diagonal AD, and the centre 
of gravily of the whole parallelogram lies on this same diagonal. 
In the same wav we can prove Lhat the centre of gravity lies 
on the second diagonal B&. 

Wherelore, the centre of gravily of the area of a parallelogram 
lies at the point of intersection of tts diagonals. 

Obviously this deduction also reters to the rhombus, the 
rectangle, and the square, sinee all these are forms of the 
parallelogram. 

4. Knowing how to find the centre of gravity of the area of 
a triangle and of parallelograms of all types, we can find the 
centre of gravily of any figure Lhat can he divided into such 
elements. 

Let us assume we want to find the centre of gravily of the area 
of a freely chosen quadrangle (Fig. 60). 

We first divide the quadrangle inlo two triangles ABD and 
ADE by the delineation of diagonal AD. We then delineate 
medians to the midpoint of side AD, mark the centres of grav- 
ity C, and C, of the areas of the two lIriangles and connect 
them by means of segment C,C,. Next we divide the quadrangle 
with a second diagonal BE, forming triangles ABE and BDE. 
By repeating the above process*we also obtain segment C,C,. 
The desired centre of gravity is found at the intersection of this 
segment and segment C,C,. 
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IMustrative Problem 18. Find the centre of gravity of the try square 
shown in Fig. 61. 

Solution: the centre of gravity of the plank I of the square lies at the 
intersection of diagonals A/s and BD, and the centre of gravity of leg IT 
lies al the intersection of diagonals DL and A.M. 'The centre of gravity C 
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of a,whole square Jics somewhere on tine C\C . In order to find point C, 
we inust divide line C,C, so as to obtain a rate inversely proportional 
to the weights of the two sides of the square, or, since the square is 
homogeneous, mversely proportional to their volumes. The volume of 
plank J =. (300 - 40) < 30: x 5 39.000 cu mm, while the volume 
of leg IJ == 120 x 40 « 15 = 72,000 cuimm. By dividing the segment 
C,C, in such a way as lo satisfy the condition 


9 
nee = a, we obtain the centre of gravity C. 


Al. Practical Method of Determining 
the Centre of Giravity of a Plate 


Let us assume it necessary to Jind the cenlre of gravily of 
the flat plate of irregular oulline as shown in Fig. 62. We sus- 
pend it from its corner A by the cord 4A and when it comes 
lo rest il will be in a state of equi- 
librium. The weight of the platc will 
be equal to the reaclion from the cord 
al point A. These two forces have a 
common line of action which coincides 
with the vertical line AD and on which, 
therefore, lies the centre of gravity. We 
then delineate this vertical line AD on 
D the plate and then suspend the plate 

Fig. 62 from some other point, let us say 


Y 
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corner B, and following the same procedure we delineate the 
vertical line BE on the plate Since the centre of gravity niusl 
he on both BE and AD. we conclude that it thust be at point 
G of them intersection 


42. The Stability of a Body Maving a Point or an Avis 
as Support 


Make this experiment take some pointed object, lel us say 
a centie-punch, which wosym tre than rclifion to its longi- 
dudinal axis ind stand al verucalls 
on its sharp end upon a horzontal A 
suillace MN (Fig 63a) In this pos 
tien the weight G ol the punch, apphed 
at its centre of gravily ©, will bo equal 
to the reaction at the hortontal plane 
But we know that iw we thus stand 
the punch varlically, Lhe moment wo 
release ou hold at wall begin to (all 
This 1s exphuned by the bict that when 
the axis of the punch [caves us verlical 
position, afmoment of forec caused ny 
the waght Gis inducca which tonds to 
rotate the punch about its point of 





fe 
t 





support JA (Fig 630) M 
Yhis position of a body, im which 
the shghtest force is suflicaenl to upset !) 
its equilibrium, 1 hnown as the slate 
of unstable equilibrium lig 63 


Lhe characteristic of this state of 
unstable cquilibrium 1s that when the body leaves this position us 
centre of gravity us lowered 

Let us investigate another example the ball 1¢presented 
m Fig 6415 made ot two materials of diffurcnt specie gravity, 
the specific gravity of the material of scymert A boing the 
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greater. The centre of gravity of the ball will therefore not be 
at its centre O but at some other point C lying on the radius 
OD which is perpendicular to the separation plane AB (Fig. 64a). 
{In the position shown in Tig. 64a the weight G@ of the whole 
hall is equalised by the reaclion from the point of support applied 
to the ball at point J). 2 

If we turn the ball so that it takes the position shown in 
Fig. 640, we will see that its weight G induces a moment equal to 
Ga in respect to the point of support D,. which will act in such 
a direclion Chat the centre of gravily will be lowered when we 
remove our hand, therefore (he ball will be induced to turn back 





until it reaches ils orginal position (fg. 6Lay* in which it will 
he again ima slate of equilibrium. 

A position to which a body returns aller the foree which 
has disturbed its equilibrium has ceased to act, is called a state 
of stable equiltbruin. 

It is characteristic of this state of stable equilibrium that tts 
cenlre of gravily is raised under the influence of the force disturb- 
tng tts eqaatbriam. 

If this ball be placed in the position shown in Fig. 6c, il 
will be in the position of unstable equilibrium similar: to that 
of the centre-punch shown in Fig. 634. 

Finally, if a body is given support at ils cenLlre of gravity, 
its weight will be equalised by the reaction from the support 
no matter whal position il is in. For example, the ring (Mig. 65) 
suspended al the point of intersection of two cords in its middle 
plane will remain in a state of equilibrium in any placed posi- 


* Actually the ball will assume this posilion only atler rolling back 
and forth several times. 
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tion because its centre of gravily will remain always unchanged. 
In the same way a homogencous ball in any position will remain 
in a state of equilibrium when placed on a horizontal plane. 

4 position in which a body remains in equilibrinm, no matter 
what its posilion wilh respect lo a support, is called a_ state 
of indifferent equilibrium. 

It is charactertslic of tndtfferent: equilibrium that. the centre 
of gravity remains al the same height no matler what the position 
of the body. 

AH the above classes of equilibrium refer to a body supported 
at one point. Now Jef us examine a cause when a jody is supported 
on a fixed axis around whieh it ean freely rotate. Assume that 
the plank A in Fig. 66¢ is fastened lo a shalt freely supported 
iw bearings*. If we move the plank so Chat its position becomes 
as shown in Tig. 66), its centre of gravily will have been dis- 
placed higher, [fF Teft to itself, under the action of the moment 
of its weight Ga, the plank will rotate back, and aller swinging 
back and forth a few limes will lake up its original position (Iig. 
66a) which is therefore a stable position. Wo we arrange the plank 
in the posjion shown in Pig. 66e, a slight foree is all thal wall 
be needed to start if rotating and ats centre of gravily will drop 
until finally the plank lakes a stable position. Therefore its 
original position was one ob uislability (ig. Obr). 

Finally, if the plank were held on Che shaftain such a way that 
its centre of gravity coincided with Che axis of the shaft (Fig. 
66d), it would always be ina state of indilfer- 
ent equilibrium no matter what ils) position. 

As we shall see Jater, if is offen necessary 
for machine parts revolving: about a 1ined axis 
to be arranged ia state of indillerent: equilib- 
rium. This process is known as balancing. 


IMlustrative Problem 0. Fig. 67 shows a leht 
rod suspended on axis O and holding a dise J whose 
weight is G 5 kg. This pendulum is pulled to 
the position shown in the figure and then released. 
Find the magnitude of the foree acting on if at 
the instant it begins lo swing to a position ol 
Stable equilibrium. The centre ol the dise is ata dis- 
tance a = 200 mm from the vertical, and OC = 
- i = 340 nm. 

Solution: we will neglect the weight of the rod and consider (hat the 
centre of gravity of the pendulum coincides with the centre of dise C. 
We then resolve the force of the weight G into components CB, acting 
along the rod, and (D perpendicular to il. As is apparent from the 
drawing, component Ci cannot induce the pendulum lo swing, but 
the second component CD, which is tangen! to the are deseribed by the 





¥* The bearings are not shown in the drawing. 
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radius OC, will induce the displacement of the centre of gravity of the 
dise in the direction of C,, the position of stable equilibrium. 

Since S CAD = / ACB = / EOC, therefore ACAD ~ ACEO, 
hence CN): Chi - CA 2: OC. Accordingly, the component we are secking 


CA Loe Dy Gu 5 x 200 
a — = —-= -- —- = 2,¢ 
4 OC i 340 arate: 
If the angle of inclination a had been given instead of distance a, 
we would have lound magnilude a = EC trom the right triangle OEC, 


whose leg FO - OC sin a. 
This problom can be solved more simply by applying the deduction 
made jinSee 31: the moment of toree G@ with respect to axis O is equal to 


Ga, and the moment of component GR is 7010 Gls tine of action inter- 
secls aris O, and ils arm is zero). Whenee Ga - Pl, from which P = oa, 


the result we have already obtained. 


43. The Stability of a Body on a ILorizoatal 
Surface 


Tig. 68 represents a body AC wilh ils bese supported on a 
horizontal surtace AIN. If we rolale it about edge E, its centre 
of gravily CG will rise and deseribe the are CC,. If we take our 
hand away, the body will rotate in reverse aboul the same edge 
E and return lo its original position ADE which is accordingly 
a posilion of slabdlity. In Uhis position the weight of the body is 
equalised by the reaction from the surface. This will be the case 
Lill we place the body in position A,B,D,E indicated by the 





Fig. 69 





dotted line and in which its centre of gravily is on the vertical 
plane passing through edye /. If we take our hand off the body 
while it is in this position it will begin to rotate cither to the 
right or to the left and the centre of gravity will drop until 
it reaches the lowest point possible. Wherefore position A,B,D,E 
is one of unstable equilibrium. 

Let us investigate under what conditions a body will main- 
tain a position of stable equilibrium: assume that a parallel- 
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epiped of weight G is standing on its base KLMN on a horizontal 
surface (Fig. 69). Assume we apply a force P to the body with 
the line of action lying in the middle plane ABDE. In respect 
to*edge NM this force will induce the moment J’a, in which 
a = EF and is the arm of the force P. The tendency of this 
moment to till over the parallelepiped about the edge NAT is 
counteracted by the moment of force of its weight @ which 
has the same edge NAF for ifs moment centre. The arm of this 
moment b EH and is lound by constructing a perpendicular 
to the line of aclion of the force of gravily trom point /. The 
condilion that must be salisfied for the parallelepiped to main- 
tain its equilibrium is that the algebraic sum = of these two 
moments with respect to point F& he equal to zero: 


Pa Gh 0. 


The moment of force P is (he (ilfing moment, while (he moment 
of force @ is the slabiltty moment. Ih Pao Gb. the block will 
rolale round edge NA, but uo Pa< Gb it will maintain ils 
Stable poglion on the surtace. 

Hf Pa < Gh, then P< A J from which we see Chal the greater 


the moment of stability and the shorter the arm. of force P with 
respect to axis NV. the more stable the hody will be. 

In caleulating the stability of cranes, dams, retaining: walls, 
smokestacks, efte., Chere must always be a definile reserve of 
Stability which is expressed by the ratio 


OM, 
ks Mp 


in which Mg, is the moment of stability, and JZ, the lilting 
moment. This ratio is called the cocfficient of stability. It is 
apparent from what has been suid that this coefficient must 
alwavs be greater than 1. 

Iiowever, from the above il must nol be thought that the 
weight of a body always contributes fo its stability. Itig. 700 
represents a body ABMs which will overturn about the edge 
E under the aclion of its own weight @ which induces a tilting 
moment Ga. In order to keep the body in the position shown, 
a force*musl be applied which will induce a moment equal in 
magnitude and acting in the opposile direction. Il is seen that 
the body will fall! over because the line of action of the force 
of gravity inlersects the supporting surface beyond the base of 
the hody. 

In Fig. 706 the body is similar in height to that of Fig. 70a 
but is stable because the action line of the force of gravity passes 
through the supporting area within the base of the body. Whereas 
the body in Fig. 70c has the same area of support as that in Fig. 
70a butis also stable because its centre of gravity has been lowered. 
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Wherefore, a body on a horizontal surface is in a position of 
stable equilibrium if the resultant of all the forces acling on tl, 
including ils own weight, intersects the area of support within 


the configuration of the base. e 
The greater the area of its base and the lower us centre of gravity, 


the more stable the body. 





Nlustrative Problem 20. The weight G@ of a wall ABDE which is rectan- 
gular in cross section (lig. 7H) is expressed by veelor CE and the grealest 
wind pressure by veclor AL, both vectors being drawn to the samc seale, 
Gheek the stability of the wall. 


Solution: we displace the Loree of wind pressure along its line of action 
to the centre of gravily Coand thea construct a paralielogrant of lovees 
Gin this case a rectangle) on the vectors of lorees Poaand G. Since Ue action 
line of the resullant Rointlerseels the supporting area se within the 
configuration of the base, Che wall will maintam ils condition of stable 
equilibrium. 


44. Questions for Review 


tL. Will the centres ol gravity of Gwo homogeneous bodies, both of 
simiJar shape and dimensions bul) made of materials possessing differ- 
ent specilic gravities, be m= the same position? 

2. Will the centres of gravity of two cylinders of similar dimensions, 
one homogencous and the other made of horizontal layers of materials 
possessing different specific gravities, be in the same posilion? 

3. A reclangwar frame AICO has two sides AD and BC«emade of 
one material, and the other (wo sides A Band CD of a material of differ- 
ent specilie gravity. Wall Uhis frame have the same ecenlie of gravity as 
a frame made entirely of one material? 

4, Will the ring in Fig. 66 retain its condition of indifferent equilib- 
rium if the point of intersection of the cords by which it is hung does 
nol lie in its mid He plane? 

5. Will the metal strip in Fig. 66d be in a condition of indifferent 
equilibrium if t) geometric axis of the shaft lo which il is imxed does 
not pass through the midpoint of its width? 
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45. Exercises 


16. Find the centre of gravity of the area of a triangle ABC 
wilh sides AB 120 mm, BC) 90 mm, and AC = 150 mm. 

17. The triangle in léx. 16, made in the form of a frame, is of 
homogeneous wire of uniform cross-section, Find its centre of 
gravity. 

Tint to solution. Draw vectors al the centres of gravily of 
the sides, proportionale to their lengths, then find the centre 
of these parallel forces. 

18. Find the centre of gravily of a trapezoidal plate ABCD 
(Fig. 72) whose dimensions @ 601mm, 6 20mm, ande = 
= 10 mm*. 





—_—— — 
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19. Solve similarly for Pia. 73, bul with) dimensions a 
= 60mm, db 20mm, ec 20 mm, d 1 mm. 

20. Sorve similarly jor Pig. 7h but with dimensions a 
=- 60 mm, b) 20 mmr 
- 20 mm, d 10 mm. 

21. Tig. 75 shows a dise 
with two bosses of equal 
size on cilher side. Find its 
centre of gravity. 





Vig. 74 Fig. 75 


22. The cast-iron disc A in Hig. 76 has a boss whose centre 
of gravily is at a distance a — 290 mm from the axis of the disc. 
Find the weight of the load 4 fastened Lo the dise al a distance 
b = 420 mm from the same axis and on the same diameter in 


* Exercises 18 to 20 are to be solved by the method given in Sec. 40, 
item. 4. 
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order to keep the disc in a state of indifferent equilibrium in 
respect to its axis; the dimensions of the boss d == 80 mm and 
c =-- 100 mm, and its weight y = 7.25 g/cu cm. 





lag. 76 Fig. 77 


23. Fig. 77 represents a pillar with a bar fasLened to its top, 
forming an angle «&  -30° with the horizontal and subjected 
to the action of foree P 200 kg. The pillar is square in cross- 
sechon with one side a 0.5 mo uls height A oom, and ¢ =- 
- 200 mm. Find the tiling momeut of the pillar with respect 
lo edge IXy and also ils coetficient of stability if t cu m of the 
pillar weighs 2,200) kg. 

Hint to solution. Resolve force P into vertical and horizontal 
components. 


COAPTER VY 


FRICTION 


AG. Warmful Frictional Resistanee 


We kuow from experience that the amount of energy required 
to pall a Joad aeross a surface depends on the character of the 
surface: it is much easier to pull a loaded sledge over packed 
snow than over bare earth, or a cart ovee an asphalt road than 
over a cobbled road, etc. For whenever an object moves in re- 
spect to another against which it is pressed with a certain force, 
it gives rise to a force opposing the motion. This force is called 
friction. . 

Henee the resistance to the motion of two bodies in contact with 
one another is determined by friction. 

Let us assume that a workpiece is being machined longi- 
tudinally on a lathe. If there were no friction between the car- 
riage and the hedways, the force transmitted to the carriage 
by the feed mechanism would be expended on the cutting proc- 
ess alone. Ilowever, part of this force is exerted in overcoming 
friction, which means thal more power must be expended by 
the motor. Accordingly, friction is called detrimental resistance. 
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When a body moves and encounters the resistance of a sur- 
rounding medium like air or liquid, this kind of resistance can 
also be considered detrimental: and the faster the body moves 
thee greater will be the resistance. ‘There are also other forms 
of detrimental resistance. Whereupon it is very important to 
know what measures can he taken to counteract resistance, 
and in particularly friction. 

However, it must be noted that although friction is accepted 
as detrimental, it is frequently a necessity, as we shall see further. 


47, Sliding and Rolling Frietion 


there are several types of friction. Let us ulustrate. 

Imagine a point on the carriage of a lathe located on the sur- 
face where it is in conlact with the bedway. As the carriage 
moves, this point will coincide witha 
countless number of points on the 
bedway lying on a s(raight hne along 
which the carriage moves. ‘This kind 
of movem@nt is called sliding and 
the friclion arising frome it on the 
contiguous surfaces 1° called sliding Vig. 78 
friction. 

The movement of a wheel on a cail (Fig. 78) is an entirely 
diflerent matter. Assume that at a ceslain moment point Ay 
on the wheel will come in contact with point A, on the rail. 
After an interval, {wo other points will come into contact, let 
us say IZ, and ,, then points AZ, and M,, and so on. If the seg- 
ments of the ares A, L,, [,31,. ele. ure equal to corresponding 
segments K,L,. [..M,. etc.. then this kind of movement is called 
rolling. Characteristic of rolling is that each point on one of 
the contiguous bodies comes into contact wilh a definite point 
on the other body, and the resistance that thus arises is known 
as rolling friction. 

If the are segments K,L,. L,M,, ete., are not equal to segments 
K,L,, [M,, ele., we would then have a combination of rolling 
and sliding and the friction produced will also be of both kinds. 

Sliding friction is sometimes called iriction of the first type, 
while rolling friction is known as friction of the second type. 

We thus see thal sliding and rolling are two entirely different 
kinds of movement, for which reasou in each case the resistance 
is likewise different. 





Oral Exercises 


1. Name the kind of friction produced in cach of the following 


instances: 
a) a shaft revolving in the bushings of a bearing; 
b) the spindle of a lathe revolving in roller or ball bearings; 
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c) the rotation of a workpiece against the dead centre of a lathe. 
2. Whal kind of friction is developed between the wheels and the 
ground when the wheels turn without moving a car? 


AB. Basic Laws of Sliding Friction. 
and the Coefficient of Sliding Friction 


Frietion is a complex physical phenomenon and the amount 
of it produced in caeh case depends on a number of factors. 
Let us examine several of the factors which apply to sliding friction. 

Make the following simple experiment. Place a known weight 
on a small square plate lying on a horizontal surface (fig. 79). 
Altach a spring dynamometer to the plate ly a cord and put 
the whole in motion by pulling the dynamometer, Ll will require 





a definile force to make the plate move at an even speed; the 
dynamometer will indicale this foree which will be equal and 
opposite lo the force of resistanee Lo Che motion, thal is, fo the 
force of sliding friction. Fl will also be seen thal af the instant 
just’ before the plate begins to move, the dynamometer will 
mdicate a greater force than when the plate subsequently be- 
gins to move smoothly. Friction is caused by the pressure of 
the plate on the supporting surface, 1. ¢., bv the weight of the 
load and the plate acting perpendicularly to the supporting sur- 
face and called normal pressure. 

The following laws of sliding friction have been established 
experimentally: 

1. Total friction is proportional to normal pressure. Experiments 
show thal the force of frielion F increases or decreases in exactly 
the same proportion as the sum weight Q of [he plate and the 
load. This means that the force of triclion comprises a certain 
part of normal pressure and can be expressed by the equation 


Fy or BQ. (11) 


The faetor / represents the coefficient of sliding friction, or 
the coefficient of friction of the first lype. Whereupon il may be 
said thal the force of sliding frielion is equal to normal pressure 
malliplied by the coefficient of sliding frielion. 

Since forces Q and F are expressed in the same units, the coef- 
ficient of sliding friclion is an abstract quantity. 
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2. Let us repeal the experiment but with a larger plate. If 
we choose the load so that the weizht of the plate and the load 
is the same as before, we shal) see no change in the force neces- 
sary to move the plate. ‘This means that the force of friction is 
the same as in the firsL experiment. 

Wherefore, fhe force of friction does not depend on the area of 
contact. 

This can be expressed dilferently. If we represent the area 
of contact in the first experiment by S$, ¢m?, and in the second 
experimenl by S, cm’, then the foree g acting on L em? and 
called specific pressure, can be expressed in the first case by 
"> and in the second ease by q, 0 . 

Wherefore, he force of sliding friction docs nol depend on spe- 
cific pressure. 

3. Conlinuing our experiments wilh the plate, we tnd that the 
amount of friction will change if either the plate or the hori- 
zontal supporting surface are of different materials. For example, 
if we use a planed supporting surlace inoue case and a polished 
surface in ghe second, i is obvious Chat in the latter ease there 
will be fess Jrichion. Iurlbermore, there will be less) frietion 
hetween lubricated surfaces Chan between dry ones. 

Wherefore, if normal pressure is enchanged. total friction 
will depend on the material of the contacting bodtes, the funrish 
of (heir serfaces, and the nature and amount of lubrication, 

1. Finally, folal frrtion does nol depend on sliding velocity, 
although the force necessary at the start of sliding ty greater than 
when momentum Crelamed motion) has been achteved, as has 
already been slated al the beginning. For whieh reason a dif- 
ferentiation is umde helween slaw and kenelic friction, 

Approximate cocllicient values of sliding friction for diUlerent 
malerials under various conditions are given in Supplement I. 


Oral Liwercises 


1. Knowing only normat pressure, is if possible lo establish Ghe amount 


of friction that can be developed? ; 
2. What must be known in order lo Jind the amount of frietion that 


can be developed? 

Iustrative Problem 21. What force will be necessary lo slide a wooden 
box weigting 1,200 kg over horizontal pine boards if (he coefficient of 
friction / = 0.302 

Solution: using Jeq. (11) we obtain 

F = 03 * 1,200 — 360 kg. 

The foree required can be no smatler than this, bul it will lake a 
somewhat greater effort to start the box moving. 

INustrative Problem 22. To a solid cast-iron block is applicd a force 
P = 2 kg along the same line of movement which causes jt to slide at 
a conslant speed on horizontal guides; weight of bloch G = 20 kg. 
What is the cocfficien! of friction? 


Solution: using Eq. (14) we obtain 


~ Q”~ G~ 20 
r 

Hlustrative Problem 23. A cast-iron block with a weight G = fo kg 
is moving al constant specd along a horizontal cast-iron surface under 
the action of force P = 23 kg (Fig. 80). Find the coefficient of friction 
if the force P forms an angle @ =: 14° with the vertical axis. 

Solution: the force of friction is the result of the action of normal 
pressure and which is Lhe sum of the weight of the block @ and the verti- 
cal component of force P. First we must find this component. From 
AABC we obtain Q = P cos a. 

[lence the full normal pressure Q, =Q4+G =Pcos%+G. It 
follows that the force of friction Z° = Q,/f = (P cose + G)f. When 
speed is constant, the motive force J -= P sin @ and is equal to the force 
of friction, i. e., e 

(P cosa d G)/ = Psin a, 


from which 
pe Psina : 23 sin 14° a 23 < 0 242 =: 0.16 
~ Peosa | G 23 cos 14 + 12 ~ 23 70.07 4-12 7 7° ‘a 





Fig. 80 


THustrative Problem 24. Fig. 81 represents a block A’ sliding at con- 
slant speed down an inelined plane ABD under ils own weight G. Find 
the cocflicienl of friction when a = 400 mm and fh = 100 min. 

Solution: resolve the force G@ into two components: Q perpendicular 
to the inclined surface AD, and P parallel to AD. The force of friction 
F = /Q and is equalised by the component P. We must determine this 


component. 
From the similarity of triangles LHC and ABD we evolve 


ai : from which P=Q a, 
u 


h 
Since this component is equal to the force of friction, we obtain 
h 
Q— = 10. 
from which the coefficient of friction f = a = ih = 0.25. 
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49. Dry and Fluid Friction 


The force of friction depends on the condition of contacting 
surfaces. If the surfaces are dry they will come into direct con- 
tact with each other as shown in Fig. 82; no matter how smooth 
the surfaces seem to be, they will always retain irregularities 
whose magnitude will depend upon polishing precision. Under 
the action of force Q these irregularities will undergo delorma- 
tion, the prolrusions of one surface squeezing into the hollows 
of the other. This interlocking of contact surfaces will give 
rise to cohesion and resis{ the relative mution of both surfaces. 
Such resistance is called dry friction. 


L 
; K decries tials 
i, C 5; D 


Fig. &2 lig. &3 


Now let us assume there is a layer of Jubreant belween the 
contiguous suilaces as shown in Fig. 83. If the layer @ is thick 
enough, it will completely separate the sutfaces AB and CD 
and their irregularities will not come into contact with one an- 
other; instead ol resistance between surface nregularities, there 
will be interaclion between the particles of the lubricant. This 
kind of friction is called fluid friction. Tis easy to understand 
that in this case there will be less sesistance lo relative movement 
than in the case of dry friction. It 15 also obvious that there wilt 
be less heat produced and less wear ol contae ing machine parts. 
That is why lubricating directions for machines must be strictly 
observed. 

As shown bv experiment, the thickness of the lubricating layer 
ranges trom 0.005 mm to 0.05 min. 

Phenomena connecled with fluid friction between machine 
parls were first thoroughly investigated towards the end of 
the past ¢entury by lhe outstanding Russian scienuist N. Petrov, 
the author of the Ilydrodynamic Theory of [Friction now used 
in calculations concerning lubrication of major conlacling parts 
of machinery. 

Such calculations for determining the force of friction must 
take into account the mutual speed of contacting surfaces, nor- 
mal specific pressure, and the thickness of the lubricant as well 
as its viscosity (which latter characterises the adhesion between 


particles). 
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Friction is sometimes intermediate between the dry and 
fluid kind; this occurs when Lhe lubricating Jayer dues not com- 
pletely cover the irregularities of contiguous surfaces, in which 
‘ase it is called either senu-dry or semi-fluid friction, depending 
on which if more closely approximates. 


50. Coefficient of Rolling Friction 


There is one feature that distinguishes rolling from. sliding: 
since theoretically a cylinder comes into contact with a flat 
surface along a straight line, and a ball aud a Hat surface touch 
aft one point, great’ pressure developes al these places on both 
hodies and deforms them 
there. The schematic diagram 
in Fig, 81 shows how a cylin- 
der is flattened along are ab 
us if rolls over a_ straight 
surtace. pressing into the 
supporting plane and de- 
veloping oa ridge in’ front 
which resists the rolling of 
the cylinder, There are also 
olher laclors that cause 
resistance to rolling, one of 
which involves irregularities 
on both contacting surfaces 
(the larger the irregularities, 
the greater the resistance). 

Now Jel us see how to determine the amount of resistance 
developed lo rolling. ‘The roller represented in Jig. 8 is under 
the action of load Q (which includes ils own weight), and also 
of force P acting horizontally ata height A above the supporting 
surface. By translerring both these forces to point A the point 
where their lines of action intersect. we construct our paral- 
lelogram of forces and obtain the resultant Ro represented: by 
vector Ad). If the roller is to be in equilibrium, some other force 
must be applicd to equalise (he resultant BR. Such a foree is the 
reaction N of Lhe supporting surface acting normally to the con- 
Liguous surfaces (that is, perpendicular lo their tangent) at point £. 
For forces R and N to be in equilibrium: they must be equal in 
magnitude and opposite in direction. tlenee forces Ro and N 
are equal in magnitude. 

We resolve force N inlo two components HF and EG, acting 
horizontally and vertically, respectively. It is evident thal tri- 
angles EHG and ACD are congruent. ‘Therefore Eis equal in 
magnilude to force P, and EG lo force Q. We thus obtain two 
couples, P and EF’, and Q and EG. These couples must be in 





lig. St 
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equilibrium, and their moments must be equal and have opposite 
signs. The moment of the first couple is Ph and is positive. The 
moment of the second couple is Q& (where / represents the distance 
betWeen the point of application of reaction N and the vertical 
plane passing through the axis of the roller) and is negative. 
Since the equation of these moments is Ph -= Ok, we find the mag- 
nilude of force P needed lo overcome the resistanece to the motion 
of the roller as follows: 


peak. (15) 


The magnitude of arm & of the couple will depend, above all, 
on the hardness of (he materials of whieh the (wo contiguous 
bothes are made and also on the condition of their surfaces. 
Accordingly, the magnitude of £ is (aken as the coefficient of 
rolling frtetion, As disGnguished trom the coefticient of sliding 
friction, if ts a denontnate quantity expressed tn linear wnits 
(em, min). TE goes withoul saying thal ko and 2 must both be 
given in Lhe same untts. 

If force Pais applied at the level ol centre O. Chen in Eq. (15) 
heowill be equal to the radius Roof the roller and 


Pie he (16) 


But if force Pois applied al point Wat he height fl, whieh lat- 
ter is equal to diameter 2), Chen 


Picci oe (17) 


From what has been said this evident that the harder the con- 
tiguous bodies and the more polished their surfaces, the smaller 
will be the coelficient of rolling friction. 

Coefficients of rofling lrietion for a few materials are given in 
Supplement If. 

In order to Sind the foree necessary 10 move a wheeled vehicle, 
iL is necessary to fake into account the sliding friction devel- 
oped between Lhe wheels and their axles in addition to the roll- 
ing friction developed between the wheels and the road (or 
rails). [In solving problems of this kind a formula is used expressing 
the relationship between the tractive effort P and normal pressure 
N acting on the axle. which also makes allowance for both roll- 
ing and sliding frictions: 

P=: fN, (18) 


The coefficient / is catled Lhe general coefficient of friction. 


Oral Iszercises 


1. What is Lhe chief difference between the coefficient of sliding fric- 
tion and the coefficient of rolling friction? 
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2. Is it more advantageous in rolling to apply the motive force P 
nearer to the supporting surface or farther from it? 


Illustrative Problem 25. A wooden drum together with its contents 
weighs 1.2 tons. What Jorce P must be applied to il at the height of its 
axis to keep it rolling at a constant speed over a horizontal wooden ‘loor 
if the diameter of the drum D = 1.5 m. 

Solution: by expressing the weight of the drum in ktlogrammes and 
ils radius in cenlimetres and applying a coefficient of friction of 
v.08 em, we find that P ~ 0.08 x » fo 1.3 kg. 

If the same load in a wooden box is pulled over a wooden floor and 
the coefficient of sliding friction lor wood upon wood 7 4 0.5, then the 
ferce needed would he 


P -= 1,200 » 0.5 = 600 hg. 


Illustrative Problem 26. I. is well known that the dimensions of bodies 
alter with changes in Lemperature. This factor must be taken into account, 
among other things, in planning steel bridges. 
Since a bridge must have Lwo supports (or 
“chairs”), one of them must be made movable. 
Fig. 85 represents schematically such a movable 
chair: between the lower immovable shoe A and 
the upper shoe #8, allached to the bridge gird- 
er, cylindrical rollers are inserted, 

Assuming the foree Q transmitted by the 
bridge Lo the support to be 200 tons and the 
diameter of the rollers d to be 150 mm, and that 
Fig. 83 all clements of the support are made of steel, 

ABE 89 find the force of resistanee P developed by the 
support when the bridge lengthens in the summer 
and contracts in winter. 

Solution: in the piven case the rollers are moving along two surtaces 
ab and cd. Since both shoes are of the same material, the coefficient of 
friction is the same for bolh, and the sought force of resistance P js 
equal Lo F, + F,, with F, representing rolling [riction on surface ad, 
and F, that on surface cd. Using Eq. (17) we obtain 


QQ +.36 20 ‘ 3G 
kg ek 





rot Fo =k 


where G represents the weight of onc roller. 

The weight of the rollers are neglected since they are insignificant as 
compared with force Q; by taking & = 0.006 cm, we obtain 
2Q : 2 x 200,000 


gy 7 02006. x “2-42 = 160 ke 


acting along the Iength of the bridge. 


P=k 


51. Funetion of Friction in Nature 
and in Engineering 


As we have already said, resistance caused by friction is con- 
sidered undesirable only in a comparative sense. For without fric- 
tion it would be impossible to walk even on a level surface or 
for locomotives to move on rails. Nor would any object stay 
put on an inclined surface nor nails hold boards together, etc. 
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In engineering, friction plays a double funclion. On the one 
hand it is detrimental because it creates added resistance to 
the motion of machine parts; {o overcome this resistance it 
is necessary to expend additional energy which could otherwise 
be used for the work of the machine. On the other hand frielion 
plays a positive role, for wilhont {netion, nuts and bolts would 
he useless, belts would not transmit rotahional motion, ete. 

Therefore, we must reduce {riction between moving machine 
parts to a minimum and inerease friction to a ineximum in other 
parts where il is desirable. 


52. Questions for Review 


fa Blocks Band G are ining on the horvontal surface .f (tg. 86). 
The foree of friction belween 3 and Aas represented by Fy, and bel ween 
Band C by F. A fomwe Pay achng on block 
GC. Stale how the two blochs will move am Ue 


c 
following thice cases: P 
a) when Ioce Pos fess than Fo bul more f2 
than F,; B 
b) when force Pos loss Uhan F, bul more Fy 
Ihan F ; e 
A 


ec) when force Pas Jess than cither F, or FP. 

2. In Pig. S4, wilh foree Posiide the rol ee. Si 
instead of rolling it? What would be necessary ae 
to slide the roller? 


ob. LN reises 


24. To mainlian (he constant speed of a 120 hg load over a 
horizonlal surface, 1b requires a 15 ky force applied in the di- 
rection of the moving Joad. What js the cocthaent of trichon? 

25. If there were no rollers between shoes 4 and 73 im [llus‘ra- 
tive Problem 26 (Fig. 85), how much greater would loree P be, 
considering that the coellicient of dry Iretion of steel upon steel 
[= 0.15? 
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26. A force P is applied to a block of weight G -- 20 kg In one 
case force P acts upwards al an angle a — 35° to the horizontal 
(Fig. 87), and in the other downwards (I*ig. 88). What must 
be the value of P in both cases to keep the block moving at a 
constant speed if the coefficient of friction f = 0.25? 

27. A steel sliding block of weight G — 10 kg is rising at a 
constant speed between cast-iron guides (Fig. 89) under the 
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action of force P which forms an angle « — 30° with the 
vertical axis. Find the magnitude of force P if the 


xy guides are lubricated (f = 0.08). 

Z 28. What would be the solution to Exercise 27 

Y if the steel block were sliding downward dl a 
A constant speed? 


29. A load on a steel plate is “being moved 
over a wooden surface with the aid of steel rollers 
whose diameter = 100 mm (Hig. 90). Find the foree 
P required ub the combined weight G of the load 


i and the steel plate equals 300 kg, the coeflicient 
Fig. 89 ot fiielion between the plate and the rollers 


kf 0.005 em and the coelfieient ol friction be- 

tween the rollers and the wooden surface ky 0.25 cm (the weight 
of the rollers is to be neglected). 

30. What must be the angle a of the inelined plane in 


& 


Mig 90 Mig. Ot 





lig. 91 so that the cylinder, whose radius is Ry will roll down 
at a constant speed under the astion of ils own weight if the 
coefficient of rolling frichion equals A? 
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KINEMATICS 


‘TAPE R NE 


THE TRAJECTORY OF AO PARTICLE 
DISPLACEMENT AND TIME 


74. Fundamentals of Kinematics 


Assmine il nceessary Fo sel lathe lor the longitudinal machining 
of a shall. ‘This must be done so that correct cutting speed and 
fced are assured wilh a given thickness of the chip. i.e, so that 
the right i@unber of revolutions are transmilled fo the shaft 
and the culler adyvenees Che required distanee during each 
revolution, This operation is He ata by selling the devices 
that actuate Lhe spindle and the carrrage (both driven by 
the motor). 

In domg all this no calentations are made concerning the forees 
acting on the various paris of the lathe. Tn other ‘words, the 
problem is solved through Atnematies, that branch of mechanics 
which treats ol motion independent of the Lorees cansing it. 
For kinematics deals with space and time as inseparable from 
molion,. 

In order to determine the position of a body in space it must 
first be known how lo determine the position of anv one ot 
ils poinls at a given moment of time. Therefore in order to 
study the molion ol a body as a whole, il is first necessary to 
establish the kinematic relationship between the elements of 
movement of one of its particles. For (his purpose kinematics is 
subdivided inlo kinematics of a particle and kinematics of a body. 
We shall see, however, that il is sulficient in many cases lo 
know only the motion of one particle in order to solve problems 
concerning the motion of a body as a whole. 


55. Trajectories and Their Influence 
on Principal Types of Motion 


A moving point occupics different positions in space at differ- 
ent moments of time. A continuous path described by a point 
in motion is called the trajectory of the point. The form of trajec- 
tory is one of the factors serving to classify its motion. 
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If the trajectory is a path confined to a plane, it is classified 
as coplanar. The path deseribed by a point on the rim of a wheel 
rolling along a straight track, or by a point on the cutter of 
a lathe, are cach examples of a coplanar trajectory. If the path 
does not fall into one plane, it is called spatial. An example 
of such a palh is a point on a nut being screwed -onto a bolt, 
or of a point on the culling edge of a drill. If the path is a straight 
line il is called reeffiinear as distinguished from curvilinear 
(when it describes a curve). Curvilinear motion may be of different 
kinds according to the shape of the curve deseribed by the 
particle: itis cireadar Wf the path is a circle or a segment of a 
circle; or il may be elliptical, helical, ete. 


Oral Exercises ° 


1. Name the hind of motion lor a point on cach of the following 
items: 

av) the revolving spindle olf a lathe; 

b) the euther of a lathe dining Jongitudinal feed; 

c) the culler ob a dathe when working with a template; 

d) a driff claniped fo the laifstoch ot a dathe while ais drilling. 

2. Give exauples of ofher hinds of motiou,. < 


Hlustrative Problem 27. Assume that a straight line On, tangential 
to a circle, rolls on Che circumference of the cirele without sliding. Plot 
the curve traced bs pomtl O on the Tine (Vig. G2). 

Solution: assume linstly that point O ois ins contact willt the cirele; 
after an interval of Gime sone other point @ on the tine will come in 
conlach with) point 7 on the eirele, then 
points bh oind 2?) will eoinerde, ele. From 
this il follows that (he seement of the line 
Ou is egttal fo ae OF, the Jine segment ab 
is equal lo are 72, and so on, 





f?, 2d, ele, on the circle. Since a tangent is 
perpendicular to the radius of a circle al the point of contact, we delin- 
cate perpendiculars to the radii at points J, 2, 3, ete., and then plot 
Im,, 2m, 3m,, ele, equal to ares OF, O14 72, OL + 12 -+- 23, ete., thus 
obtaining points m,, m., im, ete., lying on the path of point oO. It will 
be found more convenient to divide the circumference into several equal 
segments and then lay out the required number of segnicnt lengths on 
the respective tangents. . 

Since only the chord of an arc can be measured with a compass, the 
grcater the number of segments into which we divide the circurnference 


We then plot ares O7, 
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the more precise will be the curve we construel. The curve thus obtained 
is called the inrolute of a circle, or a developed curve. 

Accordingly, if a straight Jine ean roll without slipping round the 
edge of a disc in the way we have already described, its points will describe 
trajectories in the form of involutes of a cirele. 

An involute of a circle can be constructed in another way: take a 
flat disc O (Fig. 03) and fasten to 1 one end of a thin string, lo the other 
end of which a sharp pencil is laslened. Then wind the string round the 
disc and place it on a slicct of paper with the pencil at point A. Holding 
the dise firmly in place on the paper, begin to draw a line with the pencil 
while unwinding (he string, heeping il taut all the Gime. The curve obtained 
will be an involute. In (he position shown in Fig. 93 the pencil has drawn 
the segment AA of the involute, the length WA of the string being equal 
to the length of the are J/.4. 

Involute curves are widely used ino machine engineering, particu- 
larly in designing gear wheels, where (he profiles of (he teeth are in most 
cases obtained through sueh curves. 


56. Determining the Distance Traversed hv a Point 
According to Its Positions on the Trajectory 


A trajectory alone is not sufticienl to completely define the 
position of w particle. We must also know ils displacement daring 
a given interval of Lime and also ils direction: thal is, we are 
interested in its current lora- : 
tion on. Lhe trajectory. Mm % 0 % My 

Assume the curve APB (Iie. Ay omen 8 
94) to be the path deseribed : F to 
bv particle AZ. We shall ealeu Kyo. 4 
late the displacement of the 
particle at different moments staring trom any fixed reference 
point 0, called the oriyin. 

Let us assume that at moment 4, the moving particle was 
al point Mo, a distance of ay from the orgin OQ, and at moment 
t, was displaced from right to left and is at point 3/,, a distance 
of a, from the origin but in the opposite direchon. Furfhermore, 
let us assume that the particle avain changes its direction and 
moves from left to right and al moment f, is al point O. Tt follows 
that during the entire time interval the particle Mo traversed 
a distance equal to the sum of the ares 


le 
Mo t a 1 ty | 2a. 


Since ‘a particle may occupy positions of equal distance on 
either side of the origin, ifs displacements must be identified 
by algebraic signs; if a displacement to the right of the origin 
O is considered posilive, then one fo the left will be negalive. 


Iustrative Problem 28. Point 3/7 is moving along a reclilincar path 
at such a speed that ils displacement s from the origin at all moments 
of time satisfies the equation s = 25 4 7! 1, in which s is the dis- 
tance from the origin expressed in eenliinetres and / is the time in seconds. 
Find the positions of the point on its path aL moments of time fy = 0 sec, 
t, = 1 sec, tf, = 2 sec, ¢, == 3 sec, ty = 4 sec, and /, = 5 see (Fig. 95). 
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Solution: assume point O to be the origin. To find the initial displace- 
ment from the origin when ¢, = zero, we substitute zero for ¢ in the 
equation, and find that sy = 20 em from poiut O. This means that at 
the first moment, AZ was al position Af, or 25 cm to the right of origin 
YO. Substituling f, 2, 3, 4 and 5 see for Cin the equation, we obtair® the 


respective displacements s,- 28 cm, s ~ 23 em, s,- 10 cm, s,= --11em, 





and. $s, 40 em. Phen Ietous plot pesifions Wy, JF. Wy, 47, and 
M, of the moving point at those moments. Posiiive displacements are 
laid out 1o the right of the onigm and negative ones to the left. The dis- 
tance traversed by the pointin live seconds becomes in this case ALA, 4 
{ AIM, - 4, Sy | Sy fb Ss oS 25 4 284 40- 71 em. In Tip. 
95 displacements are lard out al a seale of 1: 10. 


57. Plotting a Prajectory According to Given 
Coordinates 


It has just been demonstrated that in order to find the posi- 
tion of a moving particle af any moment if is necessary to lay 
olf its displacement on the trajeclory trom the origin. 

The next question is, what information is needed to plot the 
trajectory isell? 

Assume line AB (big. 96) lo represcnt a coplanar trajectory. 
Delineate axes Or and Oy perpendicular lo each other. At oa 
certain, moment of Ume é, the moving particle will be at the 
initial position A, then at moment ¢, it will) be at position M,, 
at momentlf, — at posifion A/,, ele. Now from A, My, MM, ete., 
plol the perpendiculars cle, Al,a,, Aljqg, ele., to axis Or, and 
perpendiculars Aby, Al,b,, \Zjd,, ele.. to axis Oy. Ht will be found 
thal the lengths of [these perpendiculars determine the position 
of the moving point al a definite moment. 

Therefore by using two axes perpendicular to each other, 
we are «ble to plot the trajectory if we know the length of the 
perpendiculars. Each seyment ol these perpendiculars, giving 
the distance of the particle from the axes Ox and Oy, is called 
a coordinate, aud the axes themselves are coordinate axes. Fach 
segment Oday, Od,, Od, ele., which indicates the dislance of the 
particle from the axis Oy, is called an abscissa, while the axis 
Ox is known as the aris of the abscissac. 

Linear segments Obp. Ob,, Ob, etc., indicaling the distance 
of the particle from axis Oz are called ordinates, and axis Oy 
is called the aris of the ordinales, In short, by delineating the 


86 


abscissa and the ordinate of the moving particle for a given 
moment and constructing perpendiculars, we find the position 
of the particle at that moment at (he interseclion of the perpen- 
dicflars. Then by drawing a smooth line through the points 
thus acquired, we obtain the path of the moving particle at the 
chosen scale. 

Illustrative Problem 29. A particle is moving wong a trajectory deter- 
mined by coordinales from fhe equations 

coe 2 and y= 5, 3h 

in which the coordinates 2 und gy are given in cenbineltres, and the time 
f in seconds. Plol the lrajeclory for the bist live sceonds,. 





Solution: first we delineate the coordinate axes Or and Oy (lig. 97) 
and then calcutate the coordinates lor Che iitial moment &- 0 and tor 
the moments al the end of the finst, second, third, ete, seconds. Sub- 
slituling Of fin the equations given, we find that 2 Qand y— 5 em. 
Using a seale of 1: £0, we delineate from pomt O the segment OW, - 
= 51min on ants Oy. Then substituting one second for fin the cquations, 


we obtain x, 2 cm and y, 8 em. Accordingly, by using (he scale 
chosen, we lay out abscissa Oa, 2mm, and on the perpendicular delin- 
caled lo a, we lay oul the ordinate a@,4F, - 8mm. As arestit we obtain 


the second point Wy on the Grayeelorv. Repeatiag this proccss for all 
five seconds we obtain six peints on the trajectory. By joining: all these 
points by a smooth curve, we oblun the sought trajeclory*. 

TE must be noled that when the trajectory is known, the position of 
a particle al any moment dung the interval & = Oto 2 = 5 sec can be 
found. Thus, if we wank to determine (he position of a particle al ¢ = 

4.5 sce, we can calculate the abscissa r— 2 + 4.5? = 40.0 em, lay it out 
to scale (Ou,5 -= 40.5 nun), and then delineale the perpendicular at point 
ds. Teneo, point Aly, is the required position of the moving particle. 


58. The Displacement-Time Graph 


Il is frequently convenient lo represent the displacement of 
a moving particle from ils origin in relationship to (ime by means 
of a rectangular system of coordinales. 


* If the points in any part of the trajeclory are found to be too far 
apart to draw a smooth curve, it will been necessary to take some inler- 
mediate value, such as ¢ = 2.5 or 3.5 seconds, etc. 
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Assume that the path of particle M is represented by curve 
AB at a defimte scale (Fig. 98a). Points M],, M,, Mz, etc., will 
denote the positions of parliele M at moments ¢,, é). ly etc. 
The initial position 1s M, and the origin is point O. « 

By employing a reclangular system of coordinates Ot and 
Os at a suitable scale (Fig. 985), the axis of the: abscissae Ol 


eo 


MSI M, 








Kiet 98 


will represent the time of displacement, while the axis of the 
ordinates Os will represent the distance of displacement of par- 
ticle Wo trom oe origin O. Alfer laying out the intervals ol time 
denoted by 4, (, cte.. we chart perpeniiculars to them, repre- 
; Sqntjng the displae ement of the moving particle from the origin 

the corrasponding moment ol time. Displacements to the 
right of point Ota. 98a) will be regarded as posilive, and those 
to the lelt as negative. Positive values are plotted above axis 
Ot (Tig. 98b) and negative ones below. By joining the points 
found im this way (im, my, Mm, etc.) by a smooth line, we obtain 
a curve which instantly shows the displacement of the moving 
particle from origin OQ (Fig. 98a) at any moment of time from 
t~f—0, tol b. 
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The curve acquired in this way is called a displacement curve 
(Fig. 985) and shows graphically the displacement of the moving 
particle from a fixed point of reference. It illustrates that al the 
initéal moment when f 0. displacement is represented by the 
ordinate Om, and, according to the chosen seale, is equal fo arc 
OM, in Fig. 98a; displacemenL then increases at moment 
fg where it is equal to the ordinate 4:m,. Then it diminishes to 
zero at moment /; (in Fig. 98a point Mf, coincides with QO. that is, 
particle AZ passes through point QO as it moves from right to 
left), and subsequently the particle, continuing to move in the 
same direction, passes iuto the area ol uecative displacement 
and at moment /, reaches its greatest distance (jm, from the 
origin, equal to the length ot are OW, as shown in Fig. 98a. 
Af this moment the point changes its direction and approaches 
the origin and al moment é, aligns with point 0, 

Thus we see that ordinates corresponding fo positive displace- 
ments lie above the axis of the abscissac, while ordinates corre- 
sponding lo negative disphieements are below. 

The distance of (he particle from Che origin can be determined 
for any instant of fine on (he displacement curve. For example. 
at the moment of lime 7, ih is expressed by ordinate &m,. 

The displacement curve also makes il possible to determine 
the increment of displacement of the parlicle during any interval 
of lime. Thereby if 1s also hnown as the curve of the trajectory 
or the dsplacement-lume graph. 


o9. Questions for Review 


t. Name the hind of trajectory (coplanar or spatial) deseribed by a 
point on the followme itents. a) the chuck of a lathe, b) Uhe chuck of a 
drilling machine, ¢) the pulley of a meehine tool, d) a die stock when 


culling Uireads by hand. 
2. Name the hind ob traycctory (reetilmedr cr ctrvilinear) deseribed 


by a point on the JoJfowme ifems: wc) the lacing lool on a Jathe, b) the 
ram of a shaping machine, ¢) Lhe load screw ol a lathe, and the half-nut 


in {he apron. 
3. Whatis the displacement from the fixed reference point of a moving 


point for a moment of tune when the displacement curve intersects 
the abserissae axis: 


. 60. Exercises 


31. Draw the involute of a circle, 10 mm in diameter, generated 
by a straight line rolling once around the circle’s circumference. 

32. .\ particle is moving iu a reclilinear trajectory in’ such 
a way that its displacement s from the fixed reference point 
satisfies the equations 20 , 7f  3f, in which s is expressed 
in centimetres and / in seconds. Using a suilable scale, plot the 
path of the particle at moments /, - 1 sec, 4, = 2 sec, f, - 3 sec, 
t, =4 sec, and f, =5 sec. 
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33. The trajeclorv of a moving particle is delermined by the 
coordinates x - 10f and y -- 10 + 9f, in which ¢ is the lime in 
seconds. Plot the trajectory. 

34. Describe the molion of the particle represenled by “he 
displacement curves in Figs 99 and 100, stating a) whether the 
particle is moving incessantly or whether at some’ interval of 


S 





Big. OY ie 100 


time iL is motionless with respect fo the origin, b) at Svhat anter- 
val of ime tl approaches the originin the area of positive displace- 
ment, ¢) al what interval of dime il approaches the origin in 
the area of negative displacement, d) whether or not the particle 
passes through the origin and at what moment, ¢) al what moment 
of lime the particle is turthest from the ortein 


CUAP LG hn Vil 


RECTILINE AR MOTION OF A PARTICLE 


61. Uniform Motion 


The simplest kind of motion of a particle is when ils trajeclory 
is a sfraight line, in which instance the particle is said to have 
rectilinear motion. Bul as we have already noted, a knowledge 
of the shape of its trajectory is not sullicient to tully define the 
motion of a point. If is also necessary lo know its displacement 
from its origin, i.e., from its fixed point of referenee. 

Assume that a particle in traversing a rectilinear trajcctory 
AB (Fig. 101) is al the inilial moment at 4/79 —a distance of 
OM, = 8% from the origin O. As if moves to the right it comes 
{o point AZ, al moment ¢,, a distance of OF, s,, and at moment 
f, at point Af, a distance of OA, — sy, from the origin. Accord- 
ingly, during the interval of time ¢, 4, the particle covers 
a distance s,  S, and during the interval of time é, —t a 
distance s, - - s,. Dividing the distances traversed by the corre- 


sponding intervals of time we obtain : =" and nt . 
17 ‘o iad 9 
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Let us assume that the above ratios are equal: 


f, 


Be Te St 


® 

This would mean that the distances covered by the particle 
are equal during equal intervals of time. When this is true, 
the motion is said to be uniform, and the length of the path 
traversed by the particle increases as many limes as the corre- 
sponding intervals of time In brief, we may sav that when a 
particle possesses untform motion the distance ut traverses ts directly 
proporlional to the tume expended. 


A g Mg bt Me 8 





bie 100, 


If 4 & & dy then s,s s,s that is, when 
a particle possessed unyorm motion, the distances a traverses dering 
equal intervals of ttiine are equal in each other. 


G2. Velocity and Displacement 
When Votion {5 Uniform 


Let s designate the veneral displacement of a particle possessing 
uniform motion lor a given interval of lime ¢ Accordingly, the 
ereater the distance s traversed and the less time expended during 
this displacement. the faster will be the motion or velocity. 
Then if we designate velocity as py, we obtain 


p->> (19) 


thal is, velocidy of uniform motion ts expressed by a quotient 
obtained when the distance traversed by a partule is diided by 
the lime expended. 

{f al the initial moment the particle is al a dislance s, from 
the origin, and at the end of the interval of time / is al a distance 
s from the origin, then its velocity will be expressed us 


= i ‘ (20) 
From this equalion we obtain 
S = 8) +t, (21) 


in which s, represents the displacement of the particle from the 
origin at the initial moment. If the position of the particle al the 


1 


initial moment is taken as the origin, the displacement s, will 
be zero and the distance traversed will be 


s — ot. (22) 


Wherclore, the distance lraversed by a particle engaged in uniform 
motion is equal to tts velocity multiplied by the tunetin which the 
distance is covered. 

Since distance is measured in unils of length, therefore veloc- 
ily is expressed as UME of length 

y 38 expressec a8 “unit of lime 

If the metre is taken as the unit of length and the second as 

. . . . m op . : 
the unil of lime, velocity is expressed as er u length is in 
. F aye : : km 

kilomelres and time is in hours, velocity will be hr? etc. 
Velocity may be converted from one unit inlo another, as for 
example: 

hm 71,0001 t,000 m* nes 

he ~ 60min ~~ GO 6Osce * : 

Velocity is determined not only by ils numerica® value but 
also bv ils duection. Vherefore velocity is a vector quantity**. 
In the case of recUilincar motion, velocity is directed along the 
trajectory in the direction. of motion, 


Wustrative Problem 30. A 2,000 mn shalt is being machined on a 
lathe. If (he spindle executes SOO revolutions per tminule and Uhe feed 
is 0.2 mim per revolution, how long wilh ue take the cutter lo pass down 
the entire length of the shaft? 

Solution: list the velocity of the cutter must be lound. (Ut 800 rpm 
the cutler moves al the tale of 02 ~ 800 160 miu per min, that is, 
its velocity is 


1 
rn. 160 mn : 
nun 


To execute the whole operation, (he culler must move utong the length 
of the bedwav tor a distanee s — 1,000 mm. Accordingly, the required 


‘ 8 1,000 Par 5 
. f= SSG = 6.2. = { Dd sec. 
lime f Ps 160 6.25 min min 1). sec 


63. The Graph Ilustrating Displacement and Velocity 
for Uniform Motion 


Let us consider how lo plot a graph expressing the relationship 
between displacement and lime for uniform motion. 

Delineate a rectangular system of coordinates with the time 
axis Of and the displacement{ axis Os (Fig. 102a). Lay out on the 


* We know from algebra that ¥ =ab'', therefore velocity may 


sometimes be expressed as m x see~?, m x min, ete. 
** Vectors of velocily are designated just as vectors of force (Sec. 11). 


92 


ordinate axis the seqment OA representing at a definile scale 
the displacement of the moving particle at the initial moment 
from the fixed point of reference. Then hy applying Eq. (21), 
calcyilate the displacement s of the particle from’ the origin at 
moments ¢,, é,, f,. ete., and construc! a displacement-lime graph 
as was shown before. We will thus find that the line passing 
through points A. m,. m,, ele., is straight. From this il follows 
thal to construct the Jine A, il is sufficient to lay oul the linear 
segment OA representing the displace- 
ment $s) of the particle at the 
inilial moment, and the ordinate 
of one other moment. By thus con- 
necting the (wo points wilh the fine 
AS we obtain in graphic lorm the 
relationship given in leq. (21). 

With such a diagram itis possible 
to determine for any given moment 
the displacement of the moving 
particle trom the origin and the 
distance il a@as covered, Por inslanee, 
its displacement al moment ft 
represented by the ordinale (an, and 
the distance covered in’ the imer- 
val of time f, 9 4) 38 shown hy 
segment Gm). 

Now Ict us take another rec 
tangular system of — coordinates fie. 102 
(Fig. 102b) where the axis Of rep- 
resents time as belore, and (he ordinate axis Ov shows velocity. 
all al an appropriate scale (ordmale Ga), : 

Sinee the velocity is uniform, if ean be iiustrated by i straight 
line ab from point a parallel with OF 

These graphs illustrate an instance when the particle is moving 
in the same direction as is initial displacement sg, as faid out 
from the origin, and when the movement is positive. In this case 
the displacement of the particle has increased trom the origin. 
Bul if moon were in the opposite direction, ils velocily would 
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be negative and Eq. (21) would take the form 
S$ - So vb. (23) 


Accordingly, the displacement of the moving particle from, Lhe 
origin would diminish with time (lig. 103) and its velocily while 
remaining constant would become negative; henge the linear 
segment representing it would be constructed below axis O¢ 
(rig. 104). 

Since the displacement-lime relationship ut expressed bv a 
Straight line, untform motion obeys the principle of the straight 
line. 

Oral J xerctses 

Displacement-lime graphs lor lwo particles having uniform motion 

are plotted al similar scales both for time and displacement. ‘The Ime 


AB for one particle forms a greater anule with horizontal line AC (Fig. 
102u) than for the other. What can be said about the velocities of these 
lwo patlicles? 

MHlustrative Problem 38.4 workpiece 2,800 mm long is being machined 
on a planer wilh a cutting speed of vy = 26 mo min and a speed on the 
return strohe of py - 380 momain. Constiuct the displacement-tine and 

a 


velocily-time graphs 


Simm 
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Fig. 105 


Solution: at the velocilies indicated, the time required for the cutting 
stroke 
2.8 2 F 2 ‘ oe . 
ig = a me 8 min = ik x 60 sec = 8 sec, 
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while the time required for the return stroke 


2.8 


: 7 
Ug 3y = Fy in = 7 GO see = 5.6. see. 





We delineate axes Ol, Os and Of, and Ov (Fig. 105). On the Of axes 
we lay out the lime at a scale ot O mm = Lt sec; on axis Os we lay out 
displacement al a scale of 1: 100; and on axis Ov we take a scale of 
1 mm = 20 mii sec for the velocity. 

At the end of the cighth second, displacement of any particle in’ the 
workpiece is 2,800 min fione the origin (ig. 5a, point B). Alter this 
the workpiece moves im the eppesite direction, and in 13.6 see is at its 
inilial position al pomt og 

Velocity v= 2) niin 350 min see and is constant till the end 
of the eighth second (point & in Fie. 105), aller which Wt ehanges in sign 
(the planer’s table begins fo move in the oppostle direction). 


G4. Variahle (or Nou-Uniform) Motion, 
aud Averages of Velocity and Acceleration 


When a particle covers dillerent distances in equal intervals 
of time, it is said fo have partable, or non-uniform. motion. 

Lel s, represent the displacement of a particle Irom the origin 
at the inogent /,, and os, show tls displacement at moment dy. 
Then the distunce covered during (he mferval of Gime i, & 
will be equal tos, - 4, By dividing this distance by the corre- 
sponding linic interval, we obtaim a velocily v,, called average 
velorily Tor the given interval of time: 


Py pe (24) 


Actually in the given example the particle does not travel at 
a constant velocity duruig the entire time interval. Average 
velocity m, 3s merely the speed at which the particle would 
traverse the same distance (6,  9,) iu the same interval of time 
(f, --¢,) it i} moved al a umtlorm speed. Therctore average veloc- 
ily does not give the actual velociies at which the particle 
moves al various moments of time. Nevertheless, in engineering 
if is offen necessary to know average velocity. 

Variable motion differs Irom average velocity in that it refers 
to a very small interval of tune; hence the actual velocity of a 
parlicle having variable motion is ctasfantaneous tor the given 
moment. But if from a given moment of time £ the motion 
should bécome uniform, the inslantaneous velocity at that given 
moment would be equal to its succeeding unilorm motion. 

From this it is apparent that the smaller the interval of Lime 
in Eq. (24), the closer will the average velocity be to instantaneous 
velocity. 

Since the velocity of 9 particle possessing variable molion is 
not constant, it is continually receiving a certain acceleration 
which may be either positive or negative. In the first instance 
velocity will increase, while in the second it will decrease. 
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If al moment f, the velocity 15 p,, and at moment @, it is v,, 
the difference in oclocily v, —v, dwided by the interval of tune 
fg —t, will be equal to the average acceleration dg, for that interval 
of time 

iy = ; A (25) 
a — fy . 

Just as wilh velocity, the smaller the interval of time f, 4, 
the closer will be the average acceleration to instantaneous 
acceleration 

similar lo velocity, acceleration 1s a vector quantity And it 
the sign of acceleration is the same as that of velocity, at will 
have the same direcUion as (he motion HH, on the contiary, 1ts 
sign differs, then ils ducction will be opposite to Che mobton 

As we see from Eq (25), acceleration Js expressed by 


unit ollongt , re (BERT ueut ol foneth 
untl of lini mM u (antl ol tine )- 


Thus, if velocity is cxpressed as msec, the measuang unil 
of acceleration will be m/sec? oan see * (to be read metres 
per second par second) ‘ 


Mustrative Problem 32. bho ram of a shipmeg machme, moving non- 
uniformly, completes a cutiing stroke of (00 tam in 12. sec By dividing 
1:25 sec mto Sequibintarvals wb wis found that during the fast interval 


the cutter moved a distances of s, 22 mm, in the second mierval i 
moved § 4, = 71 22 9 mim, am the Chad aiterval a moved 
$. s 134 71 OS am, am he fourth inteival the movement 


Wilds Sy $s, — 200 13k bb mem Pand the average velocity of Une 
1am fot the online ft 20 sce and thea for cachoof th lour equal mlcrvals 
of the given time 


Solution the average Velocity for the cntiae tf 29 sec will be 


Dur an 320) min see 1920 0 nun 
For the fist iotarval of tune G4, 

Vav, = na AS TAL im sec 84) m/min 
For the sccond interval of time t, 

Vavs a ne & 314 min/sec = 1862 m,n 


For the thnd inteival of time f { 
638 A 8 


Yas = 4 95 403 mm/scc = 24 19 m/nin 
For the tourth intcrval of time 4g G 
Vara = “ ee fe 422 mm sec = 23 34 in/min. 


Thus we see that the average velocitis for separate wtervals of time 
greally differ nol only tom each othet, but also from the average 
velocity for the entire stroke of the 1am. 
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65. Uniformly-Variable Motion. 
Velocity and Acceleration 


The simplest form of variable motion is that which is uniformly 
vartable, i.e., when the change in velocity is equal for like inter- 
vals of time. To express this in another way it may be said that 
variable motion, in respect to which acceleralion ts constant, is 
uniformly accelerated. 

Let us see bow the velocity of a uniformly-accelerated particle 
is determined for a given moment. 

Let the velocity of the moving particle at the initial moment 
be v9. If the acceleration is a. then the increase in velocity during 
the interval of time ¢ will be af. Llence, the velocity al the end 
of, the interval will be 


Do Dy Fat (26) 

If the initial velocity of the particle v, 0, the final velocity 
will be 

Dp, =~ al. (27) 


But it n®ust be borne in mind that acceleration may be either 
positive or negative. If it is positive, il will have the same direc- 
tion as the motion, end the motion is then known as constant 
acceleration. If it is negative, ifs <lirection will be opposite to the 
motion and the molion is then said lo have constant deceleration. 
In the latter case, acceleration is wrillen wilh a negative sign 
in Eq. (26). 

Oral Kzercises 

1. How docs the velocity of a moving point Uhat possesses uniformly- 
variable motion change if acceleration is positive? 

2. Flow does it change if acceleration is negative? 

Mlustrative Problem 33. A train travelling atu velocity of 45 kov/hr 
began going downgrade and inereased ils velecity lo 64 km/yhr in 
1.5 min. Find ils acceleration. 

Solution: applying Eq. (26), inilial velocily ty = 45 kni/hr == 
= 12.5 m/sec and the interval of time ¢ = 1.5 min = 90 sec; velocity at 
the end of this interval will be 

Dy = Vg = O4 Kn /hr == 15 msec, 
Substituting for numerical values, we obtain 
o , 15 -- 12.5 : ics 
15 = 12.5 + a x 90, from which a = eG oS 0.028 11,'sec?. 


66. Displacement When Motion Is Uniformly 
Accelerated 


Having found how to determine velocity at any given moment 
for a moving particle possessing constant acceleration, let us 
now find its displacement. We shall begin by expressing Eq. (26) 
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graphically to show the relationship between velocity, accelera- 
tion, and time. 

We shall use the rectangular system of coordinates Of and 
Ov (Fig. 106), with time as the axis of abscissae and ea as 
the axis of ordinates. We have already seen (Fig. 102b) that 
when motion is uniform (which means that velocity is constant) 
the velocity-time graph is a straight line parallel to the time axis 
Ot. When motion acquires constant acceleration, this line will 

be sloping and form an 
g angle with axis Ol. 

At the initial moment 
when ¢-= 0, the velocity 
ol the particle will be equal 
{o v9. Therelore we delin- 
eate the linear segment 
OA on axis Or, thus rep- 
resenting to scale the 
magnitude of the velocity 
at that moment. When 
motion has acguired con- 
stant acceleration, the 
increase in velocity will be 
proportional in _ time. 
Pedi Clee = 7 Ilence, after calculating 

Ig. 106 the velocity for a certain 

moment of time, we con- 

struct the perpendicular at the corresponding point on the 

abscissae axis and on it we lay out the velocity to scale. 

Then we plot a straight line through point A and the point 

obtained, thus constructing a velocily-tim e graph which expresses 
the principle for changes in velocity. 

In order to find displacement s of a moving particle during 
a given time interval ¢, we divide this time interval into severa 
equal parts (Od de ef =...). Then by adding the initial 
velocity and the final velocity for each of these parts and dividing 
the sums by 2, we find their average velocity. In this way we 
calculate that during the time interval Od there is uniform motion 

OA+dD. 





with velocity expressed by the ordinate nym; = ——3—; during 
the time interval de velocity is expressed by the ordinate n,m, = 
-Cis and so forth. 


Then we delineate a straight line through point m, parallel 
to axis Of. In the resulting rectangle the base Od expresses the 
interval of time in which the motion takes place, while its alti- 
tude n,m, shows the velocity. Accordingly, the area of the reclan- 
gle, measured at a corresponding scale, will give the displacement 
of the particle moving uniformly during the interval of time 
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Od. This area is equal to the area of the trapezoid 0 ADd because 
nym, is tts middle line. 

Therefore the displacement of the particle during the time 
interwal Od is represented by the area of the trapezoid OADd. 
In the same way we can prove that its displacement during 
interval de is represented by the area of the trapezoid dDEe, 
etc. 

Hence the path traversed by a particle possessing constant 
acceleration during the time interval as shown by the linear 
segment OC, is given at a corresponding scale by the area of the 
trapezoid OABC bounded by the ordinates equalling the initial 
and final velocities, the velocity curve (when the motion has 
constant acceleration, by the line .473), and the time axis. 

On this basis we may say that displacement 

— Pot Uy, 
Sc t; 
and if we replace y, by Pp -| af, we obtain 


ae 


$= Dyl | “5-- (28) 


From Fig. 106 we sce thal component pot is expressed by the 
a 
area of the rectangle OAA,C, and the second component ue by 


the area of triangle A 73A,, inasmuch as A, Brepresents the increase 
in velocily al, while AA, is the time ¢. 

Therefore, the displacement of a particle possessing constant 
acceleration is equal to the product of the initial velocity and time, 
plus half the product of the acceleration and the square of time. 

Sometimes in determining displacement il 1s more convenient 
to use a different equation derived from Eq. (28) as follows. 

From Eq. (26) we evolve 

mM Dy 
a at 


If we substitute this value for / in Ley. (28), then 


DL — Do 
a 


(P%1_ Po)? , 


S = 
Y% ae 


a 
} Dy x 
from which 


_ P% 


Sag (29) 


Accordingly, the displacement of a point is equal to half the differ- 
ence of the squares of the final and initial velocities divided by 
the acceleration. 

It should be understood from the above that the value of 
acceleration must be inserted into these equations with the 
correct sign: if the motion possesses constant acceleration it will 
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have a plus sign; but if it is constant deceleration, then the sign 


will be minus. ; , 
If at the initia) moment of the interval of time from which 
reference is Laken the particle’s speed is zero, then vy =0 should 


be used in Eqs (28) and (29), in which case 





s-- 2. : (30) 
and 
D 
= abe (31) 


If the particle moves with constant deceleration and stops at 
the end of ¢ seconds, then vo,  O.in Lys @6) and (29). 

The same units of measure must be used on both sides ifi all 
equalions. Let us lake leq. (28) as an example. If the left side is 
expressed in metres, the first member of the right side will be 
in A sec m, and the second member soo x sec? = m. 


sec 
We thus give all the members of the equation the same units of 


measure. 


Oral “Exercises 
1. What will be the direclion of line AB in Fig. 106 when motion 


possesses constant deccleration? 

2. Are all the members of Eq. (29) 1n the same units of measure? 

MWlustrative Problem 34 While travelling al a speed of 45 km/hr a 
train began going downgrade al a conslant acecieration and covered 
the entue 2,500 m of downgiade in two minutes. Whal was the train’s 
acceleration on the downgrade and at what speed was 1L travelling when 
it reached level trach. 

Solution: the train’s imiiaf speed vy = 45 kin/hr = 12.5 m/sec. By 
employing Eq. (28) we oblamn 


ue . as 1202 ; P 
2,000 = 12.5 « 120 |} 3 , from which a = 0.139 mysec?. 





Tlence the tiain’s acceleration «a = 0.139 m/sec? and when it reached 
level trachage it was travelling at a speed of 
Vy9 = 12.5 + 0.1389 ~« 120 = 29.18 m,sec = 105.1 km/hr. 


Mlustrative Problem 35. \ tiain was travelling at a speed of 72 km/hr 
when the brahcs were applied. IL then travelled with constant decel- 
eration for three ninutes before it came to a dead stop. How far did the 
eae travel fiom the time the brakes weie applied till it came to a dead 
stop 
Solution: employing Eq. (26) in which the final speed vy = 0, we deter- 
mine the acceleration a: og == 72 km/hr = 20 m/sec, and ¢ = 180 sec, 


whence we derive 0 = 20 + a x 180, from which a = 9 m /sec?. 
Now Eq. (28) can be used to find the distance the train travelled after - 

braking: 
180? 


$ = 20 x 180 — 9 


-—xz = 1,800 m = 1.8 km. 
x 2 
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Illustrative Problem 36. A train was travelling at a peed of 54 km/hr 
when its brakes were applied, from which time it travelled 900 m with 
constant deceleration before it came to a dead stop. How long did it 
take the train to stop after the brakes were applied? 

Solution: we find acceleration from Faq. (29): 


Dv, - D8 
sine “og . 
If py, = 0, = 54 hm br = 15 m’see, and s 900 m, we obtain 
= — 0.125 nsec”, By using Kq. (26) in which m — 0, vy = 15 m/sec, 
and a = — 0.125 m,see?, w’ oblain ¢ = 120 sec - 2 min. 


67. Vertieal Motion Under the Foree 
of Gravity 


The vertical motion of a bodv* under (he force of gravily is 
an example of rectilinear motion with conslant acceleration. 
When a body is Lhrown upwards with a certain initial velocily its 
motion will be evenly retarded, Le., 1s velocity will gradually 
diminish; and when if has reached a certain height the body will 
pause for an instant and then begin falling wilh constant 
acceleration” Acceleration duc to aravily is always the same 
—9.81 m/sec? and is designated by the fetter ¢. 

In order to apply equations (26-31) deduced for uniformly- 
variable motion, the acccleralien of gravily qg is used insteud of 
acceleration a, and with the appropriale sign as a prefix. 

A body projected vertically upwards with an initial velocily 
Dy will acquire constant deceleration inasmuch as the force of 
gravity acts in the opposite direction, in which case g must be 
used with a minus sign and Eq. (26) will be 

% Pg — gl (32) 


The height A which a bodv thrown upwards will reach from 
the initial moment, is found through Iq. (28) as follows: 


2 : 
h=vl-- "> (33) 
while Eq. (29) gives 
yy Vo 
ee 2Qq 
or ‘ 
h= a5 (34) 


When the body reaches its highest point, its velocily p, Lecomes 
zero and accordingly Eq. (32) becomes 


Do = gt, 
* The motion of a body may be regarded as (he motion of its centre 
of gravity and the body considered a material point. 
10] 


from which 
i= (35) 


Wherefore, the lume consumed for a body to rise to its highest 
point is equal lo us initial velocity divided by the acceleration of the 


force of gravily. In this case Eq. (34) becomes : 
Ds 
h = Ig (36) 


from which 
pe 2gh, 
or 
ry | 2gh. (37) 


Wherefore, tniltal velocity is equal to the square root of twice 
the product of the hetght multiplied by the acceleration of gravity. 

When a body is falling lieely, ils movement coincides with 
the direction of gravily acceleration, for which reason it then 
possesses constant acceleration, and gravity accelerfiion g must 
therefore be used with a plus sign. 

If the initial velocity of a falling body is zero, then v9 = 0, and 
Hqs (27), (30) and (31) respectively become 


py gl. (38) 
1? 
he (39) 
h= iy (40) 
Irom Jéq. (40) we obtain 
v}e — 2qh 
or 
yp, — /2gh. (41) 


Wherefore, the velocity of a body al the end of its fall ts equal to the 
square root of twice the product of gravity acceleration multiplied 
by the height of the fall. 

A comparison of Eqs (37) and (41) will show that », = np. 

Wherefore, the final velocity of a falling body ts the same as ils 
mitial velocity bul opposite in direction. 

Fig. 107a shows the displacement-lime curve of a freely falling 
body with an initial velocity vg = 0; the time axis Ol is divided 
into equal segments each of which represents 0.5 sec, while each 
division of the displacement axis Os represents one metre. Using 
Eq. (39) and taking succeeding numerical values of ¢ as 0.5 sec, 
1 sec, etc., and gas 9.81 m/sec?, we will find corresponding displace- 
ment of a body from its initial position, i.e., 1.226 m in 0.5 sec, 
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4.905 m in 1.0 sec, 11.036 min 1.5 sec, and 19.62 m in 2.0 sec, 
etc. By constructing the ordinates for these moments of time, 
we then obtain a number of points to connect with a smooth line 
OA® which is accordingly the displacement-time curve. If. for 
example, it be necessary to find how far the body fell in 1.75 sec 
after the initial moment, we find the point on the axis of abscissae 
that represents the moment and 
construct a perpendicular to it to 
find its displacement. 

Fig. 1075 is a velocity-lime 
graph. As is apparent trom Eq. 
(38), velocity changes in direct 
proportion to time, 1.e., the rela- 
tionship between velocity and lime 
is expressed hy a straight line. Let 
us then employ L[éq. (38) to find 
the velocity atsome piven moment, 
for instance, at the end of the first 
second p, — 9.81 K 1 - 9.81 m/sec 
and plot a Pelucity-lime graph to 
a scale. Since the velocity at the 
initial moment is zero, we delineate 
OB trom the origin through the 
point obtained. Thisis the velocity- 
time curvi. 


$n 





Mlustrative Problem 37. Krom what 
height would a body fall if it takes 
ten seconds to reach the giound, and 
what 1s its velocity at the final mo- ; 
ment? hig. 107 

Solution: from liq. (39) 

9.81 «x 10? 
2 





A= ~ 490.5 im 
And from [q. (38) 
vp, = 9.81 \ 10 = 98.1 m/sec. 


68. Questions for Review 


1. What is the difference between non-uniform motion and uniform 
motion? 

2. State the law governing the displacement of a uniformly-moving 
particle from the origin. 

3. State Lhe law governing the changc in velocity of a particle possess- 
ing unitormly-variable motion when its initial velocily is zcro. 

4. When is acceleration considered positive and when negative? 

5. What kind of motion has a body when projected upwards? 

6. What kind of motion has a freely falling body? 
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69. Exercises 


35. A workpiece 1s being machined on a planer whose cutting 
stroke 1s 1,500 mm. It takes the machine nine seconds to complete 
a cutting and return stroke. Find the eon v,, of the cutting 
stroke and velocity »,, of the return stroke if the latter is twice 
the former. 

36. One minute after leaving the station a train had travelled 
450 m with constant acceleration. Find its acceleration a and 
velocily v. rl 


iene 250m 7 fe 


ued ty=5mn 8 





Z, 
“25m, 





2 500m 





Fig. 108 


37. A train is travelling from A to D along the strétch of track 
represented m Fig. 108. Its imlial speed at A is zero. It tukes the 
train 5 minutes to cover the level stretch ot track AB which is 
2,250 min length, and 2.5 min to cover the downgrade BC which 
1s 3,000 m in Jength. On reaching C on the level stretch, the brakes 
are applied and the train stops 2,500 in beyond, at D. Find the 
deceleration on stretch CD, the time il takes the train to get 
from A to D, and its average speed {or the whole distance. 

38. What height will a stone reach, and how much time will 
ils entire ihyht take (upward and downward) if it is hurled verti- 
cally upward with an initial velocity vg = 39.24 m/sec? 

39. Draw the displacement-time and velocity-time graphs for 
a body hurled vertically upward with an initial velocity v9 = 
= 19.62 m/sec. 


CHAPTILR VII 


THE COMPOSITION OF SIMPLE MOTIONS 
OF A PARTICLE ‘ 


70. Compound Motion, 
and Absolute and Relative Motion 


Let us assume that an overhead crane (Fig. 109) is transporting 
a load along a tactory shop. The crane travels the length of the 
shop m the direction of the arrow A. At the same time the crane’s 
crab, to which the load is hung by means of the hook K, is moving 
athwart the overhead crane in the direction shown by arrow B. 
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It is seen that the motion of the load is the sum of two motions at 
right angles to each other: the motion of the overhead crane 
with respectto the earth, and the motion of the crane’s crab 
with respect to the overhead crane. Ifence the motion of the 
load is compound and its nature depends upon the motion of the 
crane and its crab, i.e., upon component motions. The motion of 
the overhead crane in respect to the earth is called absolute mo- 
tion, while that of its crab in respect lo the crane is known as 
relative motion. 

If crane moves a distance KA in respect lo the earth and 
the crab’s hook simultaneously moves a distance KB in relation 








Fig. 109 


to the crane, it may be said that the displacement due to absolute 
motion is equal to NA, while the displacement due to relative 
motion is equal to KJ. 

Since all bodies are actually always in motion, then all kinds 
of motion dealt wilh in mechanics are relalive and in cach individ- 
ual case we arbitrarily assume one or another body to be mo- 
tionless. In most instances the motion of a body is measured in 
relation to the earth and we call the motion of that body absolute. 
Thus in the cited example the movement of the load in respect to 
the overhead crane is relative motion, while the movements of 
the crane ilself and the Joad relative to the shop is absolute 
motion. 

In this example the motion of the load is conditioned by both 
absolute and relative motion and it is such compound motion 
that we most often have to deal with in machines. However, 
mechanics is also concerned with the motion of bodies that are 
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not connected with each other. For instance, let us assume a train 
leaves a station. Subsequently, after a sufficient lapse of time, 
another train will be senl out after it along the same track so that 
the two trains will ai no time approach each other closer than 
safety permits. In solving such a problem the thing that interests 
us above all is the relative speed of both trains and the distance 
between them. 


71. The Composition of Uniform Collinear Motions 


The simplest case of compound motion is that of two collinear 
components having cilher the same or opposite directions. 

I‘ig. 110 represents two bodies J and 2, in contact along plane 
AB. At the initial moment, point A%, on body 2 is in contact 
with point M, on body 7. Let us 
assume that the two bodies are 
moving at the same time in such a 
way that at moment ¢ point M, has 
moved from left to right for a 
distance s, in respect tofan immov- 
able surface, and point Af, has 
moved a distance s, !rom right to 
lef in respect to point M,. In other 

Ig. 110 words. the displacement of point AL, 

due to absolute motion from left to 

right is designated by s,, and displacement due to relative 

motion from right to left isindicated by s,. What is the resullant 
displacement of point M,? 

To answer this question we reason in the following way: 
assume that point MM, was nol displaced in respect lo point M,, 
in which casc ifs absolute motion would also he equal to s, and 
would be acting from left io right. Bul since point M, was ac- 
tually displaced in respecl to Af, from right to left for a distance 
S, then its displacement in respect lo the immovable plane, that 
is, its resultant displacement from Ieft lo right. becomes 





SS, —Sp. 


Obviously if both displacements had been from left, to right, 
the resultant displacement of point Af, would also have been 
from left to right: 


s= 5S, | $3. 
By considering displacement from left to right as positive and 
displacement from right to left as negative, and assuming that 


both displacements had been from right to left, we would compute 
as follows: 


8 ~ 8 -+ ( - 83) — (8; + Sy). 
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By resorting to the same reasoning in dealing with any number 
of component motions, we would find that in compound rectilinear 
motion the absolute displacement of a point is equal to the algebraic 
sum of the component displacements. This can be expressed by the 
following equation: 


S= 8, + Sg+ S34... + Sp (42) 


in which each component displacement must he prefixed with 
its proper sign. 

Assume that all component displacements have uniform mo- 
tion and occur within a ecrtain interval of time /. We shall denote 
their velocities as 1, 09, Vs ... UV, Whereupon s, - 0,t, S. = Dal, 

g == Ugl ..., $, =d,l. By substituting these valucs for the displace- 
nfenls in Ky. (42) we obtain 


S =D et + del f Vel |... 4d val (Dy too, fo vy fo... 4-Py)h 
from which + 2g Ue We Ae tig Ae age Ae tis 


However. = =p which is the velocity of the compound motion 


and also uniform. Accordingly, 
Dy 4- Dg {| Og |... | Op (43) 


Wherefore, of the components of compound motion are collinear 
and untfoim, the velocity of the compound motion ts equal to the 
algebraic sum of the velocities of the components. 


Oral Laercises 


1. Ifa particle possesses two hinds of motion, can ils absolule displace- 
ment be sero al any moment, and under what conditions? 

2. Ata certam moment, point M, on body 2 in Fig. 110 1s in contact 
with point AZ, of body 7, afte: which pol 47, moves from left to right 
for a dislanee s,, and point AZ, moves from right to left for a distance 
s,in respect Lo point A1, during the same interval of time. Find the abso- 
lute displacement of AY and ils direction in each of the following four 
cases: a) when s, > s., b) when 5, << s,, ¢) when s, = 8, d) when s, = 0. 


Tlustrative Problem 38. Town 7 is situated 22.5 hm down the river 
from town A. A boat makes the trip from .{ to B in 1.5 hr, and from 
B to Ain 2.5 hr. Assuming the motion of the boat to be uniform, find 
the velocity of the current v,, and the velocity of the boal v, with re- 
spect to the water. 

Solution: velocity ve represents the velocity of the boat in relation 
to the water, irrespective of whether the water is flowing or standing 
still. Therefore in moving with the current, the boat moves with an 
absolute velocity, in respect to the bank, of v, + v_.. In moving against 
the current the absolute velocily of the boal is v, 0,. Henee we have 
two equations: 


(pv, + v,) x 1.5 = 22.5 and (vp, - v,) x 2.5 = 22.5. 
By solving these equations we oblain v, = 3 km/hr and v, = 12 km/hr. 
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72. The Composition of Rectilinear Uniform Motions . 
Which Are at an Angle to One Another 


Now let us learn how to combine rectilinear uniform mottons 
when they are directed at an angle to one another. 

Assume that we have set the longitudinal feed of a lathe so as 
to give the carriage an axial displacement of AB (Fig. 111), and 
as it moves we actuate the cutter with a constant crosswise move- 
ment ly turning the handle of the cross feed. Thus all points 
on (he culler receive two motions—the absolute longitudinal mo- 
tion of the carriage and the relative crosswise motion of the cross 
feed. Let us investigate the motion of apex 
A of the cutter. Assume that during a certain 
interval of time the apex and the carriage are 
displaced to position A/,, while in the rela- 
live molion of the cross feed the apex is 
displaced to posilion N,. Let us assume that 
these two displacements are successive: apex 
A is first longiludinally displaced for a 
distance AM, along the axis {nd then it 
moves a distance M,A,-- AN, crosswise. 

Vig. Lil As a result of these two displacements, 
apex A reaches point Aj. 

Thus position A, which has been Laken up by apex A of the 
eulter, becomes the vertex ot the parallelogram AM,A,N, (in 
this case a rectangle). 

Similarly we find that during the next interval of time the 
point of the cutter is displaced to point A, which is the vertex of 
the parallelogram A,M,A,N;, and so forth with subsequent 
displacements. 

We shall prove that the displacement of the cutter’s apex 
from posilion A to position A, is rectilinear, i.e., that the diago- 
nals AA, and A,/\, lie on the same straight line. Assume that 
displacements AM,, AN, and M,M,, N,N, occur in equal 
intervals of lime. Then M,AM, - AM, and N,N, =- A,Nj. 
Since A,M,  M,Al, and M,A,- N,No, therefore the triangles 
A,M,A, and AM,A, are congruent and “ A,A,M,;=7Z A,AM,, 
that 3s, the linear segments A,A, and AA, lie on the same 
straight line. It also follows from the similarity of the same 
two triangles that these two linear segments are equal to each 
other, which means that point A in ils compound motion receives 
equal displacements in equal intervals of time; in short, it is clear 
that the compound motion is as uniform as its components. 

By dividing the displacemenls by the time which they con- 
sumed, we obtain the velocily of eachone. Hence, if AM, represents 
the velocity of the absolute motion and AN, the velocity of the 
relative motion, then the diagonal A A, will indicate the direction 
and magnitude of the velocity of the resultant motion. 
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Wherefore, the resultant motion of a point having two rectilinear 
uniform motions is rectilinear and uniform. 

The resultant displacement of a point is equal in magnilude and 
duction to the diagonal of a parallelogram constructed on the basis 
of component displacemenis. 

The resultant velocity is equal to the diagonal of a parallelogram 
constructed on the basis of component velocities. 

It can be proved that if the componcuts of a motion have an 
initial velocity of zero and are uniformly accelerated and rectilin- 
ear, the compound motion will also be uniformly accelerated 
and rectilinear. 


Mlustrative Problem 39. \What should be the ralio between the velog- | 
ities of the longitudinal teed v, of a lathe and Une cross feed v, in ord 
t@ cut the truncated cone ABCE shown in lig. 112a ff D = 80 mm, 
d = 60 mm, and 7? = 100 mm? 

Solution: the velocity ot longiludinal displacement of the eutler added 
to the velocity of its crosswise displacement will give Une velocity of the 
compound motion towards Lhe cone, i. ¢., will be actuated along the 
diagonal of the pasallelogram A, FP, constiucled on the bases of 
component velocities Af, and A,#, (Big. 11426). 


"| 
4 





Fig. 112 Fig. 113 


From the similarity of triangles A,F\E, and AFF it follows that 
AF, eeeits from which, after subsliluting the numerical values 


eg ee d 80 — 60 
AF = 100‘thm and EF = Pe = —. = 10mm, we find thet 
1 = On i Ral = 100 = 10. 
100 = io’ from which D, 10 


Hence the ratio of longitudinal feed to cross feed should be 


Iustrative Problem 40. The plunger K under the action’ of. Uf ate 
in Fig. 113a is in reciprocating motion between fixed guides at a veloc + 
oc & 
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ity 0, = 60 mm/sec. There is a roller in the groove AB of the plunger 
to which igs fastencd a sliding follower M that slips up and downs be- 
tween immovable guides. Find velocity v, of the follower if, the groove 
AB forms an angle ABC with the line of motion of the pluwAger and if 
BC = a= 120 mm and AC = b = 30 mm. t 

Solution: the resultant motion of the follower Af may be regarded as 
a compound motion: the absolute motion of the block moving from left 
to right during the given moment, and the relative motion df the roller 
in the groove of the plunger. We therefore construct a parallelogram of 
velocities on the bases of Lhe velocitics of the motion components (Fig. 
1135). By taking any arbitrary point A, and choosing a scale, we lay 
out vector A,A, representing the velocity v, of the plunger and from 
the same point A, we delineate a sLraight line parallel to the velocity 
of the follower M to point C, where il intersects with line A,C, which 
is parallel to the axis of the groove AB, and then complete the parallel- 
ogram A,A,C,B,. It is evident that the component A,2,, which trans- 
mils the velocity to the centie of the roller in respect to the plunger, cis 
directed from right to Icfl, as it should be: for if the plunger were 
moving from left to right, the motion of the roller in respect to Lhe 
plunger would be in the opposite direction. By measuring the diagonat 
A,C, of the parallelogram and mulliplying its length by the chosen veloc- 
ity scale, we obtain the velocity of the follower v,. 

This velocity may also be found by calculalion, as follows. From 
the similarity of triangles ABC and A,B,C, we may calculate 

AC, BC, Dy Dy 
AC ~ BC ~ a 


ys 


from which 


b 


v, = Vv, — = 6O x = 15 mm/sec. 
2 1 a 


30 
120 
73. Resolving a Velocity intu Its Components 


In mechanics it is frequently found necessary to carry out the 
reverse of the composition of velocities when it is required to 
resolve a velocity into two components. In its general form this 
problem is as indeterminate as the resolution of forces, but in 
each specific case it is solved in conjunction with additional data 
(direction of component velocities, magnitude and direction 
of one of these, ctc.), as may be seen from the following exam- 


ple. 


Illustrative Problem 41. Drops of rain strike the windows of a rail- 
way carriage travelling al a velocily v, and leave streaks that form an 


opel 
AG D 
le vl 
{ V; | 
Wi cB 
Fig. 114 Fig. 115 
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an Bi, af°30° with the vertical (Fig. 114). Find velocity v, of the rain- 
drops : respect to the carth. 

Solution: in respect to the window, cach diop 1s moving vertically 
downwards with a velocity \ and honzontally with a velocity v; but 
in the direction opposite to that of the movement of the tram. Ilence 
we can construct the parallelogram AC BD (Fig. 115), we lay out vector 


AD representing vclocity v;, delineate a sliaight line at an angle a = 30° 
to the vertical, and then plot a vertical hne down fiom pomt D. These 
twe lincs intersceet at point J3 ‘Then we finish the parallelogram by deline- 
ating side AC which iepicsents the velocity of the 1aindiop v, at the 
same scale as vector .AD By calculation we then find thal v, = o, cota. 


74. Questions for Review 


es 
1 The carnage of a lathe ts moving fiom right to left with a certain 
velocity The cioss feed ts set parallel to the avis of the lathe and 1s 
moving fiom Ieft to right with the sani sclocity What 1s the resultant 
velocity of the cutter? 
2 What would be the answer Lo Question 1 aif the cross tced were set 
at an angle to the anis of the lathe ? 


3. The belgof an coc ulator moves upward with a veloaly v,; and a 
man fs walking down the escalator with a volodaily v. What ss the 1esult- 
ant velocity with which the man moves m the lollowing thice cases: 
a) when v >v,, b) when» <0, and) when oe v,? 


75. Exercises 


40. A sleamer, whose speed 15 10 hm/ht 1s plying up a river 
that has a current of 4 km/hr Whats the resullant velocity of 
the steamer, and what 
would it be it il were 
plying through still wate1? 

41. A steamer plying 
downstream ‘overs JU hm 
intwohours In still waler 
the steamer’s spec 15 
12 km/hr. How far could it 
have lLravelled upstream 
in the same [wo hours? 1 

42. The’ plunger A in lag Tae 
Fig. 116 moves between 
fixed guides in reciprocating motion under the action of rod B 
The end of the follower C is sliding 1n fixed guides and 1s pressed 
to the inclined surface of the plunger by a spring lind the speed 
v at which the follower moves when the speed of the plunger is 
600 mm/min and if a= 300 mm and b = 50 mm. Also find 
speed v, with which tne end of the follower moves on the 
inclined surface of the plunger. 
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CHAPTER IX 
CURVILINEAR MOTION OF A PARTICLE 


76. Uniform and Non-Uniform Curvilinear Motion 
of a Particle 


Thus far we have been treating rectilinear motion. Now let 
us examine a more complex kind of motion when the traj- 
eclory (traversed by a particle is a curved line in one plane. 

ig. 117 represents such a Lrajectory. At the moment of time 
t, the moving parlicle is at point A/,, and at the moment of time 

ft, it is al point M,. Therefore, during 

the interval between ¢, and f,. the 
particle has traversed a path as repre- 

5 sented by Lhe curved line M,M,. ff the 
inotion is such that the particle trav- 

erses equal dislLances in equal intervals 

Ms of time (however small such intervals 

A may be) the motion wil} be uniform, 
Otherwise the motion will be ‘non- 

Vig. 117 uniform, or variable. The major differ- 

ence between curvilinear and rectilinear 

motion is that in the former the palh traversed by a moving 
particle is composed of curved segments instead of sLraight ones. 
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77. The Velocity of a Particle Po-sessing 
Curvilinear Motion 


The rate of velocity of a particle possessing curvilinear motion 
is determined in the same way as for one of reclilinear motion, 
except that it will be a quolicnt derived by dividing the trajec- 
tory s curved-line segments by corresponding intervals of time. 
Thus, when the motion of the parlicle displaced from point M, 
to point M, (Fig. 117) is uniform, its velocity is expressed as a 
quotient obtained by dividing the length of the arc M,M, by 
the time taken by the particle to traverse that distance. If the 
motion were non-uniform, this quotient would represent average 
velocity. And the shorter the arc M,M,, the closer that average 
velocity will be to the actual (instantaneous) velocity of the 
particle. 

Now let us learn how to determine the direction of velocity of 
a particle having curvilinear motion. 

When a particle has rectilinear motion its direction remains . 
constant, whereas with curvilinear motion its direction continu- 
ally changes according to the curvature of its trajectory. From 
this we conclude that the direction of its velocity also changes. 

How then is the direction of velocity determined? 
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Let us assume that at the moment the moving particle is at 
position M, (Fig. 117), the constraint causing it to diverge from 
a rectilinear path were removed. Obviously from that point the 
particle would move in a straight line; to be exact, it would be 
a straight line tangent to its trajectory at point M,. From this 
it follows that its velocity too will be directed along that tangent 
in the direclion of the motion of the particle and can be repre- 
sented by vector v, al a definile scale. In the same way the vel- 
ocity of the particle at point J, can be represented by vector 
v, in the direction of the tangent to ils ltrajeclory at that point. 
Wherefore, fhe direction of velority of a particle possessing Weuilieae 
motion is tangent to us trajectory al the potnt corresponding with 
the given moment of time and ts the same as the direction of is 
m@tion. 

By way of illustration, let us imayine we are swinging a slone, 
tied to a cord, in a horizontal circle. Al a certain critical speed 
the cord breaks and the motion of the stone changes from curvili- 
near to rectilinear, directed at a tangent lo its curved trajec- 
tory and wilh the velocity it had the instant just before the 
string brokg. 


78. Acceleration of a Particle Possessing 
curvilinear Motion 


Assume a particle to be traversing the curved trajectory AB 
in Fig. 118u. At one moment itis al poiml W, and al the suceceding 
short interval of time Al* iL is al point Ay. Let velocity v, of 
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the particle al point M, be expressed by the vector M,C and 
at point M, by vector M.1. Now let us determine the 
change in velocity during the interval of lime Al, proceeding 
as follows (Fig. 118b). Delineate vector M,D, from point M,, 


equal to vector M,D of velocity ve, that is, equal in length, pa- 
rallel to, and having the samejdircction. Then resolve velocity v, 
into two components Corns to the principle of the parallel- 
ogram) one of which, v,, will have a known magnitude and 


* The sign 4, the Greek letter ‘delta’. is usually used to designate 
small quantities. 
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direction. In the parallelogram M,CD,E, the side M,E will 
represent velocity v’ which expresses the change in velocity of 
the moving particle in the interval of time 4i durigg which the 
particle moved {rom point A/, to point M,. Then by dividing 
velocity v’ by the Lime A/, we obtain the average acceleration ayy: 


Aap = (44) 


The shorter the interval of time Al, the closer will be the 
average acceleration to the acceleration of the particle at the 
instant it is at point M, in its trajectory. 

Thus we} see that acceleration of a particle having curvilinear 
motion, unlike ifs velocity, is nol directed along the tangent to the 
trajectory but forms an angle with it lying inside the curvature of 
the trajectory. 


79. Tangential and Normal Acceleration 


We have learnt that accelerahhon along a curverdl trajectory 
defines the change in velocity both in magnitude and direction, 
for which reason it 1s known as folal acceleration. We shall sce later 
that in solving problems concerning curvilinear motion, it will 
be found necessary to consider, separately, acceleration due to 
changes in the magnitude of velocity and that due to changes 
in the duection of velocity caused by the 
curvature of the trajectory. 

ig. 1185 illustrates both such kinds of 


acceleration. On the velocity vector M,D, 
we lay out segment M,f£ equal in magni- 
tude to vector v, = M,C. It will be found 
thal segment FD, expresses the change in 
the magnitude of velocity of the particle, 
whereas segment CI’ expresses the change 
in direction of the velocity. 
Vig. 119 Assume that acceleration a of a particle at 
position M (Fig. 119) is expressed by vector 
MC. Just as in velocity, we resolve this acceleration into 
two components by the principle of the parallelogram, one 
along the tangent to trajectory AIT at point M, and the 
second in the direction of AYN perpendicular to the tan- 
gent. As a result we obtain the rectangle MDCE in which 
MD expresses acceleration a; while the vector ME shows acce- 
leration a,. 
Wherefore, acceleration having the same direction as the tangent 
along which velocity 1s directed expresses a change in magniuude of 
velocity and ts called tangential acceleration a,, whereas acceleration 
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directed perpendicular to the tangent represents a change in direction 
of veloctty and is called normal acceleration a,* 

From this 1t follows that if the tangential acceleration of a 
particle is in the same direction asits velocity, the particle possess- 


es 


positive acceleration, if 1f 15 in the opposite direction, it 


possesses negative acceleration and the motion of the particle 

is retarded, and if it 13 zero, then the motion 1s umiform 
Accordingly, possible cases of motion of a pailicle in a plane 

may be tabulated as tollows: 





Acceleration 


1 «Both kinds of 
acccleration, 
L€., @, and @, 


2 Acceleration 
a, only 


ee rs 


3 Acceleration a; 
only 





Change in Veloctty 


both m= m rgnilude 
and direction 


mm discetion 


in magnitude 





Motion 


curviling u, 
non wiitotm 


curvilinear, 
uniform 


reoctilme au, 
non-uniworm 


If there is no acceleralion of cithc: lorm, motion is rec linear 


and uniform. 


There 1s a simple relationship between tolal acccleration and 
its components. From the ight tuangle ACD) (lis 119) it follows 


that CD 


acceleration and the tangent Ilence 


a, — a, tan 


MD tan a, in which @ is the angle formed by total 


(45) 


Since the leg of the triangle 1s cqual to the hypotenuse multi- 
phed by the sine of the opposite angle o1 the Cosine of the adjacent 


angle, we obtain 


a, a sin « 


a, = a COS a 


Finally, according to the Pythagorean Theorem, 


* ‘Normal acceleration” 1s so called because a line 
to a tangent at the point of contact is called a ‘‘normal”’. 


8* 


a ~|a? | a 


(46) 
(47) 
(48) 
perpendicular 
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80. Normal Acceleration of a Particle 
Possessing Uniform Cireular Motion 


Let us investigate a specilic case of curvilinear motion when 
the trajectory of a particle moving wilh constant velocity is in 
the form of a circle with radius J? (Fig. 120). In this case there is 
only normal acceleration a,, since tangential acceleration a, is 
zero (case 2 in the tabular representation given above). 

Proceeding as 1 Sec. 78, we obtain the component v’ of velocity 
v, expressing a change in velocity in the lime interval Af during 
which the particle traverses the arc M,AJ/,. Since the particle is 
travelling with uniform velocity, vectors M,C and A/,D, are equal 
in magnitude and, as cistinguished from the general case previously 
presenled, the vector M/,Jé represents a change in the dire¢tion 

of velocity. 

My c ‘Thus we see Lhal, under these condi- 
tions, AZ, DJe lorms an isosceles triangle, 
since M,D M,C. In the same way 
AM,OM, is also an isosceles triangle 





oe 





ty because OM, and OAL, av. radii of the 
penta = 2B same cucle. Furthermore, these two 
] triangles are sinnlar since “ M,0OM, = 

Hig. 120 — * M,DE (ther sides being mutually 


perpendicular) and therefore the remain- 
ing angles of one (mangle are equal to the angles of the other 


triangle. 
From this it follows thal 
MT M,D 
M/W OM 
from which 
ME “P vim (a) 
me OM Se 


The velocities v, and vy, of the parlicle at points M, and M,, 
expressed by the vectors M,C and .17,),, are equal in magnitude. 
By designating this magintude as vp, we oblain M,D, = vd, == v. 
By also taking into account thal OM, =F and by substituting 
these values in [q. (a), we obtain 


ME == 5 MM, 


By dividing both sides of the equation by the time Af during 
which the particle moved from M, to Af,, we oblain 


ME oo | MM, 
“a oR ae (b) 


The left side of the above equation expresses the average accele- 
ration for the given interval of time. As this interval decreases, 
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average acceleration will approach normal acceleration a,, in 
which case the chord Al,M, may he assumed to be equal to the 


corrgsponding arc and the quotient si will represent velocily v. 


A substitution of these values in Eq. (b) offers the equation in 
its final form: 


a,= 2 (49) 


In this way we have obtained the following important. rela- 
tionship: normal acceleralion of a parlule montng in a circle is 
equal to us velocity squared, divided by the radius of the circle. 

Now let us see what unils are used to express this acceleration. 

e 
The numerator in Eq. (49) is expressed in (UME of nah 

unit of time 
__ (unit. of length)? 
= “(anit of Laney? 
(unit of length) 
“(unit_of time)? 


» hence the measwine unit of a, will be 





unit of Jength 


: (unit of length) (unit of lime)? 


ie., the same measnring unils as used for acceleration of rectii- 
near molion (See. 61). 

This acceleration is duected luwards the centre of the eircle in 
which the particle ts travelling Qor which reason it is sometimes 
called centripetal). 


Ol. Total Acceleration of a Particle 
Moving in a Cirele 


The above case is of a particle moving in a circle with constant 
velocity. Bul if molion is non-uniform, then aside trom normal 
acceleration as determined by Hq. (19), (he particle will also 
have tangential acceleration coinciding with fhe tangent in either 
direction. If the magnitude of this acceleration is constant, mo- 
tion will be uniformly accelerated and displacement ol the part- 
icle for any interval of Lime will be found through the formulae 
for rectilinear motion as deduced in Sec. 66 and will be equal to 
the length of the arc traversed. 

In uniferm circular motion, total acecleralion is the same as 
for normal acceleration. In uon-uniform curvilinear motion, total 
acceleration is determined by Eq. (48) as the square rool of the 
sum of the squares of iangenlial and normal acceleration, while 
the angle they form with the tangent is evolved either by 
Eq. (46) or (47). 

Hlastrative Problem 42. A particle is travelling in a circle whose 
radius R=1m. lt possesses a constant Llangential acecleration 


of 0.2 m/sec®. At the initial inoment its velocily is vy = 0. Find 
the velocity and accclcration of the particle at /=3 sec after the begin- 
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ning of its motion, and determing the distance the particle covers in that 
interval of time. 
Solution: by employing Eq. (27) we find velocity v, at the end of the 


third second: A 
p, = at = 0.2 x 3 = 0.6 m/sec. 
Normal accclcration, according to Eq. (49), is . 
_ _s, 0.36 ‘ 
n= a = = 0.36 m/scc?. 


Total acceleration at the end of the third second is found by 
Eq. (48): 
a= Vai + a3, = 0.04 + 0.129 = 0.412 m/sec?®, 


and the tangent of the angle it forms with the contacting tangent is 
obtained by Iq. (45): 


from whieh ¢ — 61°. 
athe distance covered by the particle in three scconds is found through 
q. (30): 
— ae? 0.2 <9 


y = “5 —- 0.9 m. 


82. Questions for Review 


1. Whal 15 the dneetion of velocity, in respect to its trajectory, 
of a particle having: ecurvilimear motion? 

2. What is individually expressed by tangential and normal accele- 
ration and what 1s Lhetr direction? 

3. Is at possible for a particle with curvilinear motion not to have 
tangential acceleration? Is it possible for it not to have normal accele- 
ration? : 

4. What is uniform motion that possesses acceleration? 


83. Exercises 


43. A particle wilh an initial velocity of zero moves for 5 sec 

with constant acceleralion in a circle whose radius is 2 m and 

covers a distance of 3 m. Find its velocity 

4 2 and its total accelerations at the end of the 
fifth second. 

44. ‘The particle in Fig. 121 * abandons 
position A with an initial velocity of zero 
and, moving with a constant accelera- 
tion is at position B in three seconds, 

¢ 0.45 m from position A, after which it 

Fig. 121 travels with a constant velocity in a circle 

whose radins is 0.5 m. Find its . velocity 

v and ils acceleration at Lhe opposite point C (AB is 
tangent to the circle). 
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CHAPTER X 


SIMPLE MOTIONS OF A HARD BODY 


e 
84. The Difference Between the Motion of a Hard Body 
. and That of a Particle 


Thus far we have sludied the motion of a particle. Now we 
shall examine the simplest motions of a hard body which we 
have already classified as an unchangeable system of material 
particles. 

When a body is in molion its various particles traverse different 
trajeclories with diverse velocities and accelerations. By way of 
illustration let us take the slider- 
crank mechanism shown in ig. 122. 

Crank 1 is fastened rigidly lo shaft 
O and turns with it. It is hinged. by 
means of crankpin A, to one end of 
connecting rod 2, the olher end of 
which is higged by means of pin B lig, 122 
to slider 3, moving in fixed guides 
ic.. As the crank turns, 1s particles all describe circles of diffe- 
rent radii and consc yuently move with diverse velocilics, 
whereas the particles of the slider describe idenlical rectilinear 
trajectories and with an identical velocity. The connecting 
rod moves in ils own way and quile differently [rom either the 
crank or the slide; its right end in the centre of the crankpin 
A describes a circle whereas its lett end in the centre of pin B 
moves in a slraight line. The trajectories cxcculed by the rest 
of its particles are curves of various shapes 

In this chapter we shall learn how to solve problems concerning 
the simpler kinds of motion of a hard body, assuming in all cases 
that the body possesses plane motion, which means that all ifs 
particles desertbe trajectories parallel to one and the same fixed 
plane. All the elements of the mechanism jus! caamined possess 
such motion, since (he particles of these elements continuously 
trace paths lying in planes parallel to one and the same vertical 


plane. 





85. Linear Translation 


We shall begin by examining the simplest case of the motion 
of a hard body. 

Imagine a train moving on straight rails; all points on the train, 
with the exception of the axles, wheels, and other elements whose 
motion is relative in respect to the bodies of the cars and the 
locomotive, are tracings identical trajectories; these trajectories 
are parallel to the rails and consequently parallel to each other. 
This is also true of all the particles in the slider 3 of the slider-crank 
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mechanism in I*ig. 122 inasmuch as the guides KL are straight. 
The same may be said of all the particles in the mohile jaw of a 
parallel vise and other mechanisms of the same nature. 

Now Ict us take up a more complicated example. The plafe B 
in Fig. 123 can travel either to the right or to the left on the flat 
horizontally fixed guide A, as shown by arrows /. The plate C to 
which rod /) (ending with roller £) is rigidly fixed can slide back 
and forth on guides on the surface of plate B in a direction 
perpendicular to the lower guide A, as shown by arrows 2. The 
roller & attached to C travels in a curved 
proove G/f in plate F which is part of A. 

Assume plate 23 to be moving along 
guide A; obviously the motion of plate.C, 
due to the curved guide GH, will be 
relalive to plate J3 and be compounded 
with the motion of plate JB itself in the 
direction of arrows 7. As a result of these 
two motions the trajectories traversed by 
all poitis on plate C or rod D will be 

Fig 123 identica! and parallel to guife GI. For 

instance, a ireely-selecled point A will 

trace the trajectory Ayiy, aud point L will move along the 

path LJ q. ete. Thus, plate C and all particles connected with it 
trace identical and parallel paths'. 

1f we select any line on the plate C, for example AL joining 
points A and L. or any other line joining two points on the plate, 
they will remain parallel lo themselves when the plate moves. 
The same may be said of any Jine joining lwo points on the train 
mentioned above, or on the carriage ol a lathe, or the jaws of a 
vise, ele. 

Wherefore, when a hard body moves in such a way that any line 
Joining any two of us potnts moves parallel lo itself, the body ts 
said to have motion of translation. 

In any motion of translation of a rigid body each point of the 
body will possess the same motion, thal is, the same displacement, 
velocity, and acceleration at any instant. 

On the hasis of all this we come to Lhe following important 
conclusion: (he relationships we have already deduced for 
moving points can be used to solve problems concerning motion 
of translation. 

If the trajectory of any point of a body describing motion 
of translation is a straight line, the movement of the whole 
body is said to have rectilinear translation. If, on the other hand. 
the trajeclories are curves, then the motion is called curvilinear 





* This kind of motion is made wide use of, such as on lathes which 
work with a template, or for the machining of bodies of rotation having 
a curvilinear profile or conical surfaces. 
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translation. Such is the motion of plate C in the example 
above. 

A specific case of curvilinear translation is circular translation; 
here “all points describe circles of an 
equal radius. This is illustrated in 
Tig. 124. Crank A is fastened 
rigidly to shaft O; plate B is hinged 
to the other end of. the crank, its 
centre of gravity being lower than 
the axis of the hinge 0,, and occupies 
a verlical position under its own 
weight. When the crank moves about 
axig O. plate B will move in such 
a way thal any line WL joining two 
of its points will move parallel to 
itself, and points WK, ZL, ete. will 
describe circles of an equal radius. 
Ilence the motion of plate B 1s 
circular translation. 


Oral) [Exercises 


1. Whal is the motion of the rand of 
a shaping machine, or che table of a 
planing machine? 

2. What is the motion of the cutter described ta See. 72 (Pig. tit)? 





86. Rotation of a Body Around a Fixed Axis, 
and Angular Displacement 


Now let us study the rolary motion of a body when the axis 
of rotation occupies a fixect position. 

Assume body A in Fig. 125 to be relating about axis O which 
is perpendicular to the plane of {he drawing. Iso assume that 
point K of the body oceupics position Ay at“ cerlain moment. 
As the hody rotates, tls point will describe a cirele with a radius 
= = "of Oy equal to the lenpth of a perpen- 
dicular drawn Jrom the point to the axis 
of rotation and called the rotational 
radius. : 

Now let us delineate a plane through 
point K and the rotational axis. This plane 
will move with the body A. Assume that 
this plane occupies position Od, at the 
initial moment, and, after a certain 
interval of time, moves to position OK, 
and forms a certain two-facet angle g = 





7 I e =. K,Ok,. This angle is formed by the 
cape initial and final positions of the rota- 
Fig. 125 tional radius. In the same way a plane 

" 
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passing through any point L and the axis of rotation will, in 
the same interval of time, form the same angle » as it moves 
from the initial position Of, to the final position OZ. 
Therefore the angle formed hy the swing of a body about its 
rotational radius is the same for any point of the body for the 
same interval of time. This angle serves to measured the rotation 
of the body as a whole and is called its angular displacement 
during a given interval of time. 


87. Angular Velocity and Angular Acceleration 


If a rotating body forms equal angles with the rotational 
axis in equal intervals ol time, its rotation will be uniform ; 
otherwise it will be non-uniform, or variable. 

Assume that the angular displacement of a body is equal 
to m, at the end of a time interval /,, and v7, at the end of a time 
interval @,, both being measured from the same initial position. 
Then its angular displ: wement for the mterval of time i, -t, 
will be equal to pp, 9. We find its average angular velocity 
for this interval of time by dividing the angular displacement 
by time as follows: 

Oy) t . . (50) 
1 

Here iLis not amiss Lo repeat what was said in Sec. 64 concerning 
the average velocily of a pomt having uon-uniform melon: the 
smaller theintervalof lime /, — ¢,, the closer the average angular 
velocity to the instanlaneons velocity at the time moment 4). 
Accordingly, the angular velocily of a point having non- 
uniform rotation is not constant. Let the angular velocity of a 
given point be m, at the instant of time é,, and m, for the inslant 
of time é,. It then follows that the change in angular velocity 
during the interval of time f, - f,is@,  w,. The ratio between 
the change in angular velocity and the interval of time in 
which it took place 1s called average angular acceleration and is 
expressed as 


Qo - @ 
fy = Sosy: (51) 
If acceleration possesses the same sign as angular velocity, 
the body will have positive acceleration; otherwise its rotation 
will be retarded. 
Since angular displacement is measured in angular units, 
the measuring unit for angular velocity will be 
asu . ‘ 
Wael angular measure and for angular acceleralion will be 
unit of time 
unit of angular measure unit of angular measure 


unit of time: ‘Unit of time = ~~~ or time)? 
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88. Linear Velocity of the Points of a Rotating 
Body 


We have learnt that all points of a rotating body describe 
trajectories in the form of a circle. Geometry shows that the 
greater the radius and central angle, the greater will be the length 
of an arc. Since all rotational radii of a rotating body turn 
through the same angle, the length of the trajectories traversed 
by points situated at different distances from the axis of rotation 
will vary and be proportional to the rotational radii. For instance, 
the length of the are K,K, described by point Ix in Fig. 125 
is as proportional to the length of the are L,L, described by 
point L as the rotational radius OK is to the rotational radius 
OL’ Thus the various points of a rotating body receive different 
displacements in cqual intervals of time. From this it follows 
that the velocities with which the pommts are displaced will also 
depend on the length of their rotalional axes. Wherefore, the 
velocities of the points of a rotating body are also proportional 
to their rotational radtt. 

The velo@&ty with which a point on a rotating body moves is 


called ils linear velocity and is expressed ay Wt of length 
‘ unit of time 


Accordingly, the angular velomty of 1 body 1s a measure of 
the rotation of the whole body as well as all its points and is the 
same for all rotational axes. Whereas the linear velocity of 
points situated at different distances from the 1olational axis 
will differ. From this it is further concluded that their acceler- 
ation will also differ. 


89. Uniform Rotation of a Body Around a Fixed 
Axis 


If the angular displacement of a body is the same lor equal 
intervals of time, il is said to have umlorm rotation. Lt 1s evident 
in this case that angular velocity will be constant. 

Assume that a body rotates uniformly for an interval of time ?. 
Then its angular velocity will he 

o= £ : (52) 

The unit of measure used to express velocity will depend on 
the numerator and denominator ot the right half of this formula: 
if angular displacement is expressed in degrees and ‘ime in 
seconds, then angular velocity will be expressed in degrees per 

deg 


second (=). If time is in minutes, then it will he Se , ete. 


In this book the angle ¢ will henceforth be expressed in degrces. 
Eq. 52 is sometimes expressed in a different form. The radian 
(a unit frequently used for angular measurement) is the central 
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angle whose arc is equal to the radius of a circle. By designating 
x as the value of the radian in degrecs. and R as the radius of the 


are corresponding to it, we obtain on oR, from which 


xz 180". 57°17°44". 
Whereupon the angular displacement expressed in radians 
would be = inoe gy’, and the angular velocity 


2 1 
Py - 


x ae 


Oe dee 
180° 
In enginecring, uniform rotation is almost always expressed 
in number of revolutions per mmute and designated as n (rpm 
of the rotor of an electric molor, of the spindle of a lathe, ett.), 
in which case angular velocity is expressed as follows: when 
a body makes one revolution per minute, il turns through 360° 
in one minute; if if makes n revolutions per minute, it turns 
through 360n degrees and in one second il turns through oon = 
- 6n degrees. Hence if a shaft revolves al the rate gf n revolu- 
tions per minule, il means (hat ils angular velocity 
oo deg _ deg 
w= 6n oo = 360n - (53) 
Let us examine the motion of separate points of a uniformly 
rotating body. Tig. 126 represents a sheave which executes n 
rpm _ aboul its geometric axis O. Let 
us take point f° on the outer rim of 
the sheave, the diameter of which 
we will denote as D. When the 
sheave executes one revolution, the 
point Av will describe a circle of 
diameter ); this means that its 
trajectory will be equal to 2D, in 
which z 1s the ratio of the circum- 
ference lo the diameter of a circle. 
By execuling n rpm, the trajectory 
traversed by the point will equal 
xDn and in one second would 
be 7?" Since the diameter of the 
: sheave is given in millimetres, the 
linear velocity of point K will be 
= aDn 
u=> 60 x 1,000 m/sec. (54) 
All points on the outer rim of the sheave (those farthest from 
the axis of rotation) will have the same linear velocity, known 
as the peripheral velocity of the sheave, 





Fig. 126 
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Now let us take a point L lying at a distance r from the axis 
(but not on the rim). 

We obtain the linear velocity of the point L by following the 
same line of reasoning as with point K: 


pp = <2" __ msec 
L~ 60 x 1,000 sce. 
By dividing v by v, we obtain 

parent aes 

op or 


Wherefore, the ratio of linear velocites of points on a rotating 
body ts equal to the ratio of their diameters, or, which ts the same 
thing, of the radu of the circles they describe. 

Eq. (54) expresses Lhe peripheral velocity of a body (or the 
linear velocily of ils points) depending on the diameter and 
number of revolutions per minute. Ii if is necessary to find the 
number of 1evolutions when the diameter and peripheral veloc- 
ity are known, the equation becomes 


60 « 1,0000 : 
n ip 7 bpm. (55) 

When peripheral velocity and the number of revolutions 
per minute are known, the diameter in millimetres is found by 
lhe following equation: 


p= 60 7 1,0000 hist: (56) 
an 
Velocity in Eqs (55) and (56) is given in m/sec. 


Oral Isxercises 


1. Two points, one twice the distance from the axis as the other, 
lie on the saine radius of a rolating body. What 1 the iatio of velocities 
of the two points? 

2. What is the ralio of their normal acceleration? 

Iustrative Problem 43. A sheave with a diameter D = 2,000 mui fixed 
rigidly to a shaft whose diameter d = 125 mim, is rotating unvormly at 
arate n = 240 rpm. Find the peripheral velocities v, and v of the sheave 
and the shaft, respectively, and the normal sceeleration of a point on 
the rim of the sheave. 

Solution: applying Liq. (54), we find the peripheral velocity of the 
sheave as follows: 


_ aDn _ 3.14 x 2,000 x 240 _ 4, 
"1 = 60x 1,000 ~~ 60 x 1,000° = 25.12 m/sec. 


Peripheral velocity of the shaft is either found in the same way, or 
solved on the basis that lhe linear velocities arc proportional to the 
; . 22 _ d gy, ; : — pf = 97 19 y 129. 
diameters: 0D’ from which we obtain v, = p, D 25.12 x 5999 = 
=m 1.57 m/sec. 
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The normal acceleration of a point lying on the rim of the sheave 
is calculated by using Eq. (49),in which case the diameter must be ex- 
pressed in metres because velocity is given in m/sec: 

_ of 2 - 2 x 25.12? 
~ D/2~ D 2 

Illustrative Problem 44. Flow many revolutions per minute must be 
transmitted to a high-speed stee} drill of 14 mm in diameter in order 
to bore inlo soft cast Iron at the rate of 50 m/min (the cutting specd for 
drilling is equal to the peripheral velocity of the drill). 


Solution: by applying Eq. (55) we obtain 

1,000v 1,000 x 50 
aD ”~ 3.14 «x 14 
IHustrative Problem 45. What diamctcr must a sheave be given if it 

is lo attain 1,500 rpm and have a peripheral velocity of 22 m/sec? 
Solution: FEq. (56) gives us 

60 x 1,000» 60 x 1,000 x 22 

mM ~ 3.14 x 1,500 


dn = 631 m/scc?. ‘ 








= 1,137 rpm. 


D= = 280 mm. 


90. Diagrams Showing the Relationship 
Between Peripheral Velocity, Diameter, 3: 
and Number of Revolutions 


In spite of the comprehensiveness of the foregoing equations, 
their use involves tedious calculalions which must be often ex- 
ecuted in the workshop (as, for instance, in determining Lhe number 
of revolutions to be imparted to the 
spindle of a lathe for a given cutting 
speed). ‘Therefore in solving prac- 
tical problems it is more convenient 
13 to use diagrams which make it 
12 ? possible to find desired magnitudes 

quickly and with sufficient accuracy. 

Diagrams which plot the rela- 

| tionship between pcripheral veloc- 

600 2mm ity, diameter, and number of rev- 

olutions are known as nomographs. 

With their help peripheral velocity 

may be found if the other two 

magnitudes are known. lor example, if the diameter D = 800 mm 

and the number of revolutions n = 300 rpm, peripheral velocity 
is found by inspection to be v = 12.5 m/sec (Fig. 127). 

In practice, two types of nomographs are widely used —radial 
and logarithmic. The plotting of nomographs and their use 
in practical calculations is explained in special courses on produc- 
tion technology. 


zw m/sec iS npn. 


Fig. 127 


91. Uniformly-Accelerated Rotation of a Body 
Around a Fixed Axis 


When a change in angular velocily of a rotating body is equal 
for equal intervals of time, the hody is said to possess uniform 
acceleration. If angular velocitv is on the increase, the body is 
said to have uniform positive acceleration; if it is on the decrease, 
the body is said to possess uniform negative acceleration, or 
uniform deceleration. 

By comparing the rotation of a body with the rectilinear 
motion of a material point, we find thal angular displacement 
in the former is analogous to rectilincar displacement in the 
latter. In a similar manner angular velocity and angular accel- 
eration, which are characteristic of rotation, correspond to the 
velécity and acceleration of a body possessing rectilinear motion. 
Therefore the equations giving the relationship between angular 
displacement, angular velocity, and angular acceleration can 
be deduced in the same way as accomplished for displacement, 
velocity, and acceleration ol a particle of unilorm: rectilinear 
motion (Secs 69 and 66). Such an operation wyll vield the following 
formulae: 

Angular velocity al moment ¢ 


, Wy | &, (57) 
in which wo is inifial angular velocily, and ¢ is angular accel- 


eration, which is constant when rolation is unilormly accel- 
crated. If initial angular velocity m) 0, then 


cy — tb. (58) 


Analogous to iy. (28), we obtain angular displacement for 
time : 


P= Wl | ’ (59) 
and in accordance with Eq. (29) 
peed? jes (60) 
Finally, if initial angular velocity is ero, 
=F (61) 
and 
o> Z- (62) 


Illustrative Problem 46. A sheave begins to rotate with uniform accel- 
eration at 12.5 revolutions for the first 5 seconds. What are ils angular 
and peripheral velocities al the end of that lime it its diameter D = 


= 2,000 min? 
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Solution: we first find angular displacement, bearing in mind that 
one revolution corresponds to a turn of 360°: 


p = 360 12.5 = 4,500°. 
Since the initial angular velocity is zero, we use Eq. (61) to find engular 
acceleration; 
>— = 360 deg/sec’. ° 


Angular velocity at the end of the fifth second is found through* 
Eq. (58): 
ws = ef = 360 x 5 = 1,800 dceg/scc. 
1,800 


This angular velocily corresponds to 300 = 3 rev/sec. Hence the 
peripheial velocity al Lhal moment 
22,000 x 5 _ . 
Ds = — 1000" = 31.4 m/sec. 


illustrative Problem 47. A sheave wilh a diameter of 1,200 mm roLates 
at the rate ol a = 400 rpm. When power ts cut off, iL continues to rotate 
with uniform deceleration, coming to a stop in 2 mim 380 sec. Deterinine 
the number ol revolutions it execuled atte: power was q t ofl, and the 
tangential acceleration of a point on its rim dung the same interval 
betore stopping. 

Solution: the angular velocity ot the sheave al the moment of tran- 
sition from unilorm motion to uniform deceleration is found by using 
Eq. (53): 

Oy = on = 6 w~ 400 = 2,400 deg/sec. 


To tind the angular deceleration we use Jig. (58), but inslead of the 
final angular velocity, we apply the mitial velocity: 





_ @ _ 2,400 4. , 
ea laa FG = 16 deg/sec®. 
Now we can lind the angular displacement through Eq. (61): 
16 x 150? 


ag 180,000 degrees. 
Inasmuch as one revolution equals 360°, the sheave has made 


180,000 _ —s«. - P 
3600 = 900 revolutions. 


To find tangential acceleration on the rim of the sheave, we calculate 
the Iength of the are corresponding to angular acceleration ¢« = 16 deg/sec?, 
The diameter of the sheave D being 1,200 mm = 1.2 m, theh the length 
of the arc corresponding to a cential angle of 16° will be 


mDIG _ al.2x 16 
360 ~ = 360 
Therefore the tangential acceleration on the rim is 


4 x 3.14 
75 








4x 
mn = 45 m. 


0.17 m/sec’. 
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92. Questions for Review 


1. What is motion of translation? Name the different kinds of trans- 
lation. 

a If a railway carriage passes from a rectilinear to a curvilinear 
track, can its motion stil] be called translation? 

3. If the same railway carriage passes from a rectilinear horizontal 
track to a rectilinear inclined lLrack, can its motion still be called 
translation? 

4. What kind of motion does the foot-rest of a bicycle pedal have? 

5. Does the magnitude of angular velocily di pend upon the magnitude 
of the rotational radius? 

6. Does the magnitude of linear velocity depend upon the magnitude 
of the rotational radius? 

7. Two cylinders of different diameters are rotating about their 
geometric axes. What ratto should there be bel ween (he number of revo- 
lutions they attain per unit of time so thal (heir peripheral velocities 
remain the same? 

8. Two sheaves of different diameters execule the same number of 
revolutions per minule. What can be said about their angular and peri- 
phera!l velocities? 


93. Exercises 


45. 1f a sheave has a diameter of {60 mm and its motion is 
uniform, what must he its rpm to achieve a peripheral velocity 
of 24 m/sec? 

46. A sheave is turning at tie rate of 1,500 rpm and with 
a peripheral velocity of 22 m/sec. What is its diameter? 

47. A steel workpiece with a diameter of 60 mm is being 
machined on a Jathe with a high-speed stecl cutler. What is the 
cutting speed (peripheral velocity) if the workpiece attains 
1,140 rpm? 

48. A brass workpiece 50 mm in diameter is heing machined 
by a high-speed steel cutter at the rate of 430 m/min. Calculate 
the rpm of the workpiece. 

49. A sheave with a diameter of 1,100 mm had al one moment 
{= 0 a peripheral velocity of 9 m/sec and 12 m/sec following 
an elapse of 2.5 minutes. Assuming the rolation of the sheave 
to be uniformly accelerated, find the angular and tangential 
accelerations on the rim, and also the angular and peripheral 
velocities following an elapse of 1.5 min after the initial mo- 
ment ¢ = 0. 

50. A flywheel 1,500 mm in diameter atlaincd 60 revolutions 
in the first 45 seconds after starting. Assuming its motion to be 
uniformly accelerated, find its angular and tangential accele- 
rations and its angular and peripheral velocities al ¢ — 60 sec. 

51. A flywheel turns at a speed of 210 rpm. When power is 
cut off it continnes to rotate but with uniform deceleration and 
stops after an elapse of 4 min 24 scc. Find the angular accelera- 
tion of the flywheel and the number of revolutions it executes 
after power was cut off. 
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DYNAMICS 


CUNL TER ONE 


FUNDAVMLNTALS OF DYNAMICS 


94. Definifion ot Dynamics 


Tn the preceding section on hincmiities we studied the motion 
of a hard body and ats vy tions ports Bal there cin be no change 
In molion or wala culled the mech uneal state of a body, 
unless anothar body (1 berce) ws acting upon ib é@herefore in 
order to obtain a complete picture of the motion of a body, we 
must know the relibion dDetweon ats motion and the forces 
aching upon ait Elis problem ws deall with im that section of 
mechanics hnown as dynamics Thomay weoordingly be sud that 
dynamics deals with the motion of a body on connectton with the 
forces acting upon u 

There are (wo pr inching problems to be taken up in dynamics 
1) dclcrmining Une forecs that cause the mobon of 1 bodv on 
the basis of the kinematics of (hat molion, 2) determining the 
nolton that a body achieves under the action of forces exerted 


on it 


95. The Tirst Law of Veehanies (Newton's Pirst) Law) 


We know by cxperiment that a body at rest caunol change 
this slate unless another body acts upon it and that wl will con- 
tinue in such a state for an indcfinife time We also hnow that 
if a hody possesses uniform icclilineat molion, it requires the 
action of anotha body to change this motion 

Let us assume we have pushed a ball lying on the floor As 
we watch we sce that if has acquired rectilinear motion The 
haider the material of which the ball 1s made and the smoother 
its suiface as well as the surface of the floor, the longer it will 
continue to move in a straight line and the less change will there 
be in its velocilv If the ball were in a vacuum it would continue 
its motion still longer Thus we see that the floor and surruund- 
ing air influence the ball, cause 1ts motion to be non-uniform, 
and impart a negative acceleration to 1t. 
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From this we deduce that if il were left to itself and were 
free of the influence of other bodies, the ball would have acquired 
uniform rectilinear motion with a velocity constant in magnitude 
and direction. 

Tht property of a body to maintain its momentum (or also 
its state of rest) is called tnertia. 

We have thus reached a conclusion expressing the subslance 
of the Law of Inertia, or Newton’s First Law: a body will remain 
ina stale of rest. or of uniforne rectilinear motion, until some other 
body forces tl to change thal stale. 

[t is imporlant to bear in mind that the action of one body 
upon another need nol necessarily oceur through direct (visible) 
contact. For instance, a body projected horizontally will not 
exhjbit rectilinear motion; it will achieve curvilinear motion 
due to the earth’s invisible altraction, 


96. The Basic Kyuation of Dynamics (Newton’s Seeond Law) 


Let us make the following experiment. The plinger J3 in the 
guides A (Fig. 128) can be foreed to the right by the spring D. 
We pull the plunger lo the Jeft and fasten il in place by gripping 
its handle C with the screw KX. We then place two balls, /? and 
F, against the plunger. Both balls have the same diameter but 
their materials are of different specific eravily and are, there- 
fore, of different weights. We then release (he handle C and the 
plunger jerks suddenly fo Che right, simullaneously pushing 
the two balls in the same direction. We observe that they both 
acquire reclilinear motion, but displacement for cach in the 
same inlerval of time jis different: (be lighter ball travels faster 
and outstrips the heavier one. Tf the balls had had the same spe- 
cific gravity, they would have moved 
with equal velocity and been stopped A 6 
by the resisfance Lo their motion, at an 
equal distance from the initial posilion. 

If we repeal this experiment but with 
the spring squeezed tighter ({he spring & F 
pushed furlher to the let! than in the Dr A 
first experiment), we shall sce both balls 
move with greater velocity than hefore; Tig. 128 
nevertheless the velocity of the heav- 
ier ball will steadily become less than that of the lighter one. 

From these experimenls we deduce the following: at the 
initial moment both balls are in a state of rest. Under the action 
of the spring which imparts equal forces to both balls via the 
plunger, they are put in motion but each with its own velocity. 
In other words, under the action of equal forces, the two bodies 
received unequal accelcrations, the heayier receiving lesser 
acceleration. Furthermore, by comparing the second experi- 
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ment with the first, we see that a greater force nevertheless 
imparts more acceleration to one and the same body. 

From this it is appatent that there is some kind of relation- 
ship between a force and the acceleration if imparts to a hody. 
Let us make another experiment to determine this relationship. 

To the car A (Fig. 129) standing on straight and horizontal 
rails we fasten one end of a dynamometer B, thé other end of 
which we fasten to a cord © which we pass over pulley D and tie 
to a weight G,. Then we allow the car to move under the pull 
of the cord caused hy load G, and make a note of the magnitude 





Fig 129 


of the force P, indicated on the dynamometer. By studying 
the molion ol the car (eg, measmiing the distances it travels 
in equal intervals of timc) we find that it acquires uniform 
acceleration. We then find the magnitude of its acceleration 
a, by means of the distance it Lravels in a definite inLerval of 
time. 

Then replacing load G, by load G,, we repeat the experiment 
and find that under the aclion of the second force P, as indicated 
hy the dynamometer, the car receives an acceleration of ay. 
If the car is constructed so as to offer very little friction in its 
movement along the rails, we shall find as a result of a number 
of similar experiments that the ratio between forces P, and P, 
differs very hittle from the ratio of accelerations the forces impart 
to the car. We thereby esLablish thal the magnitudes of the forces 
are directly proportional to the magniludes of accelerations 
which they impart: 
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or, after replacing the middle members, r 
P P : 
a, = Ga 4 constant quantity. 

No matter how many times we repeat this experiment but 
with different loads, we shall see that the ratio of a force to the 
acceleration it imparts to one and the same body is always 
the same. 

Wherefore, the ralio of a force to the acceleration it imparts 
is a constant quantity for crcry body. WU we denote this quantity 
by the letter m, we obtain 


> 
-=m 
a 
or, 
Pina. (63) 


From this cquation if follows that the greater the magnitude 
of m, the grealer the force required to impart one and the same 
acceleraliongs lo ua body. The quantity mis called the measure 
of mass of a body, or, to put il simply, the mass of a body. 

Since according (o the Law of Inertia a body tends to either 
Temain at rest or retain Ws unitorm rectilinear motion, it is 
understood that when acceleration is imparted to the body, it 
will resist thal acceleration; and the greater its mass, the greater 
its resistance. Whence the mass of a body 1s considered to be 
a measure of its inertia. 

Eq. (63) which expresses Newton’s Second Law, is the baste 
equation of dynamus and can be formulated as follows: force 
is equal to mass mulltplied by acceleration, Moreover, acceleration 
attains the same direction as the dorce imparting 1. 


Oral Taercises 


1. Tf the magnitude ol a force aching on a body is increased rn times, 
how will it cllect the acceleration of the body? 

2. The mass of particle A ts n times greater than the mass of particle 
B, and the acceleration impaled to Ais also n times greater than that 
imparted to B. How much greater ts the lorce imparted lo A than to Jt? 


97. Law of the Independent Action 
of Forees 


Assume a particle to be moving with an acceleration a, under 
the action of force P, (Fig. 130) and that at a certain moment 
another force P, begins to act on the particle. If the particle 
were under the action of force P, alone, it would receive an accele- 


ration a, = <3 in which m is the mass of the particle. 
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However, we know that under the action of the two forces 
P, and P,, the parlicletwill move with an acceleration a tepre- 
sented by the vector OC, which is also the diagonal of the paral- 
lelogram OAC B, constructed on both accelerations a, = OA 


and a, = O/3 as iwo of ils sides. In other words we mav say 
that the acceleration of a particle is equal to the geometric sum 
of the two accclerations. 

By miuliplying the two accelcrations a, and a, by the mass 
of the particle, we evolve the forces P, and P,. Therefore we may 
regard the parallelogram OACB as being constructed (to scale) 
on the vectors of forces P, and P,, and vector OC as representing 
(fo the saine scale) the resultant 
ol the two component forces P, 
and P,. 

Krom this we arrive at the 
following deduclion: tf a@ moving 
particle ts under the action of several 
forces at once, the agelcration the 
particle recewwes ts eqtal to the geo- 
melite sum of the accelerations pro- 
duced separately by each of the 
forces acting on tl. 

Tie. 130 Let ous assume that a particle 
moving under ifs own momen- 
{um (its molion is uniformly rechihnea) begins to be acled upon 
al a cerlain moment by a foree P having a constant direction. 
As a resull, the particle will reccive a given acceleration in the 
direction of this lalter fotee. TH the particle had been at rest 
when acted upon by the force, it would have received a definite 
velocity in the direction of (he force. Bul since if was also under 
the action of its own momentum, ils velocity will be Lhe sum 
ol the velocity produeed by its momentum and that produced 
by jorce P (assuming the latter had been apphed to the particle 
as if it were at resl). 

This may be formulated as follows: fhe action that a force will 
have upon a particle does not depend upon whether the particle 
is at rest or in motion, or whelher one or several forces are acting 
upon il. : 

From (this it also follows that if a particle is moving under 
its own momentum and a system of forces in equilibrium is 
applied to il, its motion will continue lo be uniform and rec- 
tilinear. 

This principle of mechanics is called the law of the independent 
action of forces, or lhe law of the joint action offorces, 





98. Propositions Dedueed From fhe Laws 
of Mechanieg, be 


The following set of propositions, confirmed by experiment, 
emerges from the laws of mechanics that we have investigated. 

1. Assume a particle having rectilinear motion and being 
under the action of a force. According to Newton’s Second 
Law, its motion will have acceleration. 1/ the force should be 
removed, the particle will continue to move under us own inertia 
(momentum) wilh a untform rectilinear motion and its velocity 
will be that altamned al the time the force was removed. Such would 
be the motion of a train, travelling on straight horizontal 
rails, after steam is cut off and if there were no resistance to 
its motion. The smaller the resistance, the longer will the train 
move under its own inertia and the more nearly uniform will 
its motion he. 

2. Assume that a particle has curvilinear motion. As is apparent 
from Newton’s first two laws, sueh motion can only occur under 
the action of a force. Tf the force 1s removed, the particle will 
continue logmove, bul ina straight line tangent to us path at the 
moment the force has been removed. An example of this is a stone 
tied to the end of a cord and beme whuled around by a hand 
holding the other end of the cord, If the cord breaks. the stone 
will Sly off ina direction tangent to the cirele deseribed by 
its centre of gravity under the constraining action of the cord. 
A partiele torn off a rotating grindstone wall acquire the same 
molion. 

3. Now tel us consider the motion of a train on straight and 
horizontal rails {[n order for the (ram to maintain uniform motion, 
the locomotive must develop a definite tractive force to overcome 
the harmlul resistance which is opposite in direction lo the motion 
of Lhe train. Th the tractive force is ereater than this resistance, 
the surphis wilh impart postive acceleration lo the train and make 
it move faster. Bul if the resistance is greater Chan the tractive 
force, the surplus resistance will impart a negilive acceleration 
to the train, ie. an aceelerauion opposite in direction to the 
motion of the train. This would eause the movement of the train 
lo be retarded. 

From what has just been said, the folowing important deduc- 
tion can be made’ sinee ou the one hand the train possesses 
uniform rectilmear mofion under the action of the tractive 
force of the locomotive, and on the other hand of the force of 
resistance, and since both these forces are exactly equal in mag- 
mitude, the forees are in equilibrium. 

Wherelore, tf a partile under the action of forces possesses 
uniform rectilinear motion, the forces wel be ur equilibrium, have 
no influence on us motion, and the particle will move under tts 
own tnerlia; and converscly, if fhe forces applied lo a_ particle 
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are in equilibrium, it will either have uniform rectilinear motion 
or will remain in W statg, of rest. 

This is one of the most important principles of engineering 
mechanics. It simplifies all problems concerning rectilinear and 
uniform motion since it makes it possible lo solve them through 
the principles of statics. . 

The following table schematically presents all the ahove 
deductions. 








Kind of Force Required to Move a Ma- | The Resulting Motion of the 
terial Point from Its Slate of Rest Particle 





La 
1. A force constant in magnitude and | Uniformly accelerated, recti- 
direction linear 


2. A force variable in magnilude and | Rectilinear 
constant in direction 


aoe ees, ee eer ee —--€-—--— — 
3. A force which imparls non-uniform | Uniformly rectilinear motion 
curvilinear motion bul which ceases along the langent to ils 


at a given moment trajectory 








4. A force which impails non-uniform | Uniformly rectilinear motion 


rectilinear motion bul) which ceases lrom the moment the force 
at a given moment ceases 


Oral) Exercises 


1. A particle moving under its own inertia (momentum) comes under 
the action of a constant force having a direction opposite to the motion 
of ad particle. What ecffecl will the force have on the motion of the par- 
ticle 

2. A parlicle moving under ils own inertia (momentum) comes under 
the action of two forces equal in magnitude and opposile in direction. 
What effect will they have on the motion of the particle? 


99. Units of Measure in Engineering 
and Physics 


Eq. (63) expresses the relationship helwecn three quantities — 
force, mass, and acceleration. Acceleration is expressed in 
unit of length since the basi it of length d in engineerin 
(unit of time): >ince the basic unit of length used in engi g 
is the metre (m) and of time it is the second (sec), hence accele- 
ration is expressed in — =-m X sec? (read metres per second 


per second). 
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As for other quantities in the said equatiog},we may choose 
either force or mass as the hasic unit, ang express one in terms 
of the other. If we take force as the bhasf€ unit and in the form 
of the kilogramme just as we did in statics, then let us see how 
mass will be expressed. 

We have already established the following relationship: m == z. 


By substituting { kg for the force ? and I m/sec? for accele- 
ration a, we may express the unil of mass through these unils as 


ke: ae = tee == hg X m7? & sec. 

This system of units (kg. m, sec) in whieh the unil of mass is 
expressed through these verv untils, has been adopted in engi- 
neering and is called the engineering system of units. This is the 
system we shall heneelomth use. 

Now let us iry taking the uml of mass as our basic unit. Tf 
we use the gramme as this unil, [2q. (63) will erve the following 


relationship for the uml of force: 
unit. of forte (am! of mass) 7% (uml ol acceleration) -- 


until of leneth 
(uit of Gime)- 


=—uyY 


In the system of umfs as used in physies, the uml of length 
is Lhe centimetre and the uml of time as the second, according 
to which the unit of lorce, called the dyne, is expressed as 


em 


wee OX OMX see a 


gx 
This system is called the physical or absolute system of uruts, 
or is simplified by the teehaical sobriquet CGS (centametre, 


grammic, second). 


100. Relationship Between Miss 
and Weight of a Body 


Let us assume that a body is falling treely in a vacuum where 
it mects with no resistance. As we know, a body talls because 
of the force of gravily, or in other words, of ils weight. And 
since this force, acting upon il, is constant both in magnitude 
and direction, the body falls with a constant acecleravion. 

Hence it is obvious Lhat the Basie Equation of Dynamics 
(43) is also applicable to this case, when the active force is gravily. 
But instead of the torce P in Eq. (63) we substitule the weight 
of the body G, and inslead et acceleration a, we apply the accele- 
ration due to Lhe force of gravity g. Whereupon the equation 


becomes 
G = mg. « re (64) 
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Since the magg.of a body is constant but its acceleration 
may be a diversé quantity, the weight G of one and the same 
body may possess different numerical values along different 
latitudes of the earth, a fact proved by weighing a hody by means 
of a spring balance. From this we sec that there is an appre- 
ciable difference between the mass of a body and,its weight. 
All bodies have mass, and mechanics deals with the mass of 
all bodies as unchangeable. But the weight of a body is determ- 
ined by the gravity of the earth and varies along different 
parts of the earth’s surface, depending on the magnitude of 
gravilational acceleration. 


IHlustrative Problem 48. A body having an inilial velocity of 10 m/sec 
moves 200 m in 5 sec when a force of 20 hg is applied to it. What js its 
weight (the acceleration due Lo gravily is taken 9.81 m/see?)? 

Solution: since the body possesses uniformly accelerated motion, 
we apply Eq. (28): 
4 at? 

S = / -+ a 
whenee, by substituling corresponding numerical values, we oblain 
a = 12 m,sec?, and the mass of the body 


m eS ese he xX m7? sec? 
~ a fg Ay a bak 
Therefore Lhe weight of the body 
5 
i Wie aps 2S TS ke 


3 


Iustrative Problem 49.0 \ body of weight G - 20.43 he is moving 
under its own inertia al a velocity 9 (Oa sce. At a certain moment 
a foree P — 2 hg8 is apphed to il acting m the opposile direction to its 
motion. Kind the velocity ol the body three seconds afler the foree 
P is applied. 

Solution: sinee the force is acting in the opposite direction to the 
molion of the body, the acceloration imparted to it is negative and the 
motion of the body is uniformly retarded. From léq. (26) we obtain 


DV, = Vy d= 10 3a. 


s P G 29.43 , 
Acceleralion @ = --—-, mass mt =- — == | = 3 kp x m 'see?, 
m g 9.81 
hence acceleration a = 3 m sec? and the sought velocity 
2 t 
vpy= 10-3» i 8 m/sec. 


101. Law of Action and Reaction 
(Newton’s Third Law) 


If body A receives a certain aceeleralion under the action 
of a foree, it means that another body 2 is exerting this force 
on hody A. Body B may act on A either in direct contact or at 
a distance, the latter as im the case of the force of gravity. 
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Let us make the following experiment. | 

We place trucks A and B on rails (Fig. 131), and connect 
them hy a spring C, the cars being al such a distance from each 
other that ihe spring is somewhat taut. When we release both 
trucks simultaneously they move towards cach other. We measure 
the distance each has covered and calculate the acceleration 
of each truck. We denote the acceleration of truck A as a, and 
of truck Bas a,. Afler calculating the masses of the trucks and 
comparing them wilh their corresponding acceleration, we find 
(provided the experiment has been caried out with sufficient 
precision) that the equation mya, — mya, holds true to a suffi- 
cient extent. 





However, according lo Newlon’s Second Law, the product 
of mass and acceleration is equal to the foree imparting accele- 
ration. Therefore, we Jind that a foree has acted on truck A 
from left to right and a force of Une same magnitude has acted 
on truck B from mght to lett (in the opposite direction). 

This resull conlirms the Third Law of Mechanies (Netolon’s 
Third Law), which when stated buetly, is that acfion and reaction 
are equal. 

The interaction of (wo bodies is the result of two forces which 
are equal and opposite. Hence, Lorees act in pairs when they are 
applied to two interacting bodies. 

We have already seen (his law apphed with respect to the 
equilibrium of bodies in statics, when we learnt that the pressure 
of a body on its support gives rise to an equal and opposite 
reaclon. 


102. Questions for Review 


1. Explajn the Law of Inertia. 

2. A force acling on body A 1s n times greater than a force acting on 
body B; the mass of body #3 is nr times greater than the mass of body 
A. What is the ratio between the accelerations imparted to the two 
bodies? 

3. How is the unil of mass expressed in enginecring and in absolute 
systems of units? 

4. Under what conditions docs a particle, under the action of a system 
of forces, acquire unilorm rectilinear molion? 


103. Exercises 


52. Find the mass of a body having a weight of 1,963 kg. 

53. The tractive force of a locomotive, after allowing for all 
resistances to its motion, is 12,000 kg and it imparts an accele- 
ralion to the train of a = 0.1 m/sec*. What is the weight of the 
train and what will be its velocity following an elapse of 45 sec 
after if begins 1o move? 

54. What Lractive force (including that needed to overcome 
resistance) is necessary to give a train, weighing 2,000 tons, 
an acceleration of 0.05 m/sec if the resistance to ils movement 
amounts to 0.005 of the weight of the train? 

55. Three minutes after slarting, a train weighing 1,200 tons 
is travelling at a speed of 40 hm/hr ou a straight and horizorttal 
track. What is the tractive lotce of its locomotive (considering 
it constant) if the resistance to ils motion is 0.005 of the weight 
of the lrain? 

56. Low long will il lake lo slop a tramear travelling on a 
horizontal track at a speed of 35 km/hr and how far will it travel 
after the brakes have been apphed if all the resistgnces to the 
tram’s motion, including that created by the brakes, amount 
to 200 kg per ton of weight of the tram? 


CMUAPTI R XII 


INTRODUCTION TO DYNAMICS OF A MATERIAL POINT 


104. Dynamics of a Vaterial Point 


When we were investiguling kinematics we found that if a 
hard body is rotating about a fixed axis, ils various points are 
displaced in circular trajectories ol different radii, velocities, 
and accelerations. Bul when a body possesses motion of trans- 
lation, the elements comprising this molion are exactly the same 
for all points on the body. [lence, in considering motion of trans- 
lation of a body under the action of applied forces, we may ignore 
its dimensions and take a point (usually its centre of gravity) 
which represents the place of concentration of the entire mass 
of the body. As already explained at the beginning of “his book, 
such a point, which is made to represent the body 1B a whole, 
is known as a material point. 

However, the use of a material point is not restricted to 
motion of translation alone. It 1s also useful in more complicated 
types of motion; let us assume a ball is rolling on a surface. 
As the ball rolls, its centre describes a simple curved or straight 
trajectory, whereas its other points describe various compli- 
cated curved trajectories. If, in solving the problem, we are 
interested only in the molion of the centre of the ball, we may 
considerghe }all as a material point situated at its centre and 
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containing its whole mass. Accordingly, hencggorth when speak- 
ing of the motion of a body, we shall assumé’the hody to be a 
material point whose mass is equal to the mass of the whole body. 


e 
105. The Action of the Force of Gravity 
on the Motion of a Vertically-Projected Body 


Assume a body to he thrown vertically upwards. If it were 
not attracted by the earlh. it would retain the velocity imparted 
to it al the initial moment and move under its own momentum 
at a constant rectilinear velocity. [ul the body is acted upon 
by the force of gravity whose magnitude ts determined by the 
acceleration g, which il imparts to the body, and by the mass 
of «the body. 

Therefore the velocity of the body al any moment ¢ during 
its flight upwards 1s equal to Lhe difference belween the constant 
velocity vg wilh which it would have been displaced under its 
own momentum, and velocity gf which it acquires at the same 
moment from the force of gravity. From this we derive 
Eq. (32), aggeady slated in Lhe sechion on kinematics: 


Dy, yl. 


When velocity gf, as imparied to the hodv by the force of 
avy becomes equalin maguilude to the velocity of its motion 

ue to inertia (momentum), the velocity of the body will become 
zero. At that moment the body will reach ils Inghest point and 
then begin to fall under the action ol uravity alone (if the resist- 
ance of the air is not taken into consideration). The body will 
acquire uniformly-accelerated motion and ils velocity at any 
moment ¢ will be equal to ql. 

This is the explanation of the kinematic relationships already 
mentioned in Sec. 66. 


106. The Motion of a Body Thrown Upwards 
at an Angle to the Morizon 


Now let us consider a more complicated case of bodily motion 
influence of the force of gravily: a body is thrown 
upwards jt vertically but at an angle lo the horizon (Fig. 132). 
at a body M is thrown from an inilial position M, 
n of N and with a velocity v,, with its trajectory 
forming an allgle @ to the horizon. If Lhe force of gravily did not 
act on the body, it would be displaced with uniform rectilinear 
motion in the Wirection of M,N with a constant velocity vp. 
But the force of gravity causes the body to diverge steadily 
from a straight line so that at a given moment it will fall back 
to earth at a spot M and at a distance of L = M,M from its 
initial position. é 
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We resolve the velocily vo, as represented to scale by vector 
M,A, into two components: vo, in a horizontal direction 
and Vorerp in a vertical direction. Whatever may be the shape 
of the trajectory described by the body*, its horizontal compo- 
nent of motion will be uniform because no force is acting upon 
it in that direction. In Lhe vertical component, however, the 
velocity of the body will not be uniform and at any moment 
of time can be expressed by the difference between initial veloc- 
ity Vovere and velocity gf as determined by acceleration due to 


x wovert. 





Lig. 132 


gravity. The velocily v,,,, wilh which the body is displaced verti- 
cally is found by means of Iq. (32), which in this case becomes 


Dorrt Dovrrt gt. 

Thus we see thal the verlical motion of the body becomes 
unilormly decelerated and at the moment when gf equals Von, 
the verlical component of the bocdy’s velocity will become zero, 
at which moment the body will reach its highest poir-t. After 
this the body will begin to move with positive ac eleralion 
because of the increase in the verlical component,fand at a 
given moment the body will strike the ground. R 

Now what is the trajectory traced by the centy: of gravity 
of the body? : 

We know [rom experience [that it will be curviunear, and we 
may plot ils path by the following method; letgd’ represent the 
time elapsed while the body is in the air. We Aivide that time 
into several equal intervals f,, ts, ls, ctc., and indicate points 


*IL must be remembered that we are assuming this body to be a 
material | poin t. 
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MB, M;, My, etc., on line M,N to represent the hypothetical 
ositions of the hody at moments /,, (,, f3, etc., had its motion 
been due only to inertia. And since such a supposed motion would 
havesbeen uniform, Al,M, — vot), MoMy — vote. MoM13 — volgs 
etc., and the height that the body attained would have been 
represented by the linear segments Af,A,*, Al,A,z, M5Aszg, 
etc. Hlowever, under the action of gravity the bodv becomes 
displaced downwards with uniformly accelerated motion, cover- 


a 
ing the distance AJ\M, - os during the interval ¢,, distance 
; T “ ; ; 
MUM 72 during the interval T, =2l,. and distance 
Bale | ») 5 2 1 


MjM, = "— during the interval T; = 3l,. ete. Thus the seg- 
ments M,M,. MLM, AT,M,. ete., are related to each other just 
y ‘a ve) 

us a . : gan, ele. Bul PP, 24. 7, 34, ele. Consequently, 
NOM poMigll OME Cl Sede NR ete.) 0 LA; 
etc. [Ience, by plotting segments 17,.12,, M,)M, — 1M,M,, 
M3M, == QAL,M, vertically downward from poimls 4f;, M3, M3, 
etc., we obl.@n a number of points lying on the trajectory of 
the moving body. In more detailed treatments on this subject 
it is shown thal the peth traced by this body marks a curve 
called a parabola. 


Now I-ft us find the lapse of tine Z that is consumed by the body to 
move fiom position Wy lo posttion WZ, and dst tmine the maximum 
height at attains al #Peand the length of its Might L. 

As already explamed, Une motion upwards i uniformly retarded and 
at the lighest point the vertical component of vclocity 1s zero. Accord- 


: ; 1 By : eo Ee 
ingly, viet = Cet — gl’ = 0, from wheh 7° = 7! , in whieh 7” 


is the lapse of time it takes the body to reach its highest point. Since 
Vurcrt = Vp Sin a, the time the body Cakes Lo move trom Lhe mitial to the 
hi hest poimt 1s 


7 ec 
g 
Tt can easily shown that the lune the body consuines in moving 


from ils highest pomt to point Af wu be the same. Henee the time the 
body takes tiaverse the whole path from J] lo JAZ will be 


7 = 2% ies : (65) 


is to determine the height JJ attained by the body. 
(29), ve inust be taken as 7c10 because at the highest 
ical velocity is zero. The initial velocity in this case 
ud acceleration a is the same as acceleration g 
gravity. All this offers us ihe following expression 


The next ste 







IS UVorert = Ua SIN a, 
caused by the force 


* Segment M; A, has not been delineated in Fig. 132 to avoid compli- 
cating the drawing. 
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in order to determine the highest point the body reaches: 
= vi, sin? a (6 


And finally, we find the disLance L at which the body is displaced. 
Since its horizontal component of motion is uniform, we may write 


L = Upnorl. ° (a) 
Velocity Ponor is found as Lhe Jeg adjacent to the acute angle a of a 
right Lriangle having a given hypotenuse v9: 
Vonur = Pp COS &. 


By substituting this value for v9,,, and the value found above for the 
time of the [light 7, we obtain 
29 Sin a 
q 
From trigonometry we know thal the expression 2 sin @cos« is 
equal lo the sine of a double angle a, ie., 2sina cosa = sin 2a; from 
which we finally obtain 


b 
D ¢ 
L = py cos @ = 7 2sin a@cos a. 


is = sin 2a. (67) 

Since 1 is the greatest possibl: value for a sine when; ‘n angle is 90°, 
hence a body will cover ils greatest distanee when ils angle of projec- 
tion 22 = 90°, or a@ -— 45°, 

The vertical motion of a body is a specific case of the kind of motio 
we have been examining. Indeed, when motion is along a vertical line 
the angle a -- 90° and 22 == 180°, sin t80° QO. whereupon ZL = (. 
ic., the body returns to its initial posilion alter ils fall. Moreover, when 


a = 90°, then sin 90° = Land Wf - s » Which is the relationship already 
oblained in Sec. 66. ‘ 


Ilustrative Problem 50. A gun fires its projectile at an angle « = 30° 
to the horizon and wilh a muzsl) velocily vg = 500 n/see. Calculate 
the distance and time of flight of the projectile if the Might had been 
through a vacuum. 

Solution: the time of Might is determined by Jag. (65) as follows: 


2 < 000 sin 30° 


fee SSS 5 vo 
T= 0.8 es D1 see. 
While the dislance of Lhe Hight, according to Eq. (67) wet be 
ae _ 5008, éés ; 
L= ri sin 2a = 9.37 9 GO° fF 22.07 km. 


107. Tangential and Normal Forees/, 
When a Particle Moves in a Circular Try jeetory 


Let us assume that the rod Js, to the end o Avhich the ball C 
is attached, is rotating in a horizontal plan fAbout the axis O 
(Fig. 133). If the centre of the ball mo about the circle 
with non-uniform motion, the change in gnitude of velocity 
will be expressed by tangential acceleration’ a,, while the change 
in direction will be expressed by the normal acceleration a, 


144 


Mf defined by Eq. (49): 


= R 
We multiply each of these accelerations by the mass m of 
the ball. The product ma of the mass of the ball, multiplied 
by the tangential acceleration a, gives the magnitude of the 
force T = CD and which is directed along the tangent 10 the 
circle followed by the centre of the ball. This is called the angen- 


waned 
tial force. The factum ma, = ,- - N - Meee 
=CB expresses the centripetal or normal & a \ 
force and represents the magnitude ol the 7y¥aW B ‘ 
forct directed towards the centre. rs Pe \ 
Accordingly, the tangential force “4 

T oma, (68) \ / 

and the normal toree we 
moe . at 
N= + (69) Tag. 133 


These two forces are components ol the foree P= GA and 
are represented by the diagonal of the rectangle ABCD equal to 


v4 


P= eae ; { (ma,)? -= mn / Te 


Rr! { ap. (70) 


If motion is uniform, a - 0, whereupon the tangential force 


108. Inertial Forees 


Let us assume thal body B bevins lo act with a certain force 
upon body A when lhe laller is in a slate of rest. We have already 
learnt Chat this action will impart acceleration to body A. 
according {o the Law of Inertia, body A will tend to 
a state of rest and thus display a certain resistance 







of a force Q&erted on body B by body A. In other words, we may 
say that thi action of body 2 on body A gives rise to a reaction 


on the part Qf the latter which, according to the Third Law of 
Mechanics, ft oppusite in direction and equal in magnitude 
to thal actiot 

The reactionSxperienced by one body from a second body 
to which it, an&it alone, is imparting velocity, is called the 
force of inerlia, | 

From this the {following important deduction is made, If 
body A receives acteleration under the aclion of body B, the 
force causing that acceleration is applied to body A; this force 


10 — 9018 = ~ 145 


of inertia is equal and opposite and applied to body B. Thi 
these two forces are applied to different interacting bodies, fu. 
which reason thev dilfer from two equal and opposite forces 
applied to one and the same body as heretofore discuss7d in’ 
the chapter Statics. 

It must be finally emphasised thaf there can he no force of 
inerlia if there is no force imparting acceleration to a body. 
Hence, the two forces act sinmullancously. 


109. Inertial Forees in Rectilinear Motion 
of a Partiele 


Let us assume thal the slider WW in ig. 134 is moving within 
Straight guides under the action ol the connecting rod L. We 
will apply Lhe equation P = ma, where P represents the force 
exerled by the rod on the slider, and a is the acceleration of 
the molion of the shder. force P gives rise to reaction OA, 
of the shder and which is applied 
to Lhe rod. According to ihe Third 





delat fy A BRL : : 
A Law of Mechanies, chis reaction 
Z Q Ar 16 equal and opposite to force P, 
ag from which it follows that its clirec- 
Fig. 134 tion is opposile to that of the 
acceleration of the slider. By desig- 
nating this reaction as P,, we obtain P, = P — ma. This 


then will be the loree of inertia developed by the slider and 
applied to the rod. 

Assume thal a locomotive and its tender are moving along 
a straight and horizontal track when, at a certain moment, 
the traclive force of the locomotive increases and 


imparts corresponding acceleration a to the tender. 
The additional foree exerted upon the tender by the 
locomotive is expressed by P — ma, in which m is the 


mass of the lender (which latter is considered as a 

material point, ignoring the rolalion of the wheels and 

axles). [t follows that from the moment the said trac- ¢ 

tive force increases, the tender will begin to exerl on, “ 

the locomotive a force of inertia P, -— ma, 

direction of which is opposile to force P. Fig. 135 








5 


shaft with an 
re it is faslened 


IHustrative Problem 51. The mine cage of weight 
= 300 kg represented in Fig. 135 descends into 
acceleration ol 2 m/sec*?, Whalis the pull ol the cable w, 
to the cage? 

Solution: a downward-pulling foree equal to th 
G = 300 kg is acting on the cable. As il descends 

= 2m/sec?, the cage develops a force of inerlia 


= 61.2 kg which is transferred to the capt and directed ane 


— Oe 
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Accordingly, the cable will be drawn taut by a force 
R=G — Q, -- 300 — 61.2 = 238.8 kg. 
If the cage had ascended with (he same acceleration as when descend- 
ing, the force exerted on the cable would be 
R=G+Q, = 361.2 kg. 


110. Inertial Forees Acting Upon a Particle 
Moving in a Cireular Trajectory 


We have already learnt that in general the force applied 
to a particle possessing circular molion can be resolved into 
two components—one, the force T tangenl to the curve and 
the olher, the force V normal to the curve. The tangential force T 
imparts {o the moving parlicle an acceleration which deter- 
mines its change in magmtude ol velocily, wile the normal 
force N changes the direction of velocily. 

IIence, the following Lwo imertial forees will be acting si- 
multaneously on one body that imparts fo another body tangen- 
tial and normal accelerations: fangential mertial force T, -  - T= 
= — ma, agd inertial force N, which latler ts equal and oppo- 
site to the normal force. 

Lel us invesligate Lhe second of the two — inertial foree N, —in 
greater detail. 












lug. 136 ig. 1237 


thal the centre of ball C in Fig. 136 is moving in a 
elled by a light rod which is rutating umformly about 
axis O. Ske in this instance tangential acceleration is zero, 
the balt is Mjing acted upon by the normal force N alone which 
compels it t&move in a circle. This force is applied to the ball 
at point C, a is directed towards the centre O of the circle. 

SimultaneouS% with force N, an inertial force N,, equal and 
opposite to it, Macting upon the ball and represents the resist- 
to a change in direction of velocity that it 
would have had d¥e to inertia. This force which is applied to 
the rod at point C; 
OC, is called centrif 
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Assu 
circle, pr 


Since we regard the ball in this case as a material point si 
uated at its centre of gravity C where the entire mass of thy 
ball is hypothetically concentrated, both forces N and N, may’ 
be considered as being transmitted along their lines of avtion 
to point C, as indicated in Fig. 137. It “must be remembered, 
however, that these forces are applied to different bodies and 
for that reason cannot attain equilibrium. 

The force which, due to inertia, a particle possessing uniform 
ee motion excrts upon a constraining body, is centrifugal 
orce 

In accordance with Eq. (69), the magnilude of centrifugal 
force is determined by the equation 


N, = oe ? (71) 


whereas the magnitude of Lanvential force of inertia 
T, - ma, (72) 


By applying Iq. (51). we can give the following form to 
Eq. (71): 


30 goo 6» (73) 


. m 
N,= R 


ae 2 a?®n?mR ka 
in which m — the mass of the particle; 
n -— the number of revolutions per minute; 
R — the dislanee, 1n metres, of the particle from the 
axis of rotation. 
Finally, if the mass of the particle is expressed in terms of 
weight G, the equation lakes another furm: 


Gr “ho 
N, = 91 X el = 0.00112 GRn?. (74) 


Oral) Exercises 


1. Under what conditions will the tangential force of ay of a 


moving particle have constant magnitude? 
2. Answer Queslion 1 in respect to centrifugal force. 
A 


Ttustrative Problem 52. A round workpiece 60 min in dia r, ready 
for machining, is fixed belween the centres of a lathe. The cy¥-ing speed 
has been sel at 425 m‘mim. What will be the magnitude of ne centrif- 
ugal force as set up by the rotation of the workpiece if its cen¥ e of gravity 
is shifted 1.5 mm irom the axis of rotalion* and its weighf G = 1.6 kg? 

Solution: in order to employ Eq. (74) it will be necesgcy to find the 
ae that must be imparled to the workpiece. By apply.ig Eq. (55) we 
obtain 









_ 1,000 1,000 x 425° 
aD ~ 3.14 x 60 


Let us take this figure in round numbers, i.e., 2,2/ 


= 2,257 





rpm of the spindle. 


* Such a deviation from the centre is calle ffentricty. 
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‘vj We now calculate the magnitude of centrifugal force by means of 
q. (74), in which eccentricity & must be taken in metres, ic., R = 
1.5 mm = 0.0015 m: 


e N, = 0.00112 x 1.6 « 0.0015 x 2,250? = 13.6 kg. 


We sec that here centrifugal force will be - aa = 8.5 times the 
weight of the workpiece. This will harm the centres of the lalhe and iu- 
crease wear on the bearings of the spindle. 


Wilustrative Problem 33. A train that had been running along a straight 
track reached a curve. While the train had been traveling along the 
straight track, the weight of each car was balanced by the reactions of 
the rails and both rails were carrying equal Joads. Bulle when the train 
reached the curve a centripelal foree N arose, which loreed the ceutre 
of gyavity of the cars to begin 
moving in a_ curved line; 
simultaneously a centrifugal 
force begin to act trom the 
car wheels towards the rails 
and applied to the outer 
rail where it comes into 
contact with the flanges ot 
the wheels. @ 

Let us assume that the 
cenlre of ewurvature les lo 
the right, then the centiuir- 
gal force N, will act on the 
left—the outer rail (Fig. 
138a). This force lends to 
wrench the 1ail5 loose and 
also retards the motion of 
the train by causing meieased 
friction belLween the wheels 
and rails. [t may even result in the drain jumping the track. Tow 
can all this be avoided? 

Solution: lo overcome the bad efiect of this centrifugal force, che 


roadbed is banked in order to raise the ouler rail above (he inner one 
(Fig. 1380) and attain a ditference in thei heights Ak. ‘This height must be 





so clrggen that the reaction Q of the rails against the cas is perpendicular 
to the Qross-section of the roadbed, thus eliminating any possible lateral 




















may be exerled on the rails. To achieve this, the normal torce 


N must @gual the resultants of the toree ot giavily @ and the reaction 
Q. By reAg\ding the ear as a material point situated at ils conte of gravity 
C, we der@@ the parallcloyran CEDI* in which the diagonal CD, which 


is horizon (it corresponds with the rotational radius), represents 

mo? 

Fi dao ee 

ce N RO? ee 

ure. Sides Ci and Cf represent, respectively, Uhe weight 
and the reaction of the rails Q. 

Jculale the magnilude of h the diflerence between 

ils. From the similarity of Lriangles CDF and ABK 


P. whence ft == “ (s is the width of the track 


801). 

2 
representation of centripetal force N = ar ’ 
Q which may be determined as the hypotenuse 
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the normal » where mis the mass of the car and R — the 


radius of cur 


as indicated in Fig. 
Since CD is a sca 
and CF that of the reac 


of the right (riangle CDI’, we obtain 
mv?s mp?s 1 mv?s 1 
Pe ae ane a Rk. ag 
ime + (mg)! 


RQ 
which, after its proper algebraic transformation, becomes 
vs 


The values v and R as occurring in practice are such as to make IR? 


a negligible quantily. For, example, when v = 60 km/hr = 16.6 m/sec 
and R = 300 m, then cages 0.0089. Flence if can be ignored, thus 


G2? 
greally simplifying the equation, which becomes 
v's 
N= Rg 


Tt is to be seen from this equation that the greater the speed of the 
train and the smaller the radius of curvature, the grealer must be the 
height of the outer rail above the inner one. q 

In planning raifwayvs, A is delermined by both the average speed 
that a train is expected Lo atlain on the given curve, and the radius of 
curvature. 


111. Forees of Inertia as Applied 
in Engineering 


The forces of inertia play a very important part in modern 
enginecring with ils high speeds and accelerations. [t is diffi- 
cult to imagine a machine without some rotating part, and 
since rpm atlain magnitudes of lens of thousands, centrifugal 
force is a factor of particular significance. From Ilustrativ> 
Problem 52 we have already seen thal centrifuga) force nay reach 
several times the weight of a given body. Pe 

Assume that the centre ol gravity of a rotating body of 
G considered as a material point, is situated at a digfance of 
e from the rotalional axis. According to Eq. (74), if be 20,000 
rpm, then the centrifugal force N, will be equal to fe, 000 Ge. 
If the weight of the hody G is 1 kg and eccentricity Ais as small 
as 0.5 mm == 0.0005 m, then centrifugal force N, “ll be equal 
to 224 kg. We thus see that this force is 224 timeg@fpreater than 
the weight of the body itself. This will cause # 
bearings and shaft journals and also cause 
which may result in a breakdown. ilence are 













‘or surplus material 
part. For instance, 


is removed. This is known as Pee 4 
ig. 139 is found not 


if the centre of gravity of the sheave ingg 


_ be on its geometric axis O but at a distance of OC from it at 

yme point C, the centre of gravity can be shifted so as to make 
"it align with the axis. To do this, il is necessary cither,to attach 
an aided load at point A diametrically opposite C, or to reduce 
the weight of the sheave at point /3 on the same diameter by 
horing a hole of required dimensions in the rim. There are spe- 
cial machines called ‘‘cenlering machines” used to balance parts. 

Fig. 110 represents a bearing A ready for machining and 
fixed to a faceplate with an angle bar &. Although the centre 
of gravity of the laceplale coimeides with (he axis of the spindle, 





nevertheless when the angle bar and the workpieee are mounted 
on the faceplate the centre of gravity will shift to position € 
and throw the whole system oul of balance. ‘To prevent the spindle 
pupports from being subjected to centutugal loree, the syst 2m 
gust be balanced. This is done by attaching a counterweight 







i‘glong the diameter passing through O antl C. By denoting 
the Wyeight of the angle bar plus the workpiece as G@, and of 


terweieht Was G,, the lollowing condition must be ob- 
1OC - G,OD; that is, (he moments of these two forces 
with refect to axis O must be equal. 


112. Questions for Review 













eaves the station, (ravels on a straight and horizontal 
ally gathers speed until a certain moment when it will 
constant specd. Answer the following questions: 

are acting on the locomotive’s coupling and on the 
carriages, and how are these forces directed? 

es equal in magnilude? 

for acceieralion and constant speed. 

ain, whose carriages have no brakes, was travelling 
ga straighl and horizontal track when the loco- 
ied. What forces would arise bei ween the carriages 
they have? Would these forces have the same 
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track and gra 
have attained 


Answer separate 
2. Assume that a 
at a certain specd al 
motive brakes were ap 
and what direction wo 


while the second member represents its kinetic energy at the 
initial moment /,. Hence Eq. (88) may be formulated as follows: 

The work done by a motive force in causing a given displacement, 
is equal to the increase in kinetic energy during that displacement. 

Let us investigate some specific cases. . 

1. The above hody is under the action of force P which coin- 
cides with the direction of its motion and the resisting force 
F; then the work done by the resultant of these two forces is 
equal to (P -F)s, and Eq. (88) becomes 


> -p mop ine 
(P — F)s ‘ , 
or 
, mo} moe 
Pee LEE eS (89) 


thal is, the work of a motive force is equal to the sum of work accom- 
plished by the force of reststanee durtng displacement, plus the 
increase in hinette enerqy of the body. 

2. If the body possesses uniform motion, according to which 
vp, = Dy then in the right side of sq. (89) the difference 
mop mu} < 


6 0, whence Eq. (89) becomes 


Ps Fs, (90) 


that is, when there ts untform motion of translation, the work of 
the molive forre ts equal lo thal done by the force of resistance, 
tn which case the kinetic energy remains constant, 

3. If the body starts from a state of rest, 1.¢., when py = 0 
and the foree of resistance must be coped with, then Eq. (89) 
becomes 


Ps rs pF, (91) 


that is, when taitial speed is zero, the work of the motive jorggms 
egual lo the sum of the work accomplished by the force of resihtice 
plus the kinetic enerqy developed during displacement. 

This case corresponds to the first phase in the motion @%a train 
(when tractive force is in action) as already discussed in the 
preceding section 126. 

4, The body has acquired a definite speed and then proceeds 
further under the force of resistance, according lo which Ps = 
= 0, and Eq. (89) becomes 

ae mv} moj 
O— I's | 9 a) 
from which 
mvj} De mo} 
—s'- Fst oy'? (92) 
that is, lhe inilial kinetic energy of the body (at the moment the 
motive force ceases) is equal to the sum of the work done by the 
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force of resistance during the given interval of time plus the kinetic 
energy the body possesses at the end of that interval. ? 
2 
Frem Eq. (92) it is apparent that < “p+ Whence 
Dv, < Vg, Which means that the body possesses retarded motion. 
When all its kinetic motion has been expended, then 


‘met and correspondingly v,—0, that is, the final speed 
of the body becomes zero and il slops. From Eq. (92) we ob- 


8 
tain =! - Fs, which means thal all the initial kinetic energy 








r has been expended in overcoming the force of resistance. 

; As is apparent from the left side of eq. (87), kinetic energy 
musé be expressed in unils of work (kilogramme-metres) and 
i indeed 


Noe 


m? >? seer? kg-m, 


“4 wee mt, sect v 


Kinetic energy is of tremendous importance in engineering. 
+ Some Must rations ol ils use will be investigated later. 


Oral T xvercises 


1. Can two bodies of dilierent mass have tne same hinctie energy? 


On whal condition? 

2. If the specd of a body poss ssing wnilornt motion of translation 
Vis irercascd pe limes, what change will tire be in its Minelie energy? 

Mustrative Problem 64. [If the specd of a train is p,, what distance 
‘7 S will it Gravel aiter the Drakes have been applicd? 

Solution: whoa the brakes are applied the (rain’s kinetic energy 
: mr ee ‘ F 4 ‘ 
i T =-,,*, or, if we denote (he weight of the whole (ain as G, then its 
< G ,_ Go 
4. nass m=—adT—~,'- 

atl ; ti 

ty denoting the force of frielion as and the cocflicient of friclion 
ewe obtam irom Eg. (92) 





as 
GG 
AY I's -- . ee 
~f] 

; Gn : 

Inasmuch as [ = /G which gives /Gs = a , then afler cancelling 
G it becomes ; ; 

OY 
a 

We thus see that the distance s required to stop the train, hy appli- 
cation of ils brakes, does not depend on Lhe mass or the weight of the 
{rain but merely on ils specd and couffieient of friction. 

Ilustrative Problem 65. A body sliding down an inclined plane AB 
(Fig 155) halls at point C, a distance of s from Js along the horizontal 
surface. Find the coefficient of friction f if Une motion began without 
an initial velocity at poinl A which lies a distance ( from B. 

Solution: the velocity of the body at both positions A and C is zero, 
therefore its kinclic energy at these posilions is also zero. Along segment 
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AB the body is controlled by the force of gravity G@ and the force of 
friction F. Along segment BC, only the force of Iriction is acling upon 
the body. 

We first find the kinclic energy that the body acquired at the time 
it reached B. The work W, done by force G during displaeemerft I is 
expressed by 2! =. Gisin a, and the work done by the force of friction 

F is expressed by W. = Fl = /Ql = 
— {Geosal. Hence the sum of work 


L- A of the molive foree and the force of 
ps resistance W, + W. = Gi sin a — 
< NET" @ G/leos a By equaling the sum of 
c ana NI work and hinelic energy at point B, 
|6 iN we oblain 
— e — 
s 2 
Vie. 155 Glsine = Gfleos a = a : 


‘ . . . . al 
Since the body expends this hinetie energy completely in moving 
mo" 


d 
“ 


along distance s, we obtain /Gs - and finally evolve 


Gising  Gflvosa - f{Gs, 
which, afler cancelling G, beeones 
/ Ising 
(cosa [os 


cm 


128. The Euergy of 2 Body Moving , 
Under the Foree of trravity. Potential Energy 


Vhe law of the transformation of kinelic energy is obviously 
also applteable lo the force of erasily. 

When we throw a stone upwards, we impart a definite ve- 
locity to it or an amount ol kinelie energy corresponding to 
the inilial velocity. ‘This energy, if there were no resistance 
from the air, would be expended entirely in raising the ston 
to a delinile height, that is, would be disbursed in) work 
overcome the foree of gravily. When the stone has risen 
height it will have lost all ils hinelic energy and ils velociffAwill 
become zero, Aller this the stone will begin lo fall, its &inetic 
energy increasing in proportion to its velocily and il will strike 
the ground wilh the same velocity that it’ had at the beginning 
of its upward motion. as already explained in kinematies (Sec. 67), 

By employing Iq. (88) and denoting the upward motion 
asp, - 9 (the velocily al the highest point) and Chet downward 
molion as vp, 0 (the inilial velocity when the stone begins 
to fall), we obtain the following two equations: 

Ph -— one during} the upward motion 


and (93) 
Ph-= ane during downward motion, 


wherein ht is the height the slone reaches, 
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This upward motion is analogous to the motion of a train 
without tractive force erpending all its kinetic energy in over- 
coming resistance. The downward motion is similar to the mo- 
tion f a train travelling with an excess of tractive force over- 
coming resistance, and as a resull acquiring kinetic energy. 

Assume that a body of weight G and mass m is falling to the 
ground from a given height. We denole bwo positions "0, and 
O, of the centre of gravily of the body (Fig. 156), We also de- 
nole hy, as the height of the centre of gravity when al) position 
O,, and fy as the height al position O,. Tt the 
velocity of Lhe falling body al O, is equal tov, — &g- ~ 
and at Q, is equal lo p,, then the kinetic energy f 
equalion *(88) for position O, will be 

e 


‘ nut mo} 

Cli ine Ae ag (M1) 
or 

Gis, 8, | Ge Ae (95) 


») ' vy 
~ a 


Wherefore, wien a body is falling under the force 
of gravity, the sum of the produet ef the werght of 
the body multiplied by as height from the ground 
plus the kinetie energy the body possesses al that 
height, ts a constant quantity. 

The first item of the above sam, which repre- 
senls the amounl of work expended lo raise the 
hody to the given height, is called the polential Mig. 156 
energy of the body. The magimitude of Uhis  po- 
tential energy depends upouw the heieht, for which reason it 
may also be called the energy of positon. The magnitude of ki- 
zetic energy is delermined by the velocily, hence it represents 
* energy of motton. 
more detailed sfudies on mechunies it is demonstrated 
vhen a body is moving under the foree of gravity, 
Eq. (95) holds true nol only Jor the body’s vertical direction 
bul also for any other trajectory, 

Wherefore, when a body is hurled upwards, the sum of its po- 
fential and kinetic energy ts constant al any height, tndependent 
of the shane of the trajectory through which tl ts moving. 

From Eq. (95) we see that af the moment a body starts 
to rise, all ils enerey is in the form of hinebie energy (A, -- 0), 
and when il has reached ils greatest allilude (v, -- 0) all its 
energy has been converted into potential energy which is again 
changed into kinelic energy when the body falls to the ground, 

Thus, when a body moves upward and then falls hack again, 
its energy remains constant in magnilude bul changes from 
kinetic to potential and then back again Lo kinclic. This transi- 
tion of mechanical energy from one form lo another is a part 
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of the general principle of the conservation of energy, first ;dis 
covered by the great Russian scientist M. Lomonosov. ~- ~ 

The kinetic energy of a moving body is made wide use of in 
driving piles, forging metals, and many other kinds of sework 
in engineering. Sometimes the work is done entirely by kinetic 
energy of a freely falling body (the head of a pile driver, drop 
hammer, and the like). At other times, besides this energy, addi- 
tional kinetic energy is imparted to the body during its fall 
(steam hammer, hammer, etc.). 

The transformation of kinetic energy into potential energy 
and back again is not restricted to rising and falling bodies; 
by expending work in compressing a spring, we impart a certain 
amount of potential energy to it Lhrough its internal] forces of 
resilience, which energy again becomes kinetic as the spring re- 
turns to its original form. 


Oral: Exercises 


1. What is the difference between potential and kinctic energy? 

2. If two bodies of the same mass are at different heights h, and h,, 
which will have the greater potential energy and how_much greater? 

3. The velocity with which one hody falls to the grand is n times 
greater than that of another. How much more kinclic energy has the 
first than the second? 


Illustrative Problem 66. Water enters a hydraulic engine at a high 
level and at a speed v, = 4 m/sec and emerges at a lower level h = 1.8m 
at a speed v, = 1 m/sec. The quantily of water passing through the 
engine per second Q = 6 m*®. Whal is the horsepower of the engine? 

Solution: the engine receives its power firstly from the potential energy 
of the watcr and secondly from ils kinetic energy. The potential energy is 
equal to 1,000 Qh and ths kinetic energy is equal to 


mv} mv4 1,000Q 








= a yy) 
2 9 = 2g (v} v}). 
Hence the energy used by lhe engine in one second 
v? — vt 49 — 1? 
N = 1,0009 (h + a ”1) = 1,000 x 6 (1.8 + spat) kg-m/s$ or, 
P 1,000 x 6 5*— K) _ one 
in horsepower, N 75 1.8 + ‘sc e8t) = 205 hp. 


129. Kinetic Energy of a Body Rotating 
Around a Fixed Axis 

Assume that a hody, to which any number of forces are applied, 
does not have motion of translation but rotates about a fixed 
axis. Let us see how we can apply Eq. (88) as derived for a mate- 

rial point: d : 

mov mv, 

Ps = — 5": 








Since in motion of translation all points of a body move in 
one way, this equation is applicable to the motion of a body of. 
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mass m as 4 whole. In rotation, motion is more complex because 
different points of the body, instead of moving in one way, describe 
various trajectories and possess different velocities and accel- 
erations at one and the same time. 

Expressed on the left side of Eq. (88) is the work performed b 
the force along a distance s. When applicd to rotation, this wor 
is given by Eq. (77), in which work is determined by the turning 
moment and angular displacement. As for the right side of the 
equation, the velocities vy, and vy at the final and initial moments 
respectively, as well as mass m, must embrace each separate point 
of the body. Since the velocity of a point, as already explained 
in kinematics, is proportional to the radius of rotation, then the 
right side of the equation must contain the sum of the product of 
the mass of the particles multiplicd hy the square of the distance 
from the axis of rotation. This sum embraces all the points of the 
body and is called the moment of inerlia in respect to the axis 
of rotation. It is evident from the above Lhat the unit of the mo- 
ment of inertia is the product of the unit of mass multiplied by 
the square of the unit of length, i.e., 


kg-m~! sec? * m? = kg-m X sec’. 


In order to understand the physical meaning of the moment of 
inertia, lel us consider the following example. Assume that two 
cylinders of similar weight and material but of different diameters 
are fixed to similar shafts. We impart to both shafts an identical 
angular velocity and when the turning moment ceases to act, 
each shaft will continue to rotate at the expense of the kinetic 
energy imparted to it by each cylinder. If we observe the time 
consumed by each cvlinder to come to a standstill (or count 
,the total number of revulutions made by each) we shall see tkat, 
% th equal resistance for each specimen, the shaft to which is 
fags i cylinder of greater diameter will rotate longer. This 
meds that the kinetic energy of this cylinder is greater although 
its mass is the same as that of the other. This is because the cylin- 
der of greater diameter has a greater moment of inertia. A very 
narrow disc will revolve even longer. 

The moment of inertia of a cylinder rotating about its geometri- 
cal axis I = "3", R being its radius*. 

From this we see that when the radius of a rotating cylinder 
increases n times, its kinetic energy increases n? times. It likewise 
follows that in order to impart to a cylinder of greater diameter 
the same angular velocity as to one of smaller diameter, there 
must be a greater turning moment for the former, or if both have 
an equal turning moment, it must he applied for a longer period 
of time. 


* The letter J is the usual symbol for the moment of inertia. 
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130. Governing an Engine. The Funetion 
of the Flywheel 


Kinetic energy is of great importance in the work of machines. 
As already explained, the less the work of the force of resistance, 
the greater will be the kinetic energy a body acquires ‘under the 
action of a molive force. This also holds true for the work of a 
machine as a whole, inasmuch as a machine is made up of a number 
of interrelated moving parts. For example, let us consider a steam 
engine imparling molion to a dynamo generaling electricity. 
If the amount of expended electric energy diminishes, the load on 
the engine will also diminish, Elence, 
8 it the turning moment on the engine’s 
main shaft remains constant, there will 
be a surplus of energy over the work 
ol the forces of resistance. This will 
cause au increase both in- velocity 
and kinetic energy, Fl therefore follows 
that the engine must be equipped with 
a device making il possifte to maintain 
the desired rpm. Such a device is called 
a qovernot, 

There are different kinds of gover- 
nors. Fig. [57 shows schematically one 
of the tvpes of a centrifugal governor. To spindle A, which 
is rotated by the engine’s shall, is connected the crossbar 
B to which the arms © C are connected through pivots. Arms 
C--C, which bear the balls 0 0, are in their turn attached 
through pivots toarms ff. These are connected al their other 
ends lo the sleeve I which mav slide [recly on the spindle. The 
arms C-- GC are drawn together by the spring J. Thus each a 
C is acled upon by the following lorces: its own weight an 
weight of its connections (the arms EE, ete.), the wei 
the ball, the pulling foree ol the spring AK, and the centrifugal 
force developed by the ball. The spring can be regulated in such 
a way thal at a prescribed number of revolutions the arms C -C 
will be in equilibrium and the sleeve J° will maintain ils position 
in respect lo the spindle. If the rpm of the spindle increase, there 
will occur a corresponding increase in centrifugal force developed 
by the balls, arms CC will streteh outward and arms /--E will 
raise the sleeve F*. The sleeve is conneeled through a special 
mechanism with the steam throttle or fuel intake. Thus any 
change in Lhe posilion of the sleeve F will cause a corresponding 
change in the supply of sleam or fuel. In this way Lhe rpm of 
the engine shait are kept at the prescribed rate. 

In piston engines (steam engines and internal combustion en- 
gines) a slider-crank mechanism is used (turn hack to Fig. 122) 
in which the piston assumes the role of a slider. As will be explained 
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later in Part II of this book*, the specific character attending 
the transmission of motion from the slider to the crank is that 
the latter rotates with variable angular velocity, the variations 
being periodic. In order to overcome this fault, a flywheel is 
fitted on the main shaft of the engine. This flywheel accumulates 
mechanical cnergy during one period and gives it up the next, 
thereby making rotation of the main shaft almost uniform. 

Flywheels are also used when it is necessary to do work in 
a short time which otherwise world require a considerable increase 
in the power of the machine (for example, in heavy presses, giant 
shears for culting metal, etc.). 

It is therefore apparent from what has been said that the 
amount of kinctic energy that a flywheel] can accumulate depends 
on Pts moment of inertia—on its mass, diameter, and on how its 
mass is distributed; the further a certain mass is siLuated from 
the axis of rotation, the greater will be the moment of inertia. 
For this reason the rim of a flywheel, unlike {hat of an ordinary 
sheave, is made massive. 


9 131. Meehanical Etticieney 


All machines are intended to overcome useful resistance (the 
resistance of metal to cutting, Lhe resistance of a load to being 
displaced, etc.). We shall denote work done in overcoming useful 
Tesistance as W,,. There are also various kinds of harmful resist- 
ance in a machine (iriction, resistance of the air). We shall denote 
the work done in overcoming this resistance as Wy. If a machine 
is to run uniformly, the work of the motive force W,,, must be 
equal to Lhat required to overcome all resistances, thal is, 


Wat = Wa + Wy. (96) 


«he motion of a machine is said Lo be eslablished if the velocity 
of all ils moving elements remain unchanged after each revolution 
of the shaft. 

If Way > Wu + Wa, then the surplus work is expended on 
increasing kinetic energy with a corresponding increase in ve- 
locity. This occurs when an engine is being started, in which 
case W,, = 0 because there is no useful resistance. 

When motive force is cut off, the continued motion will be 
due to the kinetic energy the machine has accumulated. If useful 
resistance also ceases, the encrgy will be absorbed in overcoming 
harmful resistance and, after a given time, the machine will stop**. 


*See Part II, Sec. 186 (p. 267) 

** The science dealing with the forces acting upon the various links 
of machines is called dynamics of machines. Extensive rescarch 1n this 
field has been done by the Russian scientists, N. Zhukovsky, K. Rerikh, 
N. Mertsalov, and others. 
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Therefore a machine possessing established motion must satisfy 


ae (96). 
y dividing both sides of this equation by Wm, we obtain 


W. Wh _ 
Wag t Wag — _ @ 
The first member of the left side of the equation denotes the 
share of the machine's work in doing useful work (work for which 
the machine is designed). This expression represents mechanical 
efficiency, which is a measure of the useful expenditure of mechanical 
energy. By denoting it in the accepted manner by the letter 
n, we obtain 
Wu 
= 4p {97) 
The second member of the equation expresses the part of the 
work expended in overcoming harmful resistance. Accordingly, 
Eq. (a) may be given as 
n=1l— pe. (98) 
Thus we see Lhat efficiency is always less than 1. » 


Oral Exercises 


1. When will the work done by a machine satisfy the equation 
Way = Wu? What would its efficiency be equal to? 

2. Can a machine do uscful work if W, = W,,,;? What would its 
efficiency be equal to in this case? . 


Illustrative Problem 67. Under the aclion of force P, a body of weight 
G is displaced at a conslant speed from position A to B on an inclined 
plane (Fig. 158). Find its efficiency tf the 
coefficient of friction / = 0.1, and the angle 
of inclination # = 27°. 

Solution: if motion is uniform, the 
condition W,,; = Wy + W,, must be satisfied. 
The useful work done in overcoming the force 
of gravity Wy, = Pl = Gsin al. The magni- 
tude of the work done against the force of 
friction W, = Q/l = G cos afl. Hence, 


Wry = Glsin «a + Gfl cos a, 





Fig. 158 and 
Gl sin a = sin a 
1= Gi(ine +/cosa)  sina+-/cosa . 
By dividing the numerator and denominator of the right side by 


cos a, we obtain 


tan « 0.51 
1=tana+/ 051+ 01 ~ cre 


132. “Perpetual Motion’’ as an Impossibility 


For many centuries fruitless attempts have been made to 
invent a machine which, if once started, would continue to run 
without a further supply of energy—the ‘‘perpetual motion 
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machine that would run without the application of any motive 
force. If such a thing were possible Eq. (96) would rea 


Way = Wi + W, = 0. 


From this it follows that such a machine would work for an 
indefinite length of time at a constant speed if W,—0 and 
W,, = 0, that is, if no work had to be done in overcoming resist- 
ance. Let us concede that a machine does no useful work (W, = 
= 0), in which case W, = O; this infers that neither should there 
be any work to overcome harmful resistance. This is impossible, 
for any movement of contiguous hodies relative to each other 
is always accompanied by harmful resistance. Accordingly, 
however small such resistance may be, the machine will expend 
the kinetic energy of starting in order to overcome this resisLance 
and will inevitably come to a standstill. 

Hence we see it is impossible Lo make a machine which would 
do useful work, or even only the work of overcoming harmful 
resistance, for an indefinite Jength of time without a further 


supply of enpersy. 
133. Impact 


If a body in motion comes into contact with another body (either 
moving or at rest) the interaction between them 1s called unpact. 

Experiment has shown that impact 1s accompanied by a change 
in form (deformation) of the colliding bodies. The 
magnitude of deformation depends upon the 
physical properties of the bodies. After impact, 
some bodies recover their original form, while 
others remain deformed. The ability of a body 
to resume its original form is called elasticity. It 
must be noted here that there are no perfectly 
elastic materials, Just as there are no absolutely 
hard materials. However, some materials may be 
considered elastic (ivory, tempered steel) and 
others inelastic (clay, for example). Accordingly, 
there may be either an elastic or inelastic impact, 
depending upon the materials of the colliding 
bodies. , 

Let us assume that a ball of mass m (Fig. 159) 
is falling freely. After it comes in contact with 
a horizontal surface it becomes deformed for an Fig. 159 
instant. If the ball and the horizontal surface 
were both absolutely inelastic, the ball would remain motionless. 
If the ball possesses a velocity of v, when it falls on the surface, 

2 
its kinetic energy would be > and would be expended in the 


work of deformation. 
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Now let us assume that both the ball and surface are made of 
absolutely elastic materials. In this case the ball’s kinetic energy 
would be expended very rapidly in overcoming its internal forces 
of elasticity, that is, it would be expended in deformation Ki- 
netic energy would be converted into potential energy of the 
deformed body, after which the reverse would happen: the two 
bodies would recover their original form under the action of the 
force of elasticity, potential energy would again be transformed 
into kinetic energy whose magnitude a a and the ball 
would move in the opposite direction with a velocity of v, equal 
in magnitude to the velocity v, which it had at the moment of 
impact. Ilence, when such an impact is absolutely elastic, the 
velocily of rebound is equal fo the velocity of the fall. If two elastic 
balls of the same mass are moving towards cach other with equal 
velocities, afler rebound they will move in reverse directions 
with the same velocilics. 

Now let us assume thal impact is not absolutely elastic. This 


a 
means that the kinetic energy of the ball before impact — 
will not be fully regained after rebound, i.e., mw mes, from 


which it follows that v,< vp, and the hall will rebound with a 
smaller velocity. The relationship a= k, called the coefficient 
1 


of restitution, describes the elasticity ot materials. For example, 
if the balls are of wood, k 0.5; il of steel, k = 0.77, etc. 


134. Impact of a Freely Falling Nammer 


Impact is a phenomenon that is taken advantage of extensively 
in industry since it makes it possible for one of two colliding 
bodies, if it has a small mass but a great velocity, to do a large 
‘amount ot work with a small displacement. The work of a sledge 
hammer or a pile driver illustrates this. 

Let us examine Lhe work of the drop hammer shown in Fig. 
160, the ram D of which and its die E drop freely under the action 
of the force of gravity. We dcnote the weight of these dropping 
units as G and the height of their fall as JJ. The velocity v, which 


they have upon dropping is, according to Eq. (37), ¥, = 29H, 
i 
hence they acquire kinelic energy of = Gil. 


As has been explained in the preceding section, when im- 
pact is inelastic, the velocity after rebound v, is less than the 
. 3 a 
velocity of the fall v,, according to which 7 = that 
is, part of the kinetic energy is expended in the deformation of the 
mutually colliding bodies. Since it is the aim in the proc- 
ess of forging to deform the workpiece as mueh as possible, 
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therefore the greater the hammer’s expended kinetic energy, the 
more efficient it will be. 

During forging, the workpiece Ix (ig. 160) lies on the anvil 
B which is mounted on a massive steel block C, which in turn 
rests upon a foundation. When the die hits the workpiece, it not 
only deforms it but shakes all the undersupports, which means 
that a portion of the kinetic energv is expended in displacing these 
undersupports. Obviously, the smaller this displacement, the more 
effective will be the hammer’s energy. 
From this it follows that all the undersup- 
ports of a drop hammer should be made as 
heavy as possible. In more detailed studies 
of mechanics it is proved that the efficiency 
of a drop hammer is expressed by the equa- 
tion 


na-gt (=k), (99) 
Gy tS 
in which G@s the weight of the dropping 
units of the hammer, G, the weight of the 
workpiece and ils supports, and k the 
coefficient of restitution. It is evident that 
with a greater G, there will be a smaller 
denominator and hence the hammer will 
be more efficent. Usually wilh a treely ig. 160 
falling ram, the weight ot the steel block 1s 
made ten to fifteen, and even twenty, Gmes heavier than the 
weight of the ram. 
Illustrative Problem 68. A) foiging hammer, whose dropping units 
weigh G = 2,250 kg and fall fiom a height // - t.o m, forges a work- 
piece in ten strokes. Find the amount of uselul mechanical energy W, 


if the weighl of the steel block G»p — 15 tons, the coctheent of restitution 
k = 0.4, and the friclion loss of encrev in (he guides is 5%. 


Solution: the kinetic energy of one stioke W, = 0.95 a -- 0.95 GH == 


= 3,206 kg-m. [lence in ten strokes the energy eapended usetully W = 
= 3,206 x 10 = 32,060 kg-m. We then find the cfficiency of Lhe hammer 


through Eq. (99): F 
= ST — 2) = 0.8. 
° n= 3950 rae 0.47) = 0.8 
45,000 


Maen ke the energy spent on forging alone Wy = 32,060 x 0.84 
FY 25,650 kg-in. 





135. Questions for Review 
1. Explain why railway carriages and locomotives are equipped 
with bumpers. 
2. It occurred that the last few carriages in a train had no brakes. 
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What will happen when the train’s brakes are apple. Will the pene 
springs between these carriages be compressed (deformed) all to the 
same extent? 

3. A body of weight G falls from height h, to height h,. What cpange 
is there in its potential energy? 

4, If the shaft of a machine must change its direction of rotation 
at brief interyals of time, should it be equipped with a flywheel? 

5. Why is not the steam engine of a locomotive in need of a flywheel? 

6. What kind of motion will a machine have if at a certain moment 
Wi, < Wu + Wh? 

4 Is an efficiency 4 1 possible? 

8. A body which comes into collision with an immovable barrier 
remains motionless. What is its kinetic energy expended on? 

9. Explain why it is more advantageous, when cutting a workpiece, 
to use a heavy vise and a heavy workbench. 

10. One of two drop hammers has a heavier anvil and foundation 
than the other. Which of the two will work more productively? * 


136. Exercises 


72. A locomotive with a tractive force of 15,090 kg pulls a train 
weighing 1,500 tons along a horizontal track. Considering that 
the resistance to motion is 0.005 of the weight of ¢e train, find 
the kinetic energy it accumulates after an elapse of two minutes 
of starting, and the work performed during that time, assuming 
the tractive force to be constant. 

73. After an elapse of six minutes the same train reached an 
upgrade, moving againsl a resistance of 0.075 of its weight. If 
steam is cut off at the beginning of the upgrade, how long will 
it take the train to stop and whal distance will it have covered 
from that point. 

74, After starting from the stalion, a train weighing 400 tons 
develops a speed of 72 km/hr when it had covered a distance 
s = 1,600 m. Find the tractive force P, assuming it to be constant, 
and also the braking force F’, if upon cutting off steam and apply- 
ing the brakes, the train travels another 2,000 m (assuming 
resistance without braking to be 0.005 of the weight of the train). 

75. The weight of the dropping units of a drop hammer G = 3 
tons, and of the workpiece, anvil, and other undersupports 40 
tons. Find the efficiency of the hammer if the coefficient of 
restitution k = 0.4. 


PART TWO 
THE THEORY OF MACHINES 
AND FUNDAMENTAL CONCEPTS 
OF STRAIN 


THE THEORY OF MACHINE: 


INTRODUCTION 


137. Machines and Mechanisms 


Assume that a threading lathe is cutting a thread on a workpiece. 
The rotation of the electric motor is transmitted to the spindle 
of the lathe and then Lo the lead screw. ‘The rotation of the screw 
is converted inlo motion of translation of the carriage. By setting 
the lathe properly, we may obtain the required rotating speed 
of the spind® as well as the motion of translation of the car- 
Tiage. 

A system of interconnected bodies periorming prescribed mo- 
tions is called a mechanism. 

- ious moving part makig up a mechanism ts called a 
ink. 

That link of a mechanism which imparts motion lo other 
links is called the driver, while those to which the motion is 
imparted are called the followers, or driven links. 

A metal-cutling lathe is pul in molion by an electric motor. 
The motor receives electricity from the local supply and converts 
it into mechanical energy which the lathe expends performing 
mechanical work to overcome useful resistance (resistance to 
cutting). The electric motor inits turn receives electricilv generat- 
ed by a dynamo which is also put in motion by a unil of 
some kind (a hydroturbine, an internal combustion engine, etc.) 
which is runeilherby the mechanical energy of a hydraulic engine, 
or thermal energy derived from fuel in an internal combustion 
engine, etc. 

In all these instances we find that the unit cither reccives 
mechanical energy and transforms it into some other form of 
energy (a dynamo), or receives some form of energy and trans- 
forms it into mechanical energy (an electric motor, internal 
combustion engine, steam turbine), or performs useful mechanical 
work by means of mechanical energy supplied Lo it (hydroturbine 
and metal-cutting lathe). 

A combination of mechanisms designed tg transform energy 
into the form required and thus to do useful work is called a 
machine. 
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Mechanisms are not only incorporated into machines, they are 
also used independently. For example, a clock is not a machine 
since it is not intended to transform energy or to overcome useful 
resistance. 


138. Historical Survey of Machine Engineering 
in Russia 


Long ago, in an age when machine construction was still in 
its infancy, talented Russians skilfully achieved practical solutions 
to complex mechanical problems. This was especially true at the 
time of Peter the Great, who encouraged many outstanding 
inventors in their work, such as A Nartov, N Pilenko, M. Sidorov 
and others; Nartov invented the first lathe with a carriage,and 
the first duplicating lathe Of the numerous Russian mechanics 





I. Vyshnegradsky 


of the 18th century, particular note must be made of I. Polzunov 
(1728-1766) for his steam engine. 

The brillant Russian scholar M. Lomonosov combined his many 
world-famous purely scientific researches with inventions in 
machine engineeritig, such as the spherolathe, a grinding machine 
and a facing lathe. 


_ IL. Kulibin (1735-1818) became well known for his major 
inventions in various branches of technology, particularly in the 
construction of different kinds of instruments. 

Nefther was theoretical work neglected in the 18th century; 
the first treatise on mechanics to be published in Russia.was 
compiled by G. Skornyakov-Pisarev and appeared in 1722, 
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containing calculations for the coustruction ol levers, windlasses 
and other simple mechanisms. 

Beginning with the end of the 18th century, engineering mechan- 
ics began to progress rapidly in liussia~ a development which 
continued into the 19th and 20th centuries. Among the eminent 
scientists responsible for this advance were P. Chebyshev, I. Vysh- 
negradsky, N. Petrov, M. Ostrogradsky, V. Kirpichev, N. Zhu- 
kovsky and a host of others. 

These achievements of Russian scientists and inventors in 
the field of engineering did not reccive proper support in pre- 
revolutionary Russia. But the Great October Socialist Revolution, 
which swept away capitalism and placed the former privately- 
owned means of production into the hands of all the panpie, 
completely changed this situation, 


+ Apa 


In his closing address before the Third All-Russian Congress 
of Soviets, delivered after his brilliant analysis of the historic 
significance of the Great October Socialist Revolution, V.1. Lenin 
said: 

“In the past man’s mind and genius provided a chosen few with 
all the benefits of technology and culture, while most ofhers were 
deprived of the essentials of education and development. But 
now all the wonders of engineering, all the achievements of 
culture, will be within the reach of all the people, and never 
again will the mind and genius of man be turned into a means 
of coercion and exploitation’’*. 





M. Ostrogradshy 


Lenin’s profound words are turning into reality before our 
very eyes. Each year labour-consuming processes are being mecha- 
nised on an ever-widening scalein the U.S.S.R., where engineering 
is creating highly productive machines. This work is in close 
harmony with the policy of extensive automation — the highest 
stage of mechanisation. 

In machine building, efficient Soviet-made automatic lathes, 
as well as entire production lines of unique design, are already 
in extensive use in the manufacture of machine parts. 

On construction sites, walking draglines with a 25 m?® (and 


*V. I. Lenin, Collected Works, Russ. ed.. Vol. 26, p. 436, 
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itiore) capacity may now be seen; a small but efficient crew on 
one of these machines displaces the work of from seven to nine 
thousand hand labourers. 

Maay efficient mining machines, particularly for the coal fields, 
were first designed in the Sovict Union. At the present time the 
coal-combine takes the place of several machines heretofore ‘sed 
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separately in the operations of cutting, blast-hole drilling, and 
loading of the coal upon the conveyors. The U.S.S.R. now takes 
first world place in Lhe mechanisalion of coal mining. 

Great strides are being made in the Soviel Union in the production 
of equipment for electric stalions, metallurgical plants, highly- 
efficient machine tools, automatic production lines, forges, all 
types of unique instruments and olher machines. 

These mechanisation processes, which are doing away with 
former labour-consuming hand operations, not only make work 
easier but also raise productivity to a very high level. 

And now still greater events have occurred in the development 
of Soviet science and technique—the launchings of Soviet 
manned rockets into the outer space. For these space ships— 
Vostok-l and Vostok-2 —- are the forerunners of man’s flights, in 
the not-too-distant future, to the moon and the planets of the 
solar system—Venus, Mars and others. 
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CHAPTER XV 


THE INCLINED PLANE, THE PULLEY, 
AND THE WINDLASS 


The inclined plane, the pulley, and the windlass (alsa, known as 
a winch) were among the very first engineering contrivances in 
technical history. They are still used as integral parts of various 
machines and mechamsms and for that reason we shall begin 
with them in making our acquaintance with the theory of mach- 
ines and mechanisms. Until recently the inclined plane, the pulley, 
and the windlass were called ‘‘simple machines” 


139. The Inclined Plane 


Assume that a body of weight G is lying on an inclined plane 
KM (Fig. 1610). We resolve the force of gravity G as represented 
by vector CA, into component CD perpendicular to KM, and 
component CB parallel to KM. The force CD is balanced by the 
reaction N directed in the opposite direction. Ilen®e, the body’s 
motion on the inchued plane will take place under the action of 
forceC B. If there were no iriclion hetween the body and theinclined 
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plane, the body would shde down with a definite acceleration. 
In order for the body to be in equhbrium (to eithér remain at 
rest or to be displaced along the plane at a constant speed), 
a force P represented by vector CE and equal and opposite to 
vector CB would have to be applied to it. Thus the body can be 
in a state of equilibrium under the action of three forces — G, N, 
and P. 

Let us determine the magnitude of force P. 

By denoting the length KM of the plane as | and the height 
LM as h, we obtain, from the similarity of the right triangles 
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KLM and ABC, 
CB CA : ¥ ML h 
e ML KM’ from which CB=CARG =CA +: 
And since force P is represented by vector CE which is equal 
in magnitude to vector CB, we obtain 


h 
p=G+. (100) 


This equation can be given another form. By denoting the 
angle of inclination LKM of the plane as «, we obtain from 


AKLM 
h=l sin a, 


from which 4 =sin a and 
P =G sin «. (101) 


Let us look into a case when force P is not parallel to the 
length of the, inclined plane but to its base KL (Fig. 161d). In 
this case we réSolve force G into two componenls — one component 
CD perpendicular to the Iength of the inclined plane, and another 
CB parallel to its base KL. Just as before, {rom the similarity of 
the right trangles I.LM and ABC, we arrive at the relationship 


CB CA Fi ML ., h 
Mn ET’ from which CB =CA Bae =CAT 


hence 
P=Gls (102) 


in which a is the base ot the inclined plane. 
From 4KLM we obtain 


h—a tana, trom which 4 = lane, 
and P =G tana. (103) 


A comparison of Eqs (100) and (102) will show that the first 
way of applying force P is the more advantageous since its 
magnitude: is less, the same being evident from Eqs (101) and 
(103), because sina<tane. . 

Let us assume that the body is moving uniformly up the same 
inclined plane. In this case the weight G of the body constitutes 
a useful-resistance which is overcome by the motive force P. 
Assume this force to be paratlel to the length of the plane (Fig. 
161a). Since the sine of the angle cannot exceed 1, it follows from 
Eq. (101) that when « = 90°, inevitably P< G, that is, when 
force P is parallel to the length of the inclined plane, the inclined 
plane gives an advantage in force.-This advantage is deter- 
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mined by the ratio of the magnitude of the force of resistance & 
to the magnitude of the motive force P, which according to 
Eq. (100), is represented by 


G_l 
Ph’ 

Thus, in order to raise a body to a height h = ML, force 
P must be exerted through the entire displacement | == KM. 
We could raise the body to the same height ht without the inclined 
plane if we applied a vertical force to it, equal and opposite to 
the weight @ of the body. 

From this relationship il follows that (he greater the gain in 
force, the greater the loss in displacement, and vice versa. 

This is the “ABC” of mechanics. 

The conclusions thus reached are also applicable to the second 
case examined above, when force P is parallel to the base of the 
inclined plane. It should only be noted that since the tan 45° =1, 
force P, as is apparent torm kq. (103), will le smaller than 
foree G when a < 45°, whereas when a ~> 45° the two forces 
will be equal, and when « — 45° force P>G. ®& 

Now let us compare the work perlormed by the forces applied 
to the body when its motion along the inclined plane is uniform. 
As already noted, the body is under the action of forces G, P, 
and N. From I‘ig. 161a it 1s evident thal force G forms an angle 
ACB — 90° —a to the incline. By employing Eq. (76) we obtain 
the work Wg performed by ths force through displacement 1: 


We -- Glos (90° — a) = Gl sin a. 


The work performed by force P 
Wp = Pl = Gsin al = Glsin «. 


The work performed by force N directed perpendicular to 
the motion, is zero. Thus we see, Wg — Wp, that is, the work 
of the motive force is equal to the work of the force of resistance. 

Heretofore we have limited ourselves to uniform motion 
of a body up an inclined plane without taking friction into 
account. In actuality friction diminishes any advantage gained 
in force. Therefore besides force CB, the force of friction F == {N 
(in which f represents the cocfficient of friction) is also directed 
opposite to the motion. 

When force P is directed parallel to the inclined plane, 
force N = G cosa, which means that the force of friction F = 
= Gf cos «. 

If the body is to have uniform motion upwards, force P must 
be equal to the sum of the forces of resistance, 1.e., 


P=G sina + Gi cos « = G(sin « + {cos a). (104) 


Illustrative Problem 69. It is necessary to raise load G = 400 kg a” 
distance of 0.5 m along two parallel inclined beams each 5 m in len 
nk: the force required to do this work if the coefficient of friction 

Patan: with h = 0.5 m, and ! = 5 m (Fig. 161a), we have 0.5 =. 
=m 5 ain a from which sin 2 = 0.1, a= 5°45’, cos «= 0.995, and the force 
require 


P = 400 (0.1 + 0.15 x 0.995) 100 ka. 


140. The Wedge 


The wedge is one form of the inclined plane and possesses 
the shape of a triangular prism (Fig. 162a). In a eee 
en of this prism the angle 

-= “ KML is considerably smaller than 
either of the two other angles. Edge KL 
is called the head of the wedge, while the 
side edges KM and LM are its cheeks. 

Assume that the wedge, under.the action 
of force P, is penetrating into another 
body at agconstant speed. The body 
resists the motion of the wedge. This is 
expressed by the reactions N, and N, 
perpendicular to the cheeks of the wedge. 
When examining the equilibrium of the 
wedge without taking friction into ac- 
count, we find that forces P, N, and N, 
balance each other. We delineate these 
three forces from any arbitrary point O, 
and on vectors OC’, and OD,, represent- 
ing forces N, and N,, we construct the 
parallelogram '0C,E, D, (Fig. 1625). If.the Fig. 162 
OE, m is in equilibrium, the diagonal 

must be equal in magnitude and opposite in direction to 
vector OE representing force P. A comparison of triangles OC,E, 
and KLM will show that they are similar because their angles 
are formed by mutually perpendicular sides; from this it follows 


that 
P:N,;:N,= KL: ML: KM. (105) 


If the wedge has equal edges as shown in the figure (KM = ML), 
then 








N _ KM 
pS =F’ (106) 
that is, the mechanical advantage in force is equal to the ratio of the 
length o of the cheeks to the thickness of the head. The smaller the 
iene of the wedge and the thinner the head, the greater will 
“be the gain in force. ae 
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The properties of the wedge are used to advantage in various 
splitting and cutting tools. Later (Sec. 201) we shall study the use 
of the wedge in the fastening of machine parts. 

It must be noted that the force of friction increases as the 
angle of the wedge decreases. For example, the splitting of wood 
with a thick-headed axe, instead of with an 
ordinary carpenter’s hatchet, is easier 
because the additional weight lends more 
kinetic striking energy and also because 
of the greater case with which the axe 
can be pulled out if the wood is not entirely 
split. 


IHustrative Problem 70. What would be, the 
magnitudes of forces N, and N, during the uni- 
form displacement of a wedge KLM (Fig 163 

Fig. 163 possessing « thickness KJ. = 25 mm and lengt 
LM = 200 mm when under the action of force 
P = 50 kg, il there were no friction? 

. as P Ress als PKL _ 26 1 

Solution: from Eq. (105) we obtain N; = iM = 200 = 5 from 
which N, = 8P = 400 kg. 

From the same equalion we obtain 
KM _ ,, {25% + 200? : 

Ne li 50 25 ey 403 kg. 
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141. The Lever 


Let us examine the simple case of a straight lever (Fig. 164) 
to which are applied two paralie] lorees P and Q acting perpendic- 
ular to the longiludinal axis AB. Point O, called the fulcrum, 
is at distances a and b from (the points of application of forces 
P and Q. a 

Two conditions stated in Sec. 34 must be observed to keep the 
lever in equilibrium: they are a) Eq. (12) - the algebraic sum of 
all forecs musl be zero, and b) Hq. (13) — the algebraic sum of 
the moments of the forces must also be zero. 

The first condition is expressed as 


P|Q RO, from which Pj Q=R, 


in which A is the reaclion at the fulerum*. 
Since the algebraic sum of the moments of all the forces with 


respect to fulcrum O is zero, Lhen 
Pb -Qa_ 0, 
or 


a'> 


(107) 


asta 
I 


* The weight of the leve¥-is ignored in this case. 
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is, the forces are inversely proportional to the-arms of the 
ever. 

Now let us take a more complex example when the forces 
P an@ Q are not directed perpendicular to the axis of the lever 
(Fig. 165). We resolve force P into two components — BL 
acting along the axis of the lever and BK acting perpendicular 
to the axis. Repeating the process with force Q, we obtain forces 
AE and AF. If the fulcrum is constructed so that the lever 
cannot be displaced in a horizontal direction, the resultant of 
forces BL and AE will be balanced by the horizontal compo- 
nent of reaction R at the iulcrum. Therefore if the lever is to 





Fig. 164 ig. 165 


remain in equilibrium, it is required that the algebraic sum of the 
moments of the other forces with respect lo any point should 
he zero. By taking point O as the centre of the moments, we 


obtain 
P,b = Q,a. (2) 


From point O we delineale lines Of ==a, and ON =), 
perpendicular to the lines of action of forces P and Q. Then 
comparing the right triangles OATA and AIC and also ONB 
and BKD, we see that they are similar pairs because their acute 
angles have mutually perpendicular sides: AOMA wm AAFC, 
and AONB w ABKD, from which it follows that 


OA*_ OM a4 


“4G = AF ™ O=Q,° whence Q,a = Qa,. 


In the same way we obtain P,b = Pb,. 
Substituting these expressions for P,b and Q,a in the ahove 
Eq. (a) we obtain 


Pb,= Qa, or 2-5. 108) 
1 


We thus see that we have obtained an expression analogous 
to Eq. (107), the only difference being‘that included in it are 
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the arms of ‘the moments of forces P and Q with respect to the 
fulcrum, instead of the arms of the lever a and Db. 

Now let us investigate a general case when the lever is not 
straight (Fig. 166). 

We resolve the forces P and Q respectively into the sepaponents 
BL, BK and AF, AE, of which BK is perpendicular to OB and 
AF is perpendicular to OA. Then, reasoning as before, we 
arrive at the same equation (108)*. 

In the above cases the fulcrum 0 was situated between the 
points of application of the forces. This type of lever is called 
a lever of the first kind as distinguished from one of the second kind 
when the points of applicalion of the forces are on the same 
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side as the fulcrum (l‘ig. 167). By applying Eq. (12) to a lever 
of the second kind, we delermine the reaction of the fulcrum R 


from the equation 
Q--P—R.- 0, 
whence R- Q -P. (109) 


Then taking the algebraic sum of the moments of the forces 
with respect to point O, we obtain Qa— Pb = 0, whence 


Pb = Qa. (110) 


If the lines of action of the forces were not perpendicular to 
the axis ‘of the lever, or if the axis of the lever were not straight, 
we should have obtained the same result as for a lever of the first 
kind. 

Wherefore, in all cases when a lever is tn equilibrium, the forces 
P and Q applied to it are inversely proportional to the distances 
between their lines of action and the fulcrum. 


* The reaction of the fulerum may be determined as follows. As 
already shown in Sec. 24, the lines of action of forces P, Q, and R intersect 
at one point U. Hence the line of action of the reaction is known. By 
constructing a parallelogram on the force P and Q we obtain their result- 


ant. The reaction OS will be equal and opposite to it. 
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From this it is apparent that the lever, in allowing a lesser 
force to balance a greater one, achieves a mechanical advantage. 
It is also easily understood that the displacement of the point 
of application of the lesser force P will be as much greater than 
that of the point of application of force Q, as the magnitude of 
Q is greater than that of P; here again the ‘““ABC” of mechan- 
ics is valid. 

Bearing in mirfd that there is fnction between the fulcrum and 
the lever, we conclude that Lhe usctul work the latter performs 
is somewhat less than the work performed by the motive force. 

Levers are not only used to convert a lesser torce into a greater 
one, but also for advantage in displacemenl. For example, by 
displacing point A a cerlain 
distance (Tig. 167), we dis- 
place point B a distance as 
many times greater as arin b 
is greater than arm a. ‘This 
property of a lever is frequent- 
ly utilised in Lhe construc- Vig 
tion of measgring instruments. 

The lever is extensively used im machines and other mecha- 
nisms, and also in devices of all kinds. 
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Iustrative Problem 71. Arm a of the bent lever AOR in Fig, 168 is 
80 mm in Iength, and am bis 300.1mm. Whal should be the magnitude 
of force P acting at an angle of p = 90° to anv OB in order to balance 
force Q = 120 kg acting at an angk ol « 30° to arm OA? 

Solution: mn employing Eq. (108) we must take b, = b = 300 mm, 
a, =a sine = 80 sin 80° — 80 x 05 — 401mm, and Q = 120 kg. After 
substituting these valucs in the equalion we obtam 

Qa, _ 120 x 10 i 
P. en 300" 16 kg 


142. A System of Levers. The Differential 
Lever 


The mechanical advantaye obtained trom a lever can be 
increased considerably by using a system of several interconnect- 
ed levers. 

Let us consider the two levers forming the system shown 
in Fig. 169. To the end B of lever AB with fulcrum O, a second 
lever with fulcrum 0, is fastened by means of strap BC attached 
to its end C. By applying force P to end A we obtain force Q, 
on end B, equal to the relationship 

Pb, 
“a 


This force is transmitted to end C of Jever CO, on which the 
acting forces will be determined according to the relationship 


197 


Q,5, = Q,a,, from which force Q, obtained at point D is 
— ¢. 22 
Q. = Qin, ° 
Replacing Q, in this expression with the value just evolved 
for it, we obtain 
Q,= Pb. (111) 


aa, 
If there had been three levers then 
=Phyhy be 
Q,= Pax Eo a etc. 
Thus the mechanical advantage obtained by a whole system 
of levers is equal to the product of the numbers expressing the 
mechanical advantage produced by each lever in the system. 
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If we look two Ievers with a ratio between the arms of 
Pigs a = 10, Lhe mechanical advantage obtained by the system 
2 


ay 

would be 2 = 10? = 100. Accordingly, a displacement of 0.1 
mm of point D would displace point A a distance of 0.1 * 100 = 
= 10 mm. 

However, such a system of levers is extremely cumbersome. For 
this reason a variation is used, called a differential, or floating 
coupling. 

Assume that lever AC (Fig. 170) wilh a fulcrum D has a cross- 
piece EF suspended from it by two slraps Ak and BF. A force 
Q is applied at point A in the middle of the crosspiece, and force 
P, its equilibrant, is applied to the long arm of the lever at point 
C. Let us determine the relationship between these two forces, 

Since force Q is applied at the middle of the crosspiece EF, 
a force 2 is acting on each strap — one at point A and another 
at point B. Let us write the conditions required for the lever 
to be in equilibrium, using Eq. 12, since all the forces are parallel: 


-2a+4+2(!—a) + Pb=0, 
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or 


whefice 





By denoting the distance hetween the line of action of force 
Q from the fulcrum as d, ie, d a --, we finally obtain 


~ 


l 
Q=P—. (112) 


It is seen that the mechanical advantage will be equal to 
the ratio of the bigger arm C/) of the lever to the distance be- 
tween the two vertical straight lines delineated (hrough the mid- 
dle K of the crosspicce and the tulerum. Since this distance can be 
made infinitely small, theoretically an infinitely great mechan- 
ical advanl@e can be obtamed. 

Systems of floating couplings are used. lor example, in decimal 
and centesimal scales. 


Tustrative Problem 72. In the floating Jever just studied, the arm 
b = 1,000 mm, arm a —- 251 mm, and / -- 500 mm; then d = 251 — 


—_% = 1mm. Substituting these values in Eq. (112), we obtain Q = 


= 1,000 P. 


143. Fixed and Movable Pulleys 


A pulley is a sheave on the rim of which there is a groove 
for a rope (or sprocket lecth for a chain). The simplest type is 
the immovable pulley, the geometrical axis of which remains 
fixed when il is in operation (Fig. 171). 

Assume that the rope (or chain) has a load to be raised that 
exerts a force Q at one end of it. To determine the force P which 
must be applied to the other end of the rope in order to balance 
force Q, we may regard the pulley as a bent lever AOB having 
arms of equal length because AO = OB ~=R, R being the 
radius of the sheave. The conditions for equilibrium of this lever 
with respect to its fulcrum O, is PR = QR, from which 


P -=Q. 


Thus in an immovable pulley neither the force nor the veloc- 
ity changes in magnitude; only the direction of the force changes. 
This is advantageous in many cases. Jor instance, instead 
of raising a load by pulling it upwards, it is much more con- 
“enient to use such an immovable pulley which makes it possible 
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to do the same work by applying to the rope the same force 
directed downwards. Due to harmful resistance, the efficiency 
of this pulley is ordinarily from 0.8 to 0.9. 

A movable pulley, so called because its axis is displaced When 
it is in use, is shown schematically in Fig. 172. A rope, one end 
of which is fastened to a stationary hook K, passes tound the 
sheave L from below; a motive force P acts on its other end*. 
The force of resistance Q (such as the weight of the load) is applied 
to the casing of the movable pulley in which its axis is rotating. 
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Let us work out the relationship between the motive force 
P and the force of resistance Q. Let us consider the diameter 
AB of the pulley to be a Jever of the second kind, turning about 
point A under the action of force P. By applying Eq. (110), 
in which we substitute diameter AB instead of b, and radius 


AO instead of a, we obtain 5 aR whence 


_ 2 
P= (113) 
that is, the motwwe force is equal to half the force of resistance. 
Obviously in this case also, the gain in force is lost in displace- 
ment. Indeed, in order to raise the centre of the pulley to a 
height of OO, = h, the free end of the rope must be pulled a 
distance of AA, 4+ BB, == 2h, which means that the point of 
application of force Q receives a displacement only half of that 
received by the point of applications of force P. Furthermore, 
the work performed by force Q is Qh = 2Ph, and the work 
performed by force P is P2h; in other words, the work performed 
by the motive force is equal to the work performed by the 
force of resistance, which is as it should be. 
* Since the movable pulley is ordinarily used to raise loads by means 
a acne downwards, a second fixed pulley M is shown in the 
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144. Systems of Pulleys 
and the Differential Pulley Block 


Just as in levers, pulleys are combined into systems to increase 
their mechanical advantages. Fig. 173 represents one of these 
systems: it consists of several (in this case three) fixed pulleys 
rotating in the casing K, and the same number of aiovable 
pulleys rotating in the second casing L. The rope, one end of 
which is fastened to the hook of the first casing, is passed round 
all the pulleys in succession, while to its free end M the motive 
force P is applied. In the present case force Q is distributed 
among six segments of one and the same rope, in which the 
tension must obviously be the same throughout the entire 


length. It follows that a load 2 is acting on each segment of 


the rope, and the force which must he applied to the free end 
uf the rope to keep the system in equilibrium will be 


as ee SDS 
P= 5 =3x3 
If there h#@i been four pairs of pulleys in the system, force 
P would be gL = ee Thus we see that the mechanical advantage 


is equal to twice the number of movable pulleys. And if the 
movable block had n pulleys, the motive force would be 


P =2 (114) 


But, according to the rule already learnt, the displacement 
of the point of application of P will be 2n times the displacement 
of the point of application of the force of resistance Q. 

Instead of having the pulleys on separate axes and arranged 
vertically one above the other, they are usually arranged several 
in each casing and on one horizontal axis (Fig. 174). 

Systems of pulleys (fixed and movable) grouped in blocks 
and with a rope or chain wound about them are called tackle. 

Just as there is a differential lever, there is also a differen- 
tial pulley block as shown in (Fig. 175). The upper fixed block 
is made double with two stages of sheaves of radius R and r. 
As is evident from the illustration, this block and the lower 
movable block are connected by an endless chain; from the 
lower block the chain is passed to the larger sheave in the upper 
pulley and then goes down in the form of a freely swinging loop 
M, one segment of which is meant to be pulled by hand. Then 
the chain is passed upward and around the smaller of the sheaves 
in the upper block and down again to the movable block. 

Let us see what forces are acting on the upper block so as 
to find the relationship between the motive force P and the 
force of resistance Q. 
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Under the action of force Q, forces P, = P, = a are created 


in each segment J and JI of the chain. Assume that the upper 

block makes one revolution at which time the work of the rfotive 

force P is W=P2z2R. During the same interval force P, 
performs work : 


W, = P,2ar = a aur = Qar. 





xy 


Finally, the work of force P, is 


W, = P,22R =~ 2nR = QaR. 





Fig. 173 Fig. 174 Vig. 175 


The first two forces are motive forces, while the third is the 
force of resistance. Since the work of the motive forces must be 
equal to the force of resistance, then 


2nPR 4 zQr-=aQR, or 2PR+ Qr =QR, 
from which we obtain the force acting on segment A of the loop: 
R-r R-r 
P=Q-yR =2 57" (115) 
in which R and r are the respective radii of the larger and smaller 


sheaves of the fixed block and D is the diameter of the larger 


sheave. 

Since the difference between R and r can be made infinitel 
small, a great mechanical advantage may be obtained wit 
this block. 
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Illustrative Problem 73. What must be the diameter of the smaller 
sheave of the fixed double block in a differential block to obtain a mechan- 
ical advantage of £ = 8, if the diameter of the larger sheaye D = 
= 200 mm and efficiency y = 0.8? 

a and after taking 
harmful resistance into account, the mechanical advantage will be 
Q D 


P-R—-r 


Solution: from Eq. (115) we obtain 2 = 


which, after substituting numerical values, becomes 8 = 200 x OS, 


in which r = 80 mm, and the diameter of the smaller sheave will be 
160 mm. 


145. Simple and Differential Windlasses 


A simple device for obtaining mechanical advantage is the 
windlass (Fig. 176); a drum K (Fig. 176a) is fixed to a shaft 
rotating in two bearings. The shaft is rotated by the crank 
L fastened 4&8 one end of it As the shalt rotates, the rope M, 
one end of which in fastened to Lhe surface of the drum, is wound 
around the latter and overcomes the force ot resistance Q. Let 
D denote the diameter of the drum, aud a the length of the crank 
at whose end the force P is applied (Ki. 176). The relationship 





lig. 176 


between forces P and Q can be found by equating the amount 
of work each execules during one revolution of the shaft. The 
work of force P is expressed as Wp = P2za, and the work of 
Q as Wg = QxD, where D is the diameter of the drum. Accord- 
ingly, P2xa = QzD, whence 


D 
P=Q5, (116) 
The differential windlass with its stepped drum (Fig. 177) 
gives a much greater mechanical advantage than the simple 


type. Let D denote the diameter of the larger step, and d that 
of the smaller. 
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When the crank is turned clockwise, the rope will be wound 
on the larger step and unwound from the smaller. By disregard- 
ing as_ negligible the converging lines of the segments of rope 
dropping to the movable block, we shall assume that*each 
of them is subjected to a force P, = P, = g. Let us formulate 
an equation for the work of the motive power and that of the 
force of resistance. 


neu 


An p 





Tig. 177 


The work performed by force P, during one revolution of the 
drum W, = P,\xzD = 5D, the work of force P, as applied to 


the smaller step W, == P,2xd = 2nd, and the work of force 
P as applied to the crank W == P2za. Hence 


mQ , «QD 
from which 
Dred) AR or 
P=9 4a =Q 2a” (117) 
whence Jt and r are the radii of the larger and smaller steps of 
the drum, respectively. Thus we see that we have formulated 
the same expression as for the differential block. 








Hlustrative Problem 74. A differential windlass has a two-step drum 
of diameters D = 350 mm and d = 300 mm. What length must the 
crank be in order to raise al a constant specd a load Q = 200 kg with 
a force P = 16 kg, if the efficiency of the windlass 7 = 0.6? 

Solution: by including the force of friction in Eq. (117), the latter 
becomes 

R-r 
i 2a’ 


in which P= 16 kg, 1= 0.6, Q=200kg, R=175 mm,and r=150 mm. 
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By restating the equation and then substituting corresponding values, 
we solve for the length of the crank a: 


Q(R—r) _ __200 x 25 


Py 2x 16 x 0.6 © 260 mm. 


146. Questions for Review 


1. If a body on the inclined plane shown in Fig. 161a is moving u 
the plane at a constant speed and the plane is iengthened but wit 
the height h remaining the same, what change will there be in force P? 

2. What change will there be in the magnitude of force P exerted on 
the wedge in Fig. 162 if the thickness of the wedge head is decreased but 
with the length of the wedge and the speed ot its application remaining 


the same? 

3e Which will be the greater mechanical advantage: when force P 
is applied perpendicularly, or at an angle, to the arm of a lever? 

4. If the length of the arms of the bent Iever AOB (Fig. 166) are 
equally increased, will there be any change in the magnitude of the force 
P required to keep it in equilibriuin? 

5. What will be the total mechanical advantage obtained by a system 
of three levers, one of which gives a threc-fold, the second a five-fold, 
and the third a seven-fold mechanical advantage? 

6. State thBadvantages of the differential lever. 

7. What difference is there between the mechanical advantage obtained 
by a fixed and a movable pniley block? 


8. What is a tackle? 
9. What are the advantages contained in the differential block; 


in the differential windlass? 


147. Exercises 


76. A load G = 200 kg is moving umformly up an inclined 
plane with an angle of inclination 2 = 30°. What must be the 
magnitude of the motive force P directed parallel to the incline 
if the coefficient of friction f = 0.10? 

77. Using the data in Ex. 76, determine the efficiency of the 
inclined plane. 

78. Two loads of weight G, ~10 kg and G, — 15 kg are 
on inclined planes with angles of inclination of a, and a and are 
connected with each other with a cord passed through a fixed 
pulley (Fig. 178). If angle «, = 30° and the two loads are in 
equilibrium (neglecting the force of friction), what is angle «,? 

Hint to solution: remember that forces P, and P, are equal 
in magnitude. 

79. If the angles of inclination a, and «, in Fig. 178 are 30° 
and 45°, respectively, and the force of friction is disregarded, 
what must be the ratio between the weights G, and G, when 
they balance each other? 

80. In order to find the distance z from the end A to the centre 
of gravity C of the rod AB in Fig. 179, the end A was suspended 
to a fixed point E and then the rod placed so that it rested on 
scales at point J. Find the distance z if a = 300 mm, the weight 
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of the rod G = 1.5 kg, and if weight G, balancing the rod on 
the other pan of the scales is 1.0 kg. 
81. Derive Eq. (108) for a straight lever of the second kind. 
82. Derive the same Eq. (108) for a bent lever of the second ind. 
83. What force P must be exerted on the differential lever in 
Fig. 170 to balance a force Q = 1 ton, if AD = DB =250 mn, 
EK = 249 mm, KF = 251 mm, and DC = 1,000 mm? 





Vig. 178 Fig. 179 


84. Assume that the tackle in Fig. 174 has tive movable blocks. 
What force P would be required to raise a load yf 200 kg? 

85. What mechanical advanlage would the differential block 
in Fig. 175 give if the diameters of the sheaves are D = 360 mm 
and d —= 320 mm? 

86. In Fig. 177, showing a differential windlass, D = 300 mm, 
d = 250 mm, a = 400 mm, and its efficiency » == 0.7. What 
force P is needed Lo raise a Joad of 500 kg? 


CHAPTER XVI 


TRANSMISSION OF POWER BETWEEN PARALLEL SHAFTS 


148. General Principles of Transmission 


In order to Lransmil motion to Lhe moving links of a machine, 
mechanical energy is needed. This energy may be imparted to 
the machine in different ways. But usually it is done by an adjac- 
ently installed electric motor, in which case il is said that the 
machine has an indwidual drive. But somelimes mechanical 
energy is imparted Lo several machines at once through a single 
shaft known as the transmission shaft acting as a group drwe. 
And frequently one machine is driven by several electric motors, 
as in very large machine tools and other kinds of giant machin- 
ery. Both in individual and group drives, devices whose func- 
tion it is to impart diverse angular velocities (rpm) to the driv- 
ing shafts of the machine are sometimes mounted as intermediary 
links between the clectric motor and the machine. 

In short, various mechanisms which are referred to under 
the general term of transmission are used to impart mechanical 
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energy both to machines as a whole and to their individual 
links. 

The most common kind of transmission is that which trans- 
mits wotational motion from one shaft to another. 

The position of the shafts in relation to each other may differ: 
their axes may lie in the same plane, or in different planes. 
If the shafts are in the same plane, they may either intersect 
or be parallel to each other. 

Let us begin our study of the various kinds of transmissions 
with the simplest form — when the axes of the shafts lie parallel 
to one another. 


149. Transmission Through Pliant Connectors 


Flat belts, sometimes ropes, are used to lLransmit rotatio- 
nal motion between parallel shalts; these belts are wound ahout 
wheels, called sheaves, which are fixed to the shafts. 

Assume that the rolation of shaft O, in Fig. 180 is to be trans- 
mitted to shaft O,. We fasten two sheaves, opposite to each 
other, to the pls and wrap an endless helt ABDFECA round 
the two in such a manner that it is stretched tightly about their 
rims. With ample friclion between the 
belt and the sheaves, the rotation of 
one shaft will be transmitted to the 
other. The shaft (and sheave) O, which 





Fig. 180 Fig. 181 


causes the motion is called the driver. while the shaft (and 
sheave) O, which receives the motion is called the follower, or 
driven unit. 

Angles AO,E and BO,F subtending arves ACE and BDF 
where the belt is in contact with the rims of the sheaves, are 
called the angles of contact. 

The greater the angle of contact, the better will be the trans- 
mission of rotation, inasmuch as the arc of contact between 
the sheaves and the belt will be greater. For this reason belt 
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transmissions are always designed so that the angle of contact 
is as large as possible. 

Assume that shaft J (Fig. 181a) is the driver and shaft IJ 
is the follower. With the direction of motion as shown'in the 
drawing, the upper segment of the belt will be pulled taut and 
lie almost in a straight line since it is transmitting the force 
that is rotating the follower, whereas the lower segment will be 
slack and sag under its own weight. If the direction of motion 
is changed, as shown in Fig. 1815, it will be just the opposite— 
the upper side will sag. A comparison of the angles of contact 
on the driving and driven shafts in the two drawings will show 
that it is greater in the second case. Hence, here transmission 
of rotation will be more efficient. It follows that the lower seg- 
ment of the belt should always be the driver. 

The belt connecting the sheaves should be as pliant as possible; 
this type of transmission is called transmission through pliant 
connectors. 


150. The Speed Ratio and Transmission Number 
ia Transmission Through “” 
Pliant Connectors 


In making calculations corcerning transmission of rotational 
Motion, a coefficient showing the ratio between the angular 
speeds of the two given shafts or, in other words, between their 
rpm, is used. This ratio of rpm (or ratio of angular speeds) of 
two shafts between which motion is transmitted is called the 
speed ratio and is denoted by the letter i. 

Of the two connected shafts, one is the driver and the other 
the follower. Therefore the speed ratio must be so stated as to 
indicate the order in which the shafts are referred. For this pur- 
pose indices, consisting of the numbers of the two shafts, are 
affixed to the letter representing the speed ratio. If it is a ratio 
of rpm of the driven shaft to rpm of the driving shait, it is stated 
as 

+  __ @, My 
fa oT (118) 

If on the contrary the ratio is that of the rpm of the driving 

shaft to the rpm of the driven shaft, it will be stated as 


=O. (119) 


The latter ratio, that is, the ratio of rpm of the driver to 
rpm of the follower, is called the transmission number. 

It is thus apparent from Eq. (118) that when n, = 1], I, = sg; 
we may therefore say that i,, shows the number of revolutions 
of the follower to one revolution of the driver. 
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Finally, by multiplying Eqs (118) and (119), we obtain 
i,xXb,=2x =1, (120) 
whence Lae : 


u Z 
that is. fhe speed ratio of the diwing shaft to the driven shaft and 
of the driven shaft to the diwing shaft are rectprocal to each other. 


Oral Tcvercises 
1. State which shaft of the following three cases has the greater angular 
speed: when 2,, 1; when? ,<¢ 1; when 2, = 1. 
2. What is Lhe transmission number when 1,,, = 1? 


151. Kinematics of Transmission with One Pair 
of Sheaves 


Let us return to Fig. 181 and assume that the belt, wound 
about the two sheaves, neither stretches nor slips. Under such 
conditions the motion of the belt will be the same at all its points 
and be equal @ the speed of any pomt on the rims of either 
ol the sheaves. In other words, the peripheral speed of sheave 
If will equal the peripheral speed ot the ditving sheave J, from 
which we evolve the following cquation. 

ey ces ee oe coe Dh Dini (121) 
that is, the product of the dtameter of the drwer and us rpm is 
equal to the product of the follower and ils rpm. liom lus we may 
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determine thé speed ratio of f,, ((he relationship between rpm 
n, of the follower sheave and rpm n, of the driving sheave): 
iy pte (122) 
that is, he speed ratvo of the tivo sheaves ts in inverse ratio lo their 
diameters. a. ; 
As is apparent [rom Fig 180, the driving and driven shafts 
both revolve in the same direction. This type of transmission 
is called an open-bell drive, as distinguished from the crossed-belt 
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drive when the belt is crossed in the form of a figure 8 (Fig. 
182). In the latter case the two sheaves will revolve in opposite 
directions. 

Eq. (122) shows the relations betwecn four quantiti’s: the 
diameters D, and 1D, of the two connected sheaves and their 
respective rpm. If three of these quantities are known the fourth 


can be evolved. 


Illustrative Problem 75. The driving sheave on the shaft of an electric 
motor has a diameter of 180 mm and rotates at 1,000 rpin. If it were 
required to drive another sheave that must rotate n, = 320 rpm, what 
must be the diameter of this follower sheave? 


Solution: from liq. (122) 


D, = D, ae 180 2 sop Fe 5Ei0 min 


Iustrative Problem 76. Tf an clectric motor altached to a sheave of 
300 mm in diameter transmits a = 400 rpm to a driven (follower) 
sheave of 560 mm in diameter, how many rpm will Lhe sheave on the 
motor attain? 

Solution: from Eq. (122) 

D 560 


p, = 49 < 309 


rs 


n,= Nn. e750 rpm. 


152. Kinematies of Transinission 
with More than One Pair of Sheaves 


We can determine the speed ralio for any number of sheaves by 
calculating it consec utiy ely for each sheave in the train of sheaves. 
Assume that rotation 


is transinitled from shaft 
QO, to shaft O, (Fig. 183) 
hy means of sheaves D, 
and Dy, Dy and 14, Ds 
and ,. It is seen from 
the drawing that sheaves 
D,, Dy and 1D, are drivers 
while sheaves ),, D,, and 
D, are followers. The speed 
ratio between shafts O, 


and O, is is, = en and 
2 
rpm n, of se Og iS Ng = 





Fig. 183 


= Mla = Mh pe 
z 
In the same way we may find the speed ratio between shafts 
O and O, which is ig, =- D, and the rpm na, of shaft O, is 
4 
. Dd, D, 
Ng = Nig, = Ni, jig. = N = 
3,2 atta, 1D, * D 
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Finally, the speed ratio between the shafts of the last pair 
of sheaves is i, 5 -= Ps and the rpm n, of the last driven shaft O, is 


dD, 
; oe, D D,.. D 
Ny = Nglyy = ME ly alas = M1 X75 X p, x De . 


By denoting the speed ratio between this shaft and the driving 
shatt O, as i,, we obtain 


: D QD, dD 
Ny = Nig, = NM, 7,’ X p, * De (123) 
in which 
i iy, Grr, D nD dD 
ina = larlaatia = py X i, x pb (124) 


Wherefore, lhe lofal speed ratio ts equal lo the product of all the 
individual speed ratios (1.¢., the speed ratios between adjacent 
shafts). The rpin of the driven shaft ts equal lo the rpm of the driving 
shaft multiplied by the ralto of the product of the dtameters of all 
the drwing shafts to the product of the diameters of all the driven 
shafts. 

Of course, changing the order of (he inultipliers and multi- 
plicants will make no dtfterence in the final product. From this 
it follows that we can change the places of any lwo sheaves 
whose diumelers are in the numerator or denominator of the 
right part of Eqs (123) and (121). This means that the rpm of 
the driven shall will not change if either the «riven or driving 
sheaves are rearranged among themselves. But it is also obvious 
that driving sheaves cannol be put ur the place of driven sheaves 
or vice versa. Vor instance, the sheave ol diameter 1), cannot 
be put in the place of that with diameter D,, or sheave Dg in 
the place of D,, etc., for this would change the total speed ratio 
and consequently the rpm of the driven shall. 


THlustrative Problem 77. Shaft O, receives rotational motion from an 
electric motor with a sheave J), having a diameter of 180 ir and which 


attains n, = 1,,00 rpm through sheaves 2) — 5/0 mm, D, = 160 mm, 

and D, = 400 mm. Find the total speed ratio ¢,,, and the rpm of shaft O;. 
Solution: according to Eqs (123) and (124) we evolve 7,, = £0 X 
160 2 . 2 

x 400 = Jee and n; = n,i,,, = 1,500 x bBo 200 rpm. 


153. Statics of Sheave Transmission 


Now that we have grasped the kinematics of the transmission 
of rotational motion by means of sheaves, Ict us turn to the 
statics of such transmission so as to determine the relationship 
between motive forces and forces of resistance. 

et us return to Fig. 180. In order that there should be suffi- 
cient friction between the belt and the rims of the sheaves, a 
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definite tautness must be maintained in the belt. After the sheaves 
have begun rotating, the driving segment A of the belt becomes 
still more taut, while the follower segment I of the belt loses 
some of its tautness. Let S, represent the pull on the tight‘side 
and S, the pull on the slack side. Both these forces act on the 
driven sheave and consequently two similar forces of’the same 
magnitude but of opposite direction are acting on the driving 
sheave. 

The turning moment or, as we shall henceforth call it, the 
torque, which imparts rotational motion to shaft O, will be 


D, Dd D, 
M,=S, Naess a = (5; — §,) 9 * 
The difference in taufness $, -S, 18 called the effectwe pull 


of the belt and is denoted by the lelter P. 
Thus we find thal the torque on the ditven shaft 


M, =P |. (125) 
From Eq. (122) we obtain 
D,= D,2+=D, and M,=P 
21 


1 
n, 


ey 
p,® 


24 ; 
As already stated, two similar forces $, and S, are acting 
on O,; hence, the torque on the driving shaft will he 


D, 
M,=P ‘): 


and after equating Lhe expressions for Al, and Af,, we finally 
obtain 
M,= “'L. (126) 
vd 
Wherefore, lhe torque on the driven shaft ts equal to the torque 
on the driving shaft divided by the speed rato t,, between them. 

It is simple to prove that Eq. (126) similarly applies lo any 
number of paus of sheaves. 

Assume that the fust driving sheave of diameter D, (Fig. 
183) makes one revolution. Eq. (124) shows that this would 
cause the last driven sheave of «ameter Dg, on shalt 0, to execute 
in. = lealaelas Tevolutions. The work done by forces 8S, and 
S, on the driving sheave will be W, - (S,—S,)zD, = P,xD,. 

The work done on the driven sheave D, at the same time by 
forces 8, and 8, willbe W, = (S} -- S2)7Dotay = PyADeler's,0l4,3° 

And since W, = W,, we obtain P,D, -— 14Dei,,,, trom which 


Masta A. (127) 


Tan Liitatas 





Wherefore, the torque on the last driven shaft is equal to the moment 
on the first driving shaft dwided by the total speed ratio between 
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them, or, in olher words, by the product of all the individual speed 
raltos. 

Eqs (126) and (127) do not take into account the loss due 
to Marmful resistance in the drive. Such resistance reduces the 
mechanical energy imparted to the driven shaft, and conse- 
quently decreases the torque and effective pull. If these losses 
are taken into account, Eq. (126) becomes 

M,= ™' », (128) 
vt 
in which 7 is Lhe efficiency of Lransmussion. 

For belt transmission the value of 4 tanyes lrom 0.94 to 
0.985. 

e 

Oral I’zercises 

1. If the speed ratio 4, 7 1, whal can be said of the torque on the 
ae shatl — will it be giealer or less than the torque on the driving 
shaft 

2. Answer Question 1a i,, + 1. 

INustrative Problem 78. If the clectric motor in Mlastrattve Problem 
77 transmils @ower N = 74 kw, find the torque on shaft O, and the 
effeclive pull on sheave 2),. 

Solution: If the moloir power A 7.4 hw - 7.4 ° 1.362310 hp 
and if 2 = 1,500 1pm, the torque in the diivings shaft wall be, according 
to Icq. (83), ; 

br a 0 . 
Mi - 716.2 1,000 4.775 hg-m. 

By applymy Eq. (127) we obtain the torque on shalt O,: 

$2) 
ie 1.775: — 35.812 hg-m 


Me= 13 


and the cffective pull P, on sheave D, will be 
2M, 2+ 35,812 


ee 76 bY . 
Dy 400 ee 


P, - 
154. Belt Transmission with Variable ‘Speed 
Ratios 


It is irequently necessary that a driving shaft, rolaling at a 
constant speed, transmil varying speeds to the driven (follower) 
shaft. One*of the widely applied melhods to achieve this is the 
use of stepped pulleys. 

Let us fix two stepped pulleys, with sleps of different diameters, 
opposite cach other on the diiving shaft J and the driven shaft 
II as shown in Fig. 184. With this arrangement the helt can be 
shifted so as to run on any pair of steps d, and D,, d, and D,, 


etc. In this way different speed ratios are oblained: t,, = 5+» 
1 


> etc. 
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There will be as many specd ratios as there are steps on the 
pulley. It is readily understood that for a drive of this kind the 
belt must be the same length no matter which of the paired 
pulleys it runs on. To achieve this, the following equation fiust 
hold true: 


dc Dy Sap De i deh De (129) 


Wherefore, the stum of the diameters of the sleps opposite each 
other must be lhe same in all cases. 


i-Driver 





Tig. 184 lig. 1806 


Let 7 represent the 1pm ot the dmving shaft. With the use 
of five-slep pulleys we can transmil five different speeds to the 
driven shaft, as follows 


= d, ra d _ a, _ 4a, 
PE ye, EEN pg Ie yaa 
ds 
and Ns -- D, 


But it must be understood thal an unlimiled variation of 
speeds cannot be oblained belween n, and n,. In olher words, 
the speed variations imparted to the driven shaft will differ 
sharply from each other instead of being gradual. Other methods 
are used to shift speeds gradually. Fig. 185 illustrates one such 
method. 

We connect the belt to two frusta-cone drums arranged in 
opposite directions and with base diameters of D,-and D,. When 
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the belt is at the extreme left, the speed ratio will be i,, = pu 
2 
while when at the extreme right it will be i,, = -p-: Thereby, 
1 
the sfeed ratio may be made to range anywhere from 


ly = De to ley = D, 
A variant of this method is to make the drums with curved 
sides instead of the straight-lined frusta-cone. 
There are also other metheds of achieving infinitely-variable 
specds in transmitting rotational motion between parallel shafts. 


155. Transmission with a Belt Tightener 


Very often the distance between the driving and driven sheaves 
of a machine is made as small as possible so as Lo decrease the 
general size of the machine. But this has a had elleet on the 
belt drive inasmuch as il leads lo a decrease in the are of contact 
on the smaller sheave (usually the driver), and which, in its 
turn, results in slip. 

The are of gontact of the smaller sheave is decreased also 
because of the increase in the transmission number. 

For satisfactory operaticn, the ordinary belt drive must have 
a transmission number of not more than 3 (in exceptional cases 
it may be 5), but often the rpm must be slowed down to less than 
one third. This has resulted in the introduction of drives with 
helt tighteners. 

Assume shaft Q, in Fig. 186 to be the driver and shaft O, the 
follower. With rotation in the direction shown, segment 4x of the 
belt will be the taut side, and / will be the slack segment. An 
idler-pulley AY is car- 
ried on arm A of a bent 
lever, and to arm 2 of 
the same lever a weight 
N is fixed. ‘The lever 
balances freely on its 
axis QO. Since the centre 
of gravity of the lever 
is situated to the right 
of axis O, the arm B of Fig. 186 
the lever is pulled tlock- 
wise and the idler-pulley presses against L and tighlens it. 

It can be seen thal the idler-pullcy increases lhe arc of contact 
on both sheaves and reduces slip. Load N can he shifted to any 
position on the arm of the lever to regulate the tautness of L 
as desired. The use of the belt tightencrhas another advantage: 
ordinarily, any belt will stretch with use and must be often short- 
ened. But the employment of a belt tightener makes this unnec- 
essary because tautness is kept uniform in the belt. 
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But the greatest advantage of a transmission with a belt 
tightener, as compared to an ordinary belt transmission, is that 
it allows an increase in the transmission number (up to ten and 
sometimes even more) and at lhe same time keeps the®whole 
drive compact. Belt tighteners are designed in various ways. 
Axis O of the lever is often made to coincide wilh the feometrical 
axis of shaft 0,; this is better {o a certain exlent. In small power 
transmission a spring is often used in place of the weight N. 


156, Flat and V-Shaped Belts 


Belting is mace of different materials and vanied cross-sections— 
either flat or V-shaped. Inasmuch as belting is subject to tension 
it is made in different thicknesses  single- ply and doubleSply — 
depending on the effective pull 
it must undergo. 

Single-ply leather bells are 
made of strips of leather glued 
logether into a continuous 


=———————————— oS) sooo 


Glued joint length (lig. 18@) and ranging 
hs from 3.0 mm to 5.5 mm in 
Vig. 187 thickness and as much as 300 mm 


in width. If calculations show 
that single-ply belting will not be strong enough, double-ply 
is used. This consists of two layers of sinale- -ply belting either 
glued, or sewn and glued, along ils entire length. 
At the present time, flat textile bells, impregnated with 
rubber, are in wide use. They are made of different kinds of 
fibres (cotton or wool). 





Fig. 188 Fig. 189 


Three methods are used to faslen the ends of flat belts: gluing, 
lacing, or metal connections. The ends of a leather belt arc scarfed 
for a length of 100-200 mm and when put on the sheaves must 
be placed as shown in I‘ig. 188, in which the Ictters ab mark 
the glued joint. For textile belts impregnated _ rubber, the 
joint is cut with a step. 
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V-belts, which occupy a special place in transmission, consist 
of one or several bands of trapesoidal section (I*ig. 189) and are 
used instead of flat belts. Cross-sectional area varies, depending 
on “he dimensions a and h; the smallest dimensions are 10 and 
6 mm, and the largest 50 and 30 mm, respectively. V-belt drives 
are used when centre distance between shatts is short and trans- 
mission numbers are large. 


157. Chain Transmission 


Chain transmission is a special variation of Ute pliant connector; 
the bell is replaced by a chain whose bnks mesh with the teeth 
of a sprocket wheel, prevent slipping, and ensure 
a constant speed raho. Chaims are used for 
high transmission numbers (up to 15) and can 
imparl as_rauch as 5,000 hp. They are mostly 








Fig. 190 Tig. 101 lig. 192 


used when the distancebelween centres is short. But they are 
also emploved when the centre distance is as much as 8 m. 

Various types of construction are used for the chains, depend- 
ing on their inlended function. Fig. 190 shows a {ype of roller 
chain. The drawing shows that the chain consists of {lat pin- 
connected links A and rollers B. The rollers are freely mounted 
on bushings and when the drive is in operation they mesh with 
the teeth of tbe sprocket wheel (I*ig. 101). Double- and multiple- 
width chains of this kind are used tor heavy-duty transmission. 

The toothed chain shown in Fig. 192 is’ an improved type 
which works very smoothly and makes great speeds possible. 
It is also called the noiseless chain. 

The possibility of regulating tautness is also incorporated into 
the construction of chain drives by means of tightening-pulleys 
and other devices. 


158. Friction Transmission Between Parallel Shafts 


The belt drives we have sLudied thus far utilise friction between 
the belt and the rim of the sheave. But the force of friction can 
act directly without recourse to a pliant connector if the cont- 
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acting parts are pressed to each other with sufficient force, 
resulting in a friction transmission. 

Fig. 193 represents two smooth cylindrical rollers fixed to 
parallel shatts O, and O,. If two equal and opposite forces Q tind 
Q’ are applied to the shaft centres, they will cause friction between 
the surfaces of the rollers, the magnitude of which wil? depend 
on the amount of applied pressure, the material of which the 
rollers are made, and the condition of their surfaces. This friction 
contact will cause the driven shaft to revolve. If friction is in- 
sufficient to overcome the resistance of the driven shaft, the 
cylinders will slip against each other. Accordingly, if the drive 
is to work satisfactorily, it must be so built as to create the 





Fig. 193 Fig. 194 


greatest amount of iriclion. Various materials are used in the 
construction of the rims: both may be of cast iron or one may 
be of cast iron or stecl while the other of ‘‘textolite’’, etc. 
Fig. 194 shows a pair of friclion wheels of which the smaller is 
mace of leather rings compressed longitudinally by means of 
two washers. 

When there is no slip, the peripheral speed of both drums 
will be alike. Ilence in this case Eqs (121) and (122), which were 
evolved for drives with pliant connectors, are fully applicable 
without reservation, 

Eq. (129), in which AJ, is the torque on the driving shaft 
and t,, is the speed ratio between the two shafts, is also appli- 
cable. 

Friclion rims can likewise operate without being in immediate 
contact with each other. For instance, rotation can be transmitted 
through a steel or leather ring pressed between the two rims 
(Fig. 195). 


IHustrative Problem 79. Powcr N = 1.5 hp is transmitted by shaft 
O, to shaft O, (lig. 195). The diameter of the driving wheel, which attains 
n, = 2006 rpm, is D, = 400 mmm. Both rollers are of cast iron (coefficient 
of friction { = 0.15). 
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Find the diamcter D, of the driven whecl if it must attain n, = 
= 1,000 rpm, the required pressure Q, and the torque on the driven shaft. 
Salution: through Eq. Sean we find the diameter of the driven whcel: 
D, 200 
Dena = = 400 7460 

To determine force Q, Aah i effective pull P transmitted by the 
wheels must be evolved; to find this, we must calculate the torque. 

From Eq. (84) we oblain the torque on the driving shaft: 


= 80 mm. 


N 1.5 ni 
ts 71,620 sins = 037.15 kg-cm. 





Hence the effective pull 


M, 2M, — 1,074.3 — 
ee ee = 20.80 Kg. 


R, b> *-40 





Vig. 195 
Pressure Q is determined through the equation P = /Q, from which 
P 26.86 een 


It should be noted that 180 kg is the minimum possible pressure. 
Depending on working conditions, a reserve must be added to Q 
so as to make up for irregularities in the work of the drive. This required 
reserve foree mav be as much as 100%, in which case force Q must be 
twice 180 kg, that is, 360 kg. 

Torque 37. on the driven “shaft can be d-termined in various ways: 

a) since effective pull Is alike for both wheels when there is no slip, 
we find M. by multiplying the effective pull P by the radius of the 
driven wheel: 

M, =P ze = 26.86 x a = 107.44 kg-cm; 
b) we can obtain the same result by using Eq. (126): 
M, M, 537.15 





= oO SO a 
M, ha Te z 107.43 kg-cm 
ny 
c) finally, we may find the torque through l%q. (84): 


1.5 
M, = 71, 620-2 a= 71,620 x 7,000 = 107.43 eee 


* The negligible aes ancy ot 4.01 kg- cin is caused by” “the jfound 
numbegs used in determining P 
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159. Friction Transmission with a Variable Speed Ratio 


Friction transmission is especially practical when it is employed 
to give the driven shafl variable speeds from a driving*shaft 
revolving at a constant speed. 

Assume that the two cones in Fig. 185 are mounttd one above 
the other on parallel shafts with a small intervening space. 
Instead of a helt we will use a ring on the lower cone. When the 
ring is pinched between the two cones (as shown in Fig. 195) 
the rotation of the diiver will be imparted to the follower. By 
sliding the ring along the length of the cone we can obtain any 
rpm of the driven shaft, ranging fr Stony ot 

pm of the driven shaft, ranging from n, >> to ny 3 

Fig, 196 represents another type of intinitely-variable fric- 
tion transmission between parallel shafts. Assume shaft I to 
be the driver and shaft J/ the follower. Dises .4, and A, are 
fixed to the ends of the shalts. Between the dises there is an 
idler-pulley 2B which ean he moved along the shail on which 
iL is mounted and Llaslened tn the position required. Assume that 
shaft J executes nm, rpm. Tf there is no shp betayeen the discs 
and the pulley, the peripheral speed of the pulley (when il is in 
the position shown in the drawing) will be equal to the speed of 
any point on dise A, lymy on a circle with a radius of FR’; that is, 
its penpheral speed 


mm/sec. 


27R'n, 
a a 


60 


The same speed will be allained on disc A, at any point lying 
on a circle with radius R’; this speed, at mn, rpm of the cise, 


will be 


27R'n 


D, == =z ~:~ IMm/scc. 
Since v, = v2, then 
2rh'n Qrh'n 
“60° 00 


or Rin, = [’n, from which 
re see R’ 
417 ny, ORY 
Thus we see that the speed ratio is equal to the inverse ratio 
of the distance of the middle section of the pulley from the 
geometrical axes of the shafts. The greatest possible speed ratio 
tg, 1s “, while the smallest possible is ie: With the aid of 
2 2 
this mechanism it is possible to obtain any speed of the driven 
shaft, ranging from n, 3,- to nm —. 
2 2 
It is easy to understand that the driven shaft will rotate in 
the same direction as the driver. 
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Assume that Fig. 197 represents two pairs of frusta-cones 
A, and A,, and B, and £8, fixed to driving shaft J and driven 
shaft II, respectively. The cones are mounted in sliding key- 
ways “ind the distance between cach pair can he adjusled by 
a special device. Both pairs of cones arc in contact with a steel 
ring C (shown in cross-section). The driving cones, when pressed 
to the ring, will make il rotate through friction and the ring 
will transmit the rotation fo the driven cones and through them 
to the driven shaft JZ. Whe. the ring is in the posilion shown 
in the drawing, the 
speed ratio 

oR, 
41 R, 





Fig. 196 Vig. 197 Tig. 198 


If the cones on the driving shall are moved further apart 
and the second pair of cones moved closer together, radius R, 
will decrease and radius /% will increase and the speed ratio 
will diminish correspondingly. In this way, within certain lim- 
its we can obtain any rpm on the driven shaft although the 
driving shafl is rotating al a constant speed*. 

Sometimes it is required thal the rpm. transmilled by the 
driving shafl to another shalt on the same axis, be changed. 
Such a transmission is shown schematically in Fig. 198: driving 
shaft J transmits rotation at variable speeds to shail JJ, lying 
on the same axis. Two [riction cones A and 2B with concave 
Sides are fastened to the shafts. Two rollers C and D are clamped 
between the’ sides of the cones. The driving cone A transmits 
rotation to the driven cone B by means of these rollers which 
rotate about their axes. The shafts on which Lhe rollers are mount- 
ed can be adzusted to any required angle with respect to 0, 
and O,, contact between the rollers and the cones taking place 
along circles of different radii on the side surfaces A and B 


. * Transmissions of this construction are also made with special 
kinds of V-belts, chains, etc. in place of the ring. 


221 


and with a corresponding change in speed ratio. The speed ratio 
for the position of the rollers, as shown in the drawing, is 
oD 
21 — Dy 
The above are various’ examples of friction trafismission in 
mechanisms used for infinitely-variahle speeds of rotation and 
are called friction speed varialors. They are widely used, ae 
ularly in machine tools. 


Oral: Exercises 


1. Does the speed ratio of the drives shown in Figs. 195 and 197 
depend on the diameter of the ring? 

2. Does the speed ratio of the drive in Fig. 196 depend on the dia- 
meter of the roller /3? 

3. In whal direction docs the driven cone rotale in relation to the 
driving cone represented in Tig. 198? 


160. Spur Gears 


If we take a cylinder and cut regularly-shapyd grooves at 
equal distances from each other around its surface, we shall have 
a spur gear. 





Fig. 199 


If we put two such gears together so that the teeth of one mesh 
into the spaces of the teeth of the other and mount both on 
shafts O, and 0, (Fig. 199) rotating in stationary bearings, one 
of them, the driver, will put into motion the second, the follow- 
er. In this instance the teeth are cut on the external surfaces 
of the cylinders; such gears are called exiernal years, as distin- 
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guished from internal gears, such as shown in Fig. 200, where 
the teeth on gear J mesh with gear I{ whose teeth are on the 
internal surface of the cylinder. 

hen these gears rotate, it is as if two cirefés with centres 
O, and O, are rolling against each other wilhout slipping and always 
coming into contact at a cer- 
tain point P lying on the line 
of centres O, and O,. These 
circles bear the name of pilch 
circles and correspond with the 
circumferences ol the friction 
wheels already shown in Fig. 
193. They differ from the latter, 
however, in that ihere may 
occur a slip bet ween the friction 
wheels, whereas there can he no 
slipping along the pitch circles 
of spur gears since the teeth 
prevent it. From ‘this it is clear 
that toolhe® gearing is more 
dependable when torque ts greal 
and the spced ratio must be 
maintained with precision. Fig. 200 





161. Speed Ratio and the Transmission Number 
of Toothed Gears 


Since there is no sipping belween pileh circles when toothed 
gears rolate. we may therefore apply the same principles in 
determining their speed ratio as for finding the speed ratio of 
a belt or friclion drive and thereby obtain the same Iéq. (122): 


i BY 2 Se 
21 ny D. 


in which, in the given case, , an! D, correspondingly represent 
the diameters of the pitch circles of the driver and lollower gears. 

It is clear that diameters J), and D, must be known to deter- 
mine the speed ratio. But pilch circles are not visible on gears 
and it would be very intricate to measure their diameters. Ilence 
the formula must take a different form. 

Since the teeth of the gear are arranged round ils circumference 
at equal distances, these distances correspond to the arc of the 
pitch circle stretching from a point on one tooth to a correspond- 
ing point on the next tooth, or (which is the same), from the 
cehtre or edge of one tooth to the centre or edge of the next. 
This distance is called the tooth pitch and is designated by the 
letter ¢ (Fig. 199). Obviously gears thal mcsh must have the 
same pitch. The tooth pitch is equal to the length of the pitch 
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circle divided by the number of teeth. Thus by denoting the 

number of teeth as z, we obtain 
ee aD 

ee 


By equating the looth pitch of the driving gear and the tooth 
pitch of the driven gear, we evolve 
wD, wD D, __2z 
—'=—' , o == —t (130) 


Zz, 5 D, % 
whereupon the said Eq. (122) becomes 


n z 2D, 


i,,7— —~- = 
2] n, 


3 OD. (131) 


Wherefore (he speed ratio of a pair of gears ts inversely equal lo 
the ratio of the number of their teeth, or, which ts the same thing, 
inversely equal lo the ratio of the diameters of their pitch circles. 

This applies both to external and internal gears, the only 
difference being that in external gears the driver and lollower 
rotate in opposile directions, whereas in internal gar they ro- 
tate in one direction. 


162. Kinematics of Drives Possessing 
More than One Pair of Gears 


We will henceforth schematically represent a gear by a circle 
correspon(ling to ils pitch circle (Fig. 201), and the letter denot- 
ing the gear will also denote the number ot its teeth. If the gear 

is fixed immovably to the 
shatt, we shall mark its rim 
wilh a cross (tig. 201a). 
Gears need not necessarily 
heimmovabhlv fixed tothe shaft; 
x they are often mounted on a 
key which moves in a keywav 
in the shaft, or the gear may 
be moved along a spline fastened 


a) 4) to the shaft. In hoth such 
cases the gear rotates with 
Fig. 201 the shaft but can he fixed 


at any point along its length*. 

The conventional indication for this method of mounting is 
shown in Fig. 2010. 

Fig. 202 represents a train of gears, from z, to z, in which z, 

is the driver. For conventional brevity we shall put a sign x be- 


* This method of fastening gears to shafts is frequently met with 
in machine tools. 


224 


tween the letters representing gears that are meshed “together, 
and along dash — hetween those representing gears on one shaft 
or on a common bushing Accordingly, the chain of gears shown 
in Fig? 202 may be written schematically in the following way: 


2, X 2, —-- 23 & % — 2, XK 2y- 


Assume that the driver z,, attached to shaft 0,, makes n, 
revolutions per minnte and it 1s necessary to find the rpm ng 
of the last dmven gear 2, 


Ze 





23 2 


Tig 202 


We obtain the rpm of shaft O, through Eq (131) 


a ° _ ni, 
SP eae Le ae ea 


On examining shaft O; we see that it 1eceives rotation by 
means of gears z, and z, of which the fust is a driver. Their 
speed ratio, therefore, 1s ty, = =, and the rpm of shaft O, 1s 

4 


BR ae OR ale, Sad Z, 
fg = Mites = bila = hy oR 


Gear z, receives rotation from gear z,, their speed ratio 1s 
43 = 2. and the rpm of shaft O, 1s 


ee err a _ mr) 2y U, 8s 
Ng = Nglag = Mlayls lag = Ny z, x % rr (132) 
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The quotient obtained by dividing the rpm n, of the last driven 
shaft O, by the rpm n, of the first driving shaft will be the ¢o- 
tal speed ratio t,,; hence it will be 


lyn = teats alas: (133) 

According to our line of reasoning it is therefore apparent 
that Eqs (132) and (133) can be applied to any number of pairs 
of gears. 

Wherefore, the total speed ralto is equal to the product of the 
indwidual speed ratios of all the patrs of gears in the train. 

But it must be noted that the direchon of rotation of the 
last driven gear is Lo be taken into account: for it is clear Lhat 
if there is an even number of axes between the first driver and 
the last driven gear, the former and the latter will rotate in 
opposite directions; and if there 1s an odd number of axes be- 
tween the said exlteimes, they will rotate in the same direction. 
In the train of gears we have just considered there are two in- 
termediary pairs of gears (z,2; and z,z;), therelore gear Zz, ro- 
lates in the opposite direclion to driver gear Zz. 

A comparison of the above equations with qs (123) and 
(124) will show that the kinematics of toothed gears and of 
drives with pliant conneclors are alike. ‘That whieh was said 
in Sec. 152 concerning the arangement of the driver and the driv- 
en wheels also applies to the lrains of gears we have just con- 
sidered. 


+ 
Oral Exercises 


1. If we reverse the placcs of gears z, and z, will il change the rpm 
of shail O, shown in Jag. 202? Wailbat change the rpm of shaft O,? 

2. Will Lhe rpm of shall O, he changed if z, and z, are each increased 
m limes; or if z, is incieased m times and z, is decreased by the same 
amout; or if z, and z are cach increased m lines? 


INustrative Problem 80. ‘The train of gears shown in Fig. 202 consists 
of a gear possessing z, = 20 teeth mounted on driving shalt O,, and of 
five other gears whose number of tecth are z, = 
= 50, z, = 30,2, = 60, z, = 25, and z = 100. What 
are the rpm 7, and n, of shalts O, and Q,, if nm, is 
equal to 1,500 rpm? 


Solution: 
ny =n, 7% = 1,500 x eae = 300 rpm 
and Eb 
22,25 20 x 30 x 25 _ 
Pag OO A Tyas 100 





a F Mustrative Problem 81. The driving gear on shaft I 

Fig. 203 in Jig. 203 posscsses z, = 14 tecth. The number of 

tecth on the oLher gcars is 2, = 70,2, = 15, and z, = 

= 45. If the driver shatLaltains n, = 750rpm, whaLare the rpm of shalt 111? 
Zz 14 x 15 


Solution: n,= 7, ey = 750 x 0x45 = 50 rpm. 
2a 
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163. Statics of Toothed-Gear Transmission 


Now let us determine the relationship between torque and 
effecétve pull in parallel-shafl gear drives, just as we did for 
drives with.pliant connectors. 

Assume that shaft O, transmits rolation to shaft 0, (Fig. 204) 
according to the scheme z, X z, — 73 ¥ z,. Let us find the torque 
on shaft O, if the torque on shaft 0,15 47,. By denoling the pilch- 
circle diameter of the gear on this shalt as D,, we obtain the 
elfective pull P, of ts pitch 
circle as 


—_ MV, 2A, : 
: PS R, ~ D, 

This cffective pull will be 
transmitted to the teeth of the 
driven gear z. [lence the torque 
on shaft 0, 





Do 
M,=)P, ‘y= 
mmc) eee ee Dy Fig 20t 
D, ) nas ae | pie 


while the elfective pull P, on the piteh circle of the second driver 
gear z, will be equal to the torque M, divided by the radius 
ot the gear, 1. e., 
211 D 1 
—_ i 9 2 . 
Pr= yy, = AA Dt X p, 
_The same effective pull is trausinitted to gear z, of pilch- 
circle diameter D,. ‘Lherefore the torque on shaft Og 


Dp Dy ap D D, 


Ms = 2M, py X on, 1p, * py’ 


From the above Eq. (131) 1t follows thal the diameters of 
two meshing gears are proportional to the number of their 


teeth, i.e., Z = #2 and ms =, from which we finally obtain 
1 1 3 3 


M, = M, = x 3 (134) 


2% ss ; 
But + is inversely equal to the speed ratio ty. 
148 


Therefore 
Moa Mi, (135) 


yy 


in which M, is the torque of the first driver, M/, is the torque 
of the last driven shaft, and 1,, is the speed ratio. 
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Wherefore, the torque on the driven shaft of a gear drive is equal 
to the torque on the driving shaft divided by the speed ratio. 

If we take harmful resistance into account, we must include 
the efficiency of the drive in the equation. Accordingly, “t be~ 
comes * 


M,=-— n. (136) 


The efficiency will depend on the workmanship of the teeth, 
shafts, and hearings in which the shafts rotate. Loss due to 
friction hetween well-meshed 
teeth is not more than 1 per 
cent. * 


Illustrative Problem 82. Fig. 
205 represents the kinematic 
scheme of a winch with a hand 
crank. Shaft J is rotated by 
crank A. There are two gears 
on this shalt, z, = 12andz, = 
= 22. A block of two gears z, = 
= 36 and z, = &8 is key-mount- 
ed on shatt JZ; z, can mesh 
with z, and z, with z, Gear 
z, = 12 meshes with the big 
gear z, = 72 on shaft IJJ which 
carries (he drum J} upon which 
the rope is wound. The drum can 
be rolated by cither of two 
schemes: shaiLJ] - 2, “2 - 2% xX %4- A;orl—2, x %—% xX m4 — B. 

Deternune the following when the winch is working according to the 
first scheme: a) Lhe elleelive pull P that must be apphed to crank A to 
raise, wilh the aid of a fixed pulley, a load G = 0.6 tons; b) the 
speed v at which Lhe load will rise it the crank is turned at the rate of 
n, = 25 rpm; ce) the power cxpended on the crank ({he arm of the crank 
a = 300 mm, the diameter of the drum d = 200 mm, and Lhe efficiency 
of the winch 7 — 0.9). 


Solutton: 1. Accoiding to Eq. (136) the torque on shaft III 
M, 


tay 





M,= 


my + 


whence the torque on shalt J M, =Pa =P x 0.3 = 0.3 P kg-m; 
Z, zz, 12 12 1 


= otx =]. x= 


Zs 30 72° 18 . 
, ; F 0.3P 
and 7 = 0.9. By restating the equation, we obtain M,; = —T * 0.9. 
18 


But on the other hand, Af, = 64 = 600~x oa = 60 kg-m. Fence, 


60 = 0.3 x 18 x 0.9 P, from which the effective pull P = 12.3 kg. 
2. If the crank attains n, = 25 rpm, shaft III willreceive ny = 2,lj,) = 
2 


: 
7 rpm, and the speed at which the load is raised will be equal to 


the peripheral speed of the drun, Le., 
ndn, w0.2 x 25 
0 


v= Fo m/sec = exis = 0.015 m/see & 15 mm /see. 


3. The power expended, as found by Faq. (82), is N = = » in which 


P is the force applied to the crank and p is the linear velocity of a point 
on the crank describing a circle of 1adius a and which 1s equal to 


__ 27an, —_ 70.307 25 
; 60 x 1,000 ~~ 3000” 
; _ 12.57% 03 25 
Accordingly, N = "39 3.95 O13 Ip. 
ta 
s 164, Idler Gears 


Fig. 206 represents three inlermeshing gears 7, z,, and 2, 
the former being the driver. Let us determine the speed ratio 
between shafts QO, and 0,. 


The speed ratio between 


shafls O, and O, Z2 Z3 
® 
fay, 
In comparing shalts 0, and Y\ 


Og, we see that of the mauling 
pair of gears 2, and 24, the form. 
er is the driver and the speed * 


ralio 
eyo, POE 
nee Fig. 206 
3,207 Z, 
Consequently, the total speed ratio 
° . ° Zz ” zg 
Iya SH bails, >» = K i. 
- = of) z; 


Thus we see that the speed ratio between shafts 0, and 0, 
does not depend on the number of tecth in year z, on the middle 
shaft 0,. Elence z, is known as an idler gear. By comparing it 
with the other two, we lind that it is simultaneously a follower 
with respect to gear z, and a driver in relation to gear z,. This 
is the distinguishing feature of an idler gear. Whether a gear 
is an idler or a working gear depends, of course, on the role it 
plays in a given chain ot gears. . 

Idler gears are used in two instances. In the first place, if 
motion is to be transmitted between two shaits spaced so far 
apart that the gears would have to he made very large, one 
or more idlers are used. With their aid rotation can be transmit- 
ted through any intervening distance irrespective of the diame- 
ters of the working gears. In the second place, when gears 2, 
and z, mesh together directly, their shafts will turn in opposite 
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directions. But if an idler gear is used between them, the driven 
gear will rotate in the sume direction as the driver. According- 
ly, in the second instance idler gears are used when it is neces- 
sary to change the direction of rotation of the driven gear. 
It therefore follows that an idler gear is a gear which simulla- 
neously meshes with two other gears, and is a follower in relation 
to one of the gears and a driver with respect to the other. An idler 
gear does not change the speed ratio between the other two gears, 
but it does change the direction of rotation of the driven gear. 


Oral Frercises 


1. Tis neecssary for shaft O, in Fig. 206 to transmil rotation to shaft 
O, ina direction opposite lo its own. Gears cz, and z, do not mesh with 
each olher. Flow many idier gears will be needed? : 

2. Will the speed tatio ¢,, (ig 206) clraange if gears 7, and z, or Zz, 
and z, are inlerchangcd? 


Wustrative Problem 83. Vig. 207 represents a train of gears in which 
Shatt O, tLransmils polation to shalt O, in the following way: a plate 
and its handle ct turn frecly on shaft O,. ‘The plate carries, on pins O, 
and O,, two gears 2 and 2, whieh ate in constant mesh with each other. 
Zz, ts also constantly mp oimesh wilh gear cy, on shall Oy Waen the mecha- 
nism is in) the position shown in the drawing, rotation from shaft O, is 
not transmitted because z, is nol in sesh with any of the other gears. 
If we pull the handle A in the direction of arrow /, gear z, will mesh 
wilh the diuiving gear z, and the mechanism will work according Lo 
scheme 2, 7 £2 Z, Lolation of the driven shaft will be in Lhe direc- 


‘ 


tion of arrow J’. 
2s 2z 








Fig. 207 Fig. 208 


If we pull the handle A in the direction of arrow 2, the driving gear 
c, will be in mesh with gear z, and the mechanism will work according 
to scheme z, xX Zz, X Z \ 24; gear z, Will rolale in the direction of arrow 
2’ (opposite to that in (he lirsL example). We thus see that in the first 


case there is one idicr ‘gear and (he speed ratio i,,, = tt ; while in the 
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second case, with two idler gears the spced ratio 1, = = but rotation 
ig in the opposite dicction This arrangement ts calcd aQ reversing 
mechargsm and 1s used in thicad culling lathes to reverse the direction 
of the carriage and also to discngage it fiom the transnussion. 


INustrative Problem 84. In the tram of gcars dlustrated in Fig 208, 
the driving gcar z, tiadusmits rotation fo thiee gears 24, 2%, and 2,9 In 
accordance with the following schemes 1) 2z, a Z x 2%, 2) 2, X 
x2 xX Zs %y rm XZ, 3 2, = os. ° z Ig X 2% lind 
the rpm of shails 0, 0,, and O if the rpm of shalt O, cquals ny. 

Solution 1 [he rpm of shift O 


n=, as, 
“~~ 
2 The rpnr of shift Og 
Ng - 0, ay (gous zs and ~ uc idl 1s) 
aes || 
3 Jhe rpm of shail O, 
ZZ ze 


n— ny, 


22” 


(ear Zz ois am adder) 


® 
165. Spur-Gear Ditlerential Wechanisms 


In the gear treusmissions we hove thus fat investigated all 
the component gears rolate about fxecd axes and motion 1s 
transimticd by one drivct \ more complex drive shall now be 
examined 

In fag 209, representing such a mechanism, (he pau of gears 
aAoand 4 ate mountcd as follows gear $ 1revoelycs around the 
fired axis O,, while uound the same ais bul mmdcpendent of gear 
A, an arm B (cilled a spider) may turn in atha dnrechion., To 
arm #3 gear J 1s mounted on a pin (avis O ) around which il freely 
lurns and simultancously meshes wilh goat 4 





Tig 209 


Thus the rotation of gear J. 1s a combination of {wo rotations. 
it rotales together with arm B and it also rotates in relation to 
arm 8. This arrangement allows us to select the number of 
revolutions of gear A and arm B, the direction of rotation of 
each of them and the number of tecth on A and K, thus obtaining 
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any desired rpm and anv direction of rotation of the driven 
gear K. Such a mechanism, which can combine several! independ- 
ent motions, is called a differential. , 

The above described differential is the simplest tvpe A more 
complex mechanism of this kind is shown schematically in Fig. 
210. Gear A, which is part of bushing E, receives rotation from 
one source, while shaft / which receives rotation from a second 
source turns freely within bushing /:. Fasltened to the left end 
of shaft J is crank B on the end of which is a bushing and in 
which shaft JJ rolales. Gears Cand PD are fixed to either end of 
shaft IJ. C meshes with gear A, and Dmeshes with gear K which 
is on a separate shatl JIJ whose axis coincides with shaft I. 
When shaft / rotales, gear C rolls around gear A and rotation 
of the desired speed and direction is transmilted through ‘gears 
D and K to shalt 2//. The intermediate gears C and D are called 
planelary gears. Gears A and &, around which the planetary gears 
roll, are known as solar or eentral gears. 

There is a variation of [his mechanism: gear A does not revolve, 
whereupon rolalion is liansmilted to shall J/2 from shaf! / alone. 
This type of transmission 15 called a planetary gasr train, 

The ability of these mechanisms to transmul rolalion from a 
number of sources, the possibilty of their adjustment to obtain 
very low speed ratios as well as rotation in any direction, and 
ee their compactness, has brought them into wide use in machine 
tools. 

In the above examples the central and planctary gears are 
external, bul similar drives can also be arranged wilh internal 
gears. 


166. The Geometry of Toothed Gearing 


To express the pitch-cirele dtameler D in relation to the tooth 
pitch ¢ we use Iéq. (180): 


from which 
D=-= 2. (137) 


Accordingly, the distance A between axes O, and O, of the 
two meshing gears, as shown in Fig. 199, is: 
D,+D { 7, +2 
Arig) Te, Se (138) 


1 7 





A—0O,0 = 


But when this centre distance is expressed through the incom- 
mensurable quantity 2, it cannot be calculated exactly and the 
fraction obtained is clumsy and inconvenient for practical use. 
Nevertheless, this measurement must be obtained with great 
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precision when assembling a gear mechanism. For this reason 
a quantity called the module, expressing the relationship of the 
tooth pitch to 2 has been introduced. Since the tooth pitch is 
expfessed in millimetres, whereas 2 ms an abstract quantity, the 
module is therefore also expressed in mullimetres and denoled 
by the letter m Accordingly, 







t 
m= — mm (139) Tooth profile 


and the tooth pitch 
{= am mm. (140) 


y adopting this quantity, 
Eq (137) offers the following 


expression {oi the chameter of bs 
the pilch circle i ee eo ES g 
D ~— inz, (141) | 


that 1s, the diameter of the pitch 
cucle in g@rs, erpiosscd in 
millimetres, is equal to the 
module multtplud by the aumber 
of teetn 


Dedendum circle 


~ Pitch curele 
ee Addendum circle 
From (his 1 simple expression ee ROO EE 
1s evolved for the contre dis- 
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Ai" (142) 
that 15, fhe contre distane ur millimetres ts equal to the mod ale 
multiplied by half the number of tecth of the meshing gears. 

The portion of the tooth, extending beyond the pitch circle 
efgh (Fig 211), 15 called its pornt while the part lying within the 
pitch cndle /Alg is known as the rool And correspondingly, the 
radial distance #’ from the pitch cucle to tie top of the 
point is called the addendum, and the radial distance h” trom the 
pitch cardle to the bottom of (he root 1s called the dedendum. 


These distances, relative to the module, are 
A’ on, and (143) 
hY =12 mM, (144) 
hence the whole height of the tooth h- A’ | h* 22m (145) 


Knowing the addendum of the tooth, then the diameter D, 
of the circle against which the tips of all the teeth le and which 
is called the addendum circle, can be expressed as 


D, = D+ 2K, 
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which, after substituting the values of D and h’ from Eqs (141) 
and (143), becomes 


D, = mz + 2m = m(z -|- 2), @46) 


that is, the diameter of the addendum circle is equal to the module 
multiplied by the number of teeth plus 2. 
We find diameter D, of the dedendum circle in the same way: 


D, — D— 2h" = mz — 2.4 m = m(z— 2.4). (147) 


It is easy to sce from the above that the following relationships 
are oblained for infernal gearing: 


D,= D- 2h' = mz --2m m(z -2) (148) 
and . 
D, D | 2h” - mz4 24m- mz | 24). (149) 


The looth pitch ¢ is measured along the pitch circle and is 
equal lo the (hiekness of the looth s plus the width of the looth space 
Si, in which the thickness of the tooth is equal to the width of 
the tooth space, i.e., 


Ss SS, 0.5 -0.5 2m. (150) 


Besides the gear dimensions indicated above, there is also the 
face width b (.c., the width of the rim of Lhe gear). There is no 
exact standard lor this dimension; it is seleeLed m each individual 
case according to the load to be borne by the tooth. 

In the U.S.S.R. there is an approved slandard of modules 
(see Supplement II[1). 


In the United Slales and Gieal Britain, dtame(ral puch is used instead 
of the module. Diaimetial pitch is expressed in iuehes and is the quotient 
obtained by dividing the number o! teeth in a gear by the diameter of 
the pitch cirele. In other words, 1h may be said that dranvtral puch is the 
ratio of the number of lecth ina gear per inch of us dtameter of puch circle. 

By denoting diametral pitch as p we therctore obtain 


Be el aaa K 
Pp (in inches). (151) 
If D and ¢ be expressed in inches in the equation z = 72 and this 
equation be placed in the above Eq. (151), then , 
_,MD mp, R 
ie 2 = (in inches), (152) 


that is, diametral pitch is equal to m divided by the tooth pitch cxpressed 
in inches. 
To tind the relationship between diametral pitch and module, we 
place D = mz (mm) into Eq. (141) and, bearing in mind that one inch = 
= 25.4 nm, we obtain 


. (153) 
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We thus see that the module is the reciprocal of diametral pitch: 
the larger the one, the smalkr the other. It mav likewise be said that 
as the modul’ increases, the tooth pitch also increases, but with an 
increme in diameltial pitch the tooth pitch decreases. 


Oral Ezercises 


1. Caleulate the tooth pitch tor modules of 2 mm, 5 mm, and 10 mm, 
respectively. 

2 1f é= 15 mm is the resull evolved from calculation of a tooth 
pitch what is the nearest value of the module (hat corresponds to this 
pitch (see Supplement LI1)? 

Mlustrative Problem 85. Calculations show Unat the looth pileh of a 
gear ol z = 60 teeth should be approxnunatcly, but not less than, 15 mm. 
Calculate the ehef elements of the ge. 





Solution: the module me ip 4.7701. By choosing the nearest 


wt 
larg’r modul* as m — 5 unm, we find thal the addendum #! = 5 mm, 
the d-dendum hh’ = 1.2 rs) bonny the hawht ol the tooth l= 11mm. 
The thickness of the Looth and width of Une tooth space are each equal 
to s = 4% = UW.O7me 7.80 mn. The diimetor ol the addendum circle 
De = 5 (60 4 2) — 310 mm. 

Utustrative Kgoblem 86. Find the module of a gear hy making the 
requited measurcinents. 

Solution: we measme the diametcr of the addondum enel: and find 
that it is, for example, 126 mm. Te the number of teeth are, let us say, 
v1 

36, then the module wal be am a“ 35 mm, 

INustrative Problem 87. A acar of z 19 teeth and a module of 4 mm 
is to be made. What must bo the diameter of the tmuishcd blank, and 
the culling depth of Uhe milling machine? 

Solutton: the lathe operator must machine the blank according to 
the diameter ol the addcudum cucte; this inust be De = t (45 + 2) = 


= 188 min. 
The nulling machine opcrator must cul (he tooth spaces to a depth 
equal to the full height of the lecth & 2.2 . 4= 68 mm. 


167. Chief Forms of Spur-Gear Tecth 


In order that a mating pan of gears operale satisfactorily, 
the sides of the leeth on both gears are given precisely the same 
form. The curve ol the side surface of a tooth 1s called its profile 
(Fig. 211). The profile for the teeth of a pair of mating gears 
must be designed so as to 
ensure uniformily of spced A 
ratio for all moments of time. 

The most common curve for P—— 
this profile is the involule curve. oe 
Teeth of this shape are called 


involute teeth. ee 


Gears are also distinguished i) J) 
according to their form along 4) 
the face width, the most com- Fig. 212 
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mon form bejng the stratgh! spur gear shown in Fig. 212a. If the 
lines along the face width are slanting, the gear is called a helical 
gear (Fig. 2125). Often helical gears are cut as shown in Fig. ,212c, 
where each tooth line along the face width is formed of two 
slanting segments meeting at an angle. This type is called a 
herringbone gear. Both helical and herringbone gears result in 
smoother (ransmission, and the herringbone type of teeth lend 
particular strength to the gear. 


168. Intermittent Transmission of Rotation 


In transmilting rotational molion it is sometimes required that 
the conlinuous rotation of Lhe driver shaft be changed to intermit- 
tent rotation of the driven shaft, the Jalter pausing fully a number 
of times during the course of each revolution. One of the mecha- 
nisms used for this purpose is Wie Geneva wheel, a simple type 
of which is shown in Tig. 213. 

The continuously rolaling crank A, which is fixed fast to 
shaft 0,, has a driving pin ) made to fil inlo the radial slots 
C in dise B which is part of shalt Og. As the pin enta@s one of these 
slots, the rolating crank forees dise B to turn unl the pin aban- 
dons the slot. at which moment dise B stops turning and dwells 





in this position. Bul as the crank continues to rotate, the pin 
enters the next slol and again imparts rolation to the disc as 
before. In this way as the centre of the driving pin D describes 
a circle around axis Q, as it rotates, it will successively enter all 
the slots in the dise in a radial direction, first approaching axis 
O, and then receding from it. The number of pauses (periods of 
dwell) made by dise B will depend on the number of slots in the 
disc. It there are three slots, the disc will rotate between each 
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period of dwell through an angie 6 = ne = 120°; if there are 


four slots, it will rotate through an angle p == Es -= 90°, etc. 


Thus, whereas the driver crank A will rotate uniformly, the follow- 
er disc B will turn intermiliently. When the pin first enters a 
slot, the velocity v,) of the centre 
of the pin will be directed towards 
the centre of the dise and the speed 
of the disc will be zero. The uisc 
will subsequently rotate with 
increasing speed till it reaches 
its maximum when the crank 
coitides with the centre line 0,0). 
Then a slowing down will occur, 
reaching a full stop when the 
cranh is in position O,F and the 
pin abandons the slot. 

However, this simple type of 
Geneva whe@ is not entirely 
satisfactory. If for some reason 
the disc should turn ever so slightly afler the pin leaves a 
given slot, all the slots will be thrown out of line with the 
crank, and when (the pin 1s again ready to enter a slot, the 
latter will not be in its desired position and the mechanism will 
break. To prevent this, the mechanism must be constructed 
so that the disc 1s loched in position during each period of 

dwell. 

A mechamsm_ of 
this kind, in which 
the follower shaft O, 

2 makes one fullrevolu- 
tion with six periods 
of dwell equal to six 

OY 0, revoluiions of the 

driver shalt O,, is 

shown in I*ig. 214. 

Disc A and the crank 

‘ are fixed fast to shaft 
Pip ai O,. Disc B has radial 

slots, between which 

it is cut away by ares ed, the radii of which are equal to 
the radius of disc A. Disc A 1s also cut away (arc ab), making 
it possible to clear disc B and rotate unhindered together with 

the crank, as shown in the drawing. As the pin abandons a 

slot in disc 8, the convex side ol disc A slides into one of the 
hollows cd, thereby locking disc B in position. Disc A itself, 
however, continues to rotate, its convex side sliding through the 
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lig 214 





hollow in disc B. This arrangement is used in cinema apparatus, 
in the revetsing mechanisms of machine tools, etc. 

Another type of mechanism for transmitting intermillent 
rotational motion is the ratchet-and-pawl (Fig. 215). A toethed 
wheel A, called a ratchet, is fixed fast to shaft O which is to rotate 
intermitlently. The pawl B turns freely on pin O, of the lever C 
and is pressed lo disc A by a spring (not shown in the drawing). ° 
Lever C is pin-joinled by means of O, to slider & which, in its turn. 
is pin-yointed by means of O, lo Lhe crank D rotaling around the 
fixed axle O,. If the teeth are shaped as shown in the drawing, 
the pawl will be driven into a looth space when the lever C swings 
counter-clockwise and will Lurn the wheel through an arc depend- 
ing upon the amplitude of swing. When the lever swiugs in the 
other direction, the pawl will slide over the teeth of the ratchet 
without causing the latter to move. In order to censure that 
shaft O will dwell absolutely motionless during the given 
moment, a second pawl K, on a fixed axle, is introduced. 
The pin O, can he set to any nosition in the slol of crank 
D for the purpose of regulating Lhe amplitude of swing of lever C. 

Ratchet-and-pawl mechanisms are used a great qgal in machin- 
ery, particularly in planing and other machine tools 


169. Questions for Review 


1. What is the difference between the speed ratios ¢,, and i,,.? 
ay. oe 1 a 
2. If the speed ratio ¢,, - oe what as the transmission number? 


3. The rpm of the diiven shalt in a drive wilh pliant connectors must 
be increased mt times. Whal change must be made in the diameter of 
the driving sheave? In the diameter of the diiven sheave? 

4. Hf it were necessary Lo ae the direction ot rolalion of shaft 
O, in the belt drive shown in Fig. 183 while maintaining Une same direc- 
tion of motion of shaft O,, how should it be done? 

5. If slip is ignored, is here any difference in the speed of the belts 
between shaits O, and O,, O and O,, and O, and O, in Fig. 183, when 
the sheaves are of different diameters? 

. Are the torque and the power on shafts O,, O., Oj, and O, (Fig. 
183) the same? (Neglect harmiul resistance.) 

. If the rpm of the driver are constant, will the speed of Lhe belt 
on the different steps of stepped cones be uniform? 

8. Given two pairs of gears—one external and the other internal. 
The number of teeth on the driver and follower of the first pair are 
each equal to the number of tecth on the corresponding gears of the 
second pair. Whal will be the difference in the rotation of the driven 
shalts? 

9. What rearrangement can be made in a train of several pairs of 
gears without changing the full speed ratio of the Lrain? 

10. How can one tell the difference between an idler gear and a working 
gear in a train of gears? When are idler gears used? 

11. Will the rpm of shafls O, and Os in Fig. 208 change if gears z, 
and z are interchanged? 
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170. Exercises 


87. Fig. 216 shows a belt drive: between shafts 0, and O, 
is smuated shait O,, to which is fixed a sheave of diameter D, 
connected by a belt with Lhe driver sheave D), on one side and 
by another belt with the follower 
sheave D, on the other. What are 
the rpm of the driven shaft 1{ the 
rpm of the driving shait are n. 

88 Shaft O, (lig. 183) executes 
1,500 rpm. Calculate the rpm ol 
shalt O, and also the torque on 
that shaft, if the followme data 
is given: power N 9 22.5 kw, 
diameters of the sheaves J), 
= 300, D,= 150, D,; 200, 
D,- 800, D, ~ 200, and D, - I 
= 250 mm. Fig. 216 

89. Using the same data given 
in Ex. 88, determine the rpm of shaft QO, and the torque of 
that shalt. 

90. Given the rpm of shaft In, - 700 and 800 mm as the 
distance beLween two shalts (Ig. 196) At what distance It, from the 
axis of shaft J must the roller J3 be mounted if shalt IT is to 
attain n, 250 rpm? 








Fig. 217 


91. Shaff J (Fig. 217) transmits rotation to shaft IZ on which 
are fixed gears z, to z, On shalt /, gear 20 shdes in a keyway 
and is permanently meshed with gear zy which rotates on an 
axis fixed to the housing A. By moving this housing along axis 
O, so that it is opposite any one of the gears z, to z and then 
bringing gear Zo nto mesh with it, it is possible to transmit ro- 
tation {rom shaft / to shaft IJ al the required speed ratio. Write 
all the speed ratios that can be obtamed wilh this gear 
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92. In th in of gears shown in Fig. 218 shaft O, transmits 
n, = 150 r 0 shafts O,. O,, and O, Calculate the rpm Ng, 
n, and n, of these shafts if the number of teeth on the gears 
is as follows: z, — 30, z. = 50, z; = 20, z, = 50, z, = 25, z, = 50, 
27 == 20 and z, = 45. 


> 








Fig 219 


93. Calculate the torque on shaft O, in Ex. 92 if the power 
transmitted N = 1.5 hp. 

94. Calculate the rpm of shafts 02, 03. and O, of the mechanism * 
represented schematically in Fig. 219, assuming that shaft 
O, executes n, = 300 rpm. 
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CHAPTER XVII woes 
TRANSMISSION BETWEEN NON-PARALLEL SHAFTS 


171. Transmission of Rotation Between Non-Parallel Shafts 
Through Pliant Connectors 


Now that we have studied the main types of transmissfdn 
for transmitting rotational motion between parallel shafts, 
we Shall investigate transmission of rota- 
tion between non parallel shafts that inter- Follower 
sect at one level and also Lhose that inter- 
sect at a distance. 

Fig. 220 shows a belt transmission be- 
tween Lwo shafts that intersect al a distance 
and form an angle of 90° In this trans- 
mission the centre lines of the belt seg- 
ments advancing upon the pulleys A and 
B must lie approximately in the mid-planes 
of these respective pulleys. Such an arrange- 
ment is classMed as a quarter-lurn lrans- 
mission. Experience shows thal this kind 
of transmission operates properly if the 
segment of Lhe bell receding liom the 
driver forms an angle «& nol grealer Lhan 
approximately 25° to the mid-plane of the 
pulley. This kind of transmission is also 
used between non-parallel shalts that in- 
tersect each other ala distance at an 
angle other than 90°, in which case guide 
pulleys are somctimes used. 





Driver 


z=, 






172. Friction Transmission | 
Between Non-Parallel Shafts 


| 

Transmission between non-parallel shafts ‘ 
can also be accomplished through friction Fig. 220 
gearing, Fig. 221 shows a_ transmission 
of this kind called rolling cones: on the ends of shafts I 
and /I, whcse axes lie in the same plane and intersect al an 
angle at point (Q, are situated two rollers in lhe form of frusta- 
cones. If sufficient friction is created under the action of axial 
forces Q, and Q, the frusta will rotate without slipping. Let us 
see how to determine their speed ratio. ; 

Assume thal at a given moment the two frusta-rollers are in 
contact along line Bh. We shall take any arbitrary point M along 
the line of contact (Fig. 222), where two points on the surfaces 
of the two rollers coincide. The point on the driving roller K 
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lies at a distance of MN, from the axis of rotation If this roller 
executes nm, rpm, the velocity at this point will be, according 
to Eq (54), 
v, — 2xMQN,n,. 
In the same way the velocity of point ZL on the surface of the 
driven roller 
v, 2nMNyn, 
If there is no slip, the vclocilics of the {wo pots will be equal, 
1e, 27MN,n, 27A1N,n, from which the speed ratio 1s 
n 27MIN, MN, 
io, a WN 7 OUIN,” (a) 
Let us denote J), as the diamcler AB of the base of the driv-~ 
ing cone, and d, as Lhe diameter ab of ils apex The tight trian- 





rig 22! Tig 222 


gles OMN,, OBL, and Obf are similar, tiom which it follows that 
MN, BI _ bf 


QW ~ OB ~ Ob ‘ 
Likewise from the similanty of triangles OMN,, OBG, and 
Obg we obtain 
MN _ 1G _ bg 
OW ~~ OB ~ Ob- 
If we devide the first group by the second, we obtain 


MN,_ BF _ of | 
MN, §=6©BG ~ by 
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By equating this epision with the above (a), we evolve 


_ BF _ Of 
@ 2 re) ‘21 BG ~ bg ° 
But BF =8, aid BG = St, while bf = a and bg = 4 , 
whereupon we findlly oblain 
, D, qt, ; 
ina Soph = ge (154) 


that is, the speed ratio between two rolling frusta is inversely equal 
to the diameters of their bases or their apices. 





Friction transmission helween non-parallel shafts can also 
be accomplished with variable speed ratios. Assume it necessary 
that shaft J (Fig. 223) with a constant rpm transmit rotation 
to shaft I/, and that shaft J/ rotate at varying angular speeds 
as needcd. We mount the cone A on the driver shaft with its slant- 
ing side parallel with shaft // to which wheel B is mounted on 
a sliding keyway, thus making it possible to set it into any 
position. 1f we denote D, as the diameler of the cone in the sec- 
tion corresponding to the centre line of wheel £, then the speed 
ratio between the shafls 


: Dx 
21 = Dy (155) 


Therefore at n, rpm of shaft J, the latter can transmit varying 
rpm to shaft IJ, ranging from a minimum of n, ss to a maxi- 
0 


mum of n, — 
0 . . . ° . 
Fig. 224 schematically represents a friction transmission with 
a variable speed ratio for geared shafts whose axes intersect at 
right angles. Disc A, which is fixed to the driving shaft I, is 
pressed to the friction wheel B which moves in a keyway and 
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can thus be set into any position along shaft IJ. Accordingly, 
it is possible to obtain a circle of contact between disc A and 
wheel B of any radius R, With the wheel in the position shown 


in the drawing, the speed ralio 4 
‘ Ry 
1) = R . ° (156) 


It is obvious that if the wheel is moved lo the right, the speed 
ratio will diminish; if il is set opposite to the axis of shaft J, 





Fig. 224 


the speed ratio will be zero and the driven shaft will not rotate; 
if it is moved sll further to the right beyond the centre of the 
disc, the direction of rotation of 
the dhiven shafl will be the op- 
posite lo that when the wheel was 
C to the leil of the centre and the 
speed ralio will increase as the 
wheel is moved further from the 
centre. Ilence if the driving shaft 
is rotating at_n, rpm, the rpm of 
(he driven shafl n, will range 
from 0 ton, jr in either direction. 
0 

Illustrative Problem 88. Fig. 225 is 
a general view of a friction press. On 
the driving shafl O which can move 
somewhat in an axial Uirection, are 
fixed two friction wheels 8 and C. 
: The rim of friction wheel A, which is 
Fig. 225 fixed fast to screw d, is covered with 
By ce9 lealher. Screw d turns in a threaded 
bushing fixed in the frame of the press, 
and to its lower end is attached the ram D in such a way that the screw 

can turn about its axis. The ram slides in guides. 
Let wheel A be pressed against wheel #3, and if the driving shaft 
is moved in the direction shown by the arrows and the screw has a right- 
hand thread, it will screw into the threaded bushing and tmpart down- 
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ward motion to the rata with an increasing speed as the distance of 
wheel A from the centre gf wheel B increases. When this stamping 
operation is finished, driver shafL O is shifted in an axial direction to 
the gight with the aid of a special mechanism and wheel C becomes 
pressed against A. Then the screw will begin to turn in the opposite 
direction and lhe ram will rise with decreasing speed. 


173. Bevel-Gear Transmission 


Let us assume that we have cut teeth on a pair of rolling 
frusta-cones in such a way that if their edges were prolonged 
beyond the apices of the cones they would inlersect at point 
O (Fig. 226). We would then have a pair of bevel gears. Axes 
O, and O, of the gears in Fig. 227 intersect at O,. forming the 
angle 6. Bevel gears are mostly used between shafts that are 
perpendicular to cach other. 





Tig, 226 


Assume that the gear on shall / has z, teeth, that (he one on 
shaft JJ has z, teeth, and that the driver gear makes z, rpm, i. e., 
Nn, - 2; thereby 2, Y z, teeth would pass an immovable mating 
point of the gears and the driven wheel would therefore execute 


2 **) — z, =n, rpm. From this it follows that 
: ee Lee tan (157) 


Wherefore, the speed ratio is, of bevel gears, just as of spur 
gears, is equal to the ratwo of the number of leeth on the driving 
gear io the number of teeth on the driven gear. 

As concerns the direction of rotation of bevel gears, it is de- 
termined either wilh respect to their bases or their apices. If 
the bevel gears are external, the driven gear will rotate in the 
opposite direction to the driving gear. 
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Bevel gears may he internal (Fig. 228) as well as external. 
If internal, the rotation of the driving and driven gears will 
be in the same direction. Internal gears are little used dye to 
the difficulty of cutting hevel gears with the teeth on the inside. 

Fig. 229 shows another type of bevel 


gear in which a conical gear A is in 9 4 |g 
mesh with a toothed dise B. | 
Differential mechanisms are made wilh ION 


bevel gears just as they are with spur 
gears. Fig. 230 represents a simple type 
bevel-gear differential. Shalt J, which is 
in one picce with spider /3, passes frecly 





Vig. 229 


through the hub of gear A. Gear A is mounted on the spider 
and meshes simultaneously wilh gears A and L, the latter 
being a part of shaft /7. When gear 1 and shalt J. together 
with its spider, rotale, the (wo molions combine to rotate 
gear L logether with shalt //. If gear A is prevented from 
rotating, shafl JJ will receive rotation from one source of 
motion only —Jrom shaft J. Gear 4 is a planelary gear. 
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Illustrutive Problem 89. }'ig. 231 represents bevel gears which allow 
the direction of rotalion of the driven shail to be changed. A, and A,, 
whose apexes face each other, form a double bevel gear capable of shding 
along a key on driving shaft J. Gear 2B 1s paw of the driven shaft IJ 

“ which is perpendicular to the driving shaft. In the position of the double 
Gear shown in the drawing, gears A, and B are in mesh. Lut if the double 
gear is moved to the extreme left, gears A, and B will be disengaged and 
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A. will be brought into mesh with gear B. It is evident that shaft IJ 
will then rotate in the opposite direction, allhough the driving gear 
will continue to rotate in the same direction. The speed ratio in both 


cases €ill be the sanic, i.e., a, When the double gear is in the central 


position, shaft JZ will not rotate. 


Iustrative Problem 90. Fig 232 ilusbates a bevel-gear drive intend- 
ed to umpait two angular velocilics of different magnitude and direc- 
tion to the ditven shaft J7 liom the uniormly rotating driving shatt 
I. Gears A, and A_ possess different numbers of tecth z, and 2, (thus 
differmg from Tex. 89), and there are two gcars on the driven shaft B, 
and 8B, with z and z, Lecth In the position shown in the diawmg the 


Zz 
speed ratio t,,, = as but when A, and Aare af the extreme left it 





Zz 
will Become t,,, = — and rotation will be in ihe opposite direction. 


When they are in the ecntial position, shaft 72 will not rotate. 
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THustrative Problem 91. kig 233 shows a mechanism with an idjer 
gear. Driver shatt 7 transmits polation: lo shalt #/2 by mcans of gears 
A and B. Bomishes internally with geat G which is part of shaft ZL. 
Shafts 7 and TJ are coaxial (thes rolate aboul one axis) 


It is seen thal gear Bas an idler Hence the speed ratio ty, = 
and 1otalion of shaft 7// 19 opposite to thal of the duving shaft J. 


174. The Serew 


Let us cut out of paper a meht tmangle ABC (Fig. 231); the 
leg AB will be equal to the circumference of the cylinder shown 
in plan and elevation in Fig. 234a. Let us wrap the triangle about 
the cylinder, whose diameter is denoted by d, in such a way 
that ils apex A will coincide with some arbitrary point K on 
the cylinder’s base, and leg AB will he along the base. Since 
AB is equal to the circumierence of the cylinder, point B will 
coincide with point K and the initial point A, and the hypote- 
nuse AC will rise around the side of the cylinder in a three- 
dimensional curve called a helix. Angle BAC is formed by 


247 


the tangent to the helix and the plane of the cross-section of 
the cylinder and is known as the lead angle « of ihe heltz. Leg 
BC is perpendicular to the base of the cylinder and ocgupies 











Vig. 234 


position AKC’. We thus see that the distanee between two turns 
of the helix, measured along a line perpendicular to the base 
of the cylinder, is a constant quantily 
called the lead of the helit and is desig- 
nated by s. 

From trianyle ABC we obtain the rela- 
tionship 


s mndtana, (158) 


that is, dhe lead of the helix is equal lo the 
crrcumyerence of the cylinder multiplied by 
the tangent of the lead angle. 

It is evident trom triangles ABC and 
ABC, in Fig. 234) thal it the lead 
remains the same, the smaller the dia- 
meter of the helix the greater will be 
the lead angle a,. 

It we cut a groove of definite profile 

Fig. 235 along the line of ithe helix, we shall 

obtain a fhreaced screw. The groove, or 

thread, may be triangular, rectangular, or square in profile, known 
correspondingly as V-thread, flat thread, and square thread. 
A screw has external and internal diameters d, and d, respectively 
(Fig. 235). It is apparent from what has been said above, that 
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the lead angle of a screw with a given lead s will differ in its 
internal and external cylinders, for which reason it is classified 
on the basis of its average diameter, denoled by d. 

Assume that after having delineated one helix 4.A,A,AsA,y 
we delineate another LB,B,8,B, with the same lead angle 
(Fig. 230). If the second hehx is started at point 1, exactly op- 
posite the starting pomt 4, of the first helix, it wall occupy 











fies 


Tig. 236 Fig. 238 


a position between the Llurns of the lirst{ helix and cut ils lead 
in half. A screw threaded in this manner 19 said to have a double 
thread (Fig. 237). Triple-threaded screws are made in the same 
way: between the turns of the first thread, two more Lhreads 
are cut at equal distances {10m cach other and jJrom the first 


thread, their angular distances from each other being ee 
= 120°. In a quadruple-threaded screw the angular distance 
between threads would be ae == 90°, and so forth with addi- 
tional threads. 
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In a multiple screw, the pitch is the distance s between cor- 
responding points on two adjacent threads and the distance 
between corresponding points on one and the same thread will 
be the lead. Hence hy denoting the lead as hk and the nufnber 
of threads as z, then 


h-~- sz. (159) 
Accordingly, for a multiple screw, Eq. (158) becomes 
h — xd tana (160) 
while the pitch becomes 
ad tan o¢ (161) 


In all the above cases the thread of the screw rises from left 
to right. Such a screw is suid lo have a right-hand thread. If the 
thread rises {rom right lo lell (I*ig. 238), Lhe screw is said to 
have a left-hand (hread. 


Oral) Exercises 


1. The lead angle of the thiead on two cylinders of diffrent diameters 
is the same. Whal can be sad of Uhe lead? 

2. The threads on two cylinders have the same lead angle but a differ- 
ent lead. What can be said of the diameters of the cytinders? 


175. Welical-Gear and Worm-Gear Transmission 


We shall now pass on to the sludv of gear lransmission be- 
tween shalls whose axes inlersect at a distanee and for which 
purpose helical gears ae used (Fig. 259). A helical gear may 
he regarded as a mulliple-thieaded screw 
withinvolute teeth, the number ol threads 
of which is equal to the number of 
leeth (Fig. 240). Helical gears are mostly 
used belween shafts which cross at a 
distance and torm an angle of 90°. 

Reasoning as in the case of bevel gears, 
we come to the conclusion that while the 
driving gear makes one revolution, the 





Fig. 239 driven gear executes a turn of in 


which z, is the number of teeth on the 
driving gear and z, the number of tecth on the driven gear. 
Therefore the speed ratio for helical gear is 


In helical gears one must understand the difference between 
normal and circumferential pitch. Let AB and CF (Fig. 241) 
represent the pitch elements of two adjacent teeth on a gear, 
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The distance between them ¢, — BD and is measured perpen- 
dicular to their length; this is called the normal pitch. The dis- 
tance £, =+ BE and is measured along the pitch circle; this is called 
the circumferential puch. By denoting, as we did with the 
ordinary screw, the lead angle of the thread as a, we obtain 
from triangle BDF the relationship between these two pitches: 


{, —= , sine. (162) 


A variant of the helical gear is the worm gear. The worm A 
(Fig. 242) 1s part of the diiving shaft and transmits rotation 





Fig 240 Jig 241 


to the worm gear J3, which as parl of Lhe driven shalt) Ttas clear 
from (the ilustralion (hat the wotm is a cybnder with a screw 
thread eut into it, which fits into the tooth spaces of the mating 
worm geal. The worm may he single- or mulliple-threaded and 
elther le{t-hand or iight-hand. It 16 obvious that the pilch of 
the worm and the worm gear are the same 

Let us denole the number ol threads on the worm as z, and 
the number of teeth on the gear as z, If z, 1, which means 
that the worm 1s single-threaded, in one revolution it wil) turn one 


tooth of the matiny gear, that is, the gear will lurn 2 of one 
. 0 
revolution and the speed ratio 


If the worm is multiple-threaded, it will turn z, tecth of the 
mating gear when it executes one revolutin, 1. e., the gear will 


turn =n of onc revolution; hence, the speed ratio 
° n Zw 
tgy = hae a (163) 
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that is, the ralio of rpm of the worm gear to rpm of the worm is 
equal to the ratio of the number of threads oa the worm to the num- 
ber of tecth on the worn gear. . 

It is thus clear that the speed ratio of worm-gear mechanisms 
is expressed similarly to the speed ratio of spur gears, the only 
dijference being that the number of teeth on the driving gear 
is replaced by the number of threads on the worm. The spe- 
cial feature of the worm-gear drive is its possibility of obtaining 
very sinall speed ratios. 

The direction of rolation of the gear depends on the direction 
of rotation of the worm and direcLion of the thread, i.e., wheLher 
it is right- or Jelt-hand. 
It is not always possible 
to transmit motion froin 
a worm gear to a worm; 
it depends upon the lead 
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angle of the thread on the worm and the coetficient of friction 
between this thread and the teeth of the gear. ‘The grealer the 
coefficient of friction, the greater (he lead angle must be. 

Fig. 243 illustrates the meshing of the worm and worm gear, 
where it can be seen that the (hread of the worm in cross-section 
possesses the form of an equilateral trapezoid. 


Illustrative Problem 92. Fig. 244 shows schematically an ordinary 
index head of a horizontal milling machine. The worm A, which is part 
of shaft I, meshes with the worm gear J} mounted on spindle JJ with 
which the workpiece is connected. Shaft J, to the front end of which 
is fixed the handle D, passes freely through the rigidly fixed index 
disc C. On dise C there are perforations arranged at equal distances 
in concentric circles. The handle ) can be set on the shaft 7 so that its 
dowel F aligns with any one of the perforated concentric circles. Assume 


it neccssary thal a workpiece executes + of a turn. By setting the dowel 
to align with the circle with gq holes and by turning the handle along 
that circle for a distance of p holes, we transmit LS turns to shaft I 
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carrying the worm. If the number of threads on the worm is z, and 
the number of tecth on the gear is z, we obtain 


ae n w bh 
q° % z 


from which ; == “a 


Ze 
The worm in index heads is made sinele-threaded as a rule, and the 
number of tecth on Lhe worm gear ty usually 40, i-e., z, = 1 and 2g = 40. 
: Pp 40 
Accordingly, r rs 
Assume il is necessary to mill a gear with 28 teelh. By giving z its 
numerical value of 28 in ths equation, we oblam 


De A an 
q 23 7 7 


Accordiugly, since we must dive Lhe handle ie turns, we choose a 


perforated circle 01 Lhe dise corresponding lo the number of holes divis- 
ible by 7, for example, 49. We set the handle with the dowel /#! to align 
; ‘ 


A : ; 3 2 
with that cirele and subsequently give the workpiece 1s 1 a Luins 
A . >, F bis es . 
each time, i.e., we give if one full turn pilus 2t divisions in addition. 


176. The Universal Joint 


The universel joint is another mechanism thal serves to trans- 
mit rotation between non parallel shafts. ig 2415 represents 
one such mechanism schematically: the ends of shails 2 and IT 
rotate in bearings Af and N (Fig. 
245a). Shackles C and A are fixed 
to Lhe ends of the shafts in such 
a way that the axes J/7 and 
IV passing through the shackle 
holes are perpendicular to the cor- 
responding shatls. The litting of 
the ends of a right-angle spider 
into these holes completes the uni- 
versal joint. 

When shaft J carrying shackle 
C rotates, the shackle also rotates 
while its ends turn about axes 
III and IV and transmit motion 
to shackle A which is part of shaft 
II. The driven shaft makes one 
turn to each turn of the driving shaft. lig. 245) illustrates the 
symbol used to represent this mechanism is kinematic diagrams, 

However, the angular velocily of the driven shaft is not con- 
stant, because while the driver rotates at uniform specd, the follow- 
er rotates at a variable speed. 
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Sometimes a double universal joint (Fig. 246) is used to transmit 
motion between non-parallel, non-intersecting shafts (in auto- 
mobiles, machine tools, ctc.). In the double universal joint 
the two shafts J and IJ are connected by an intermediaty shaft 
III by means of two joints A,B,C, and A,B,C,. The axes of 
the shackles A, and A, attached to the ends of the intermediate 
shaft must both he in one plane, while Lhe axes of shafts J and 
IT must be parallel to each other or be in a symmetrical position 
with respect to axis O,0, connecling Lhe centres of the joints. 

It is frequently necessary to transmil rota- 
tion to a driven shatt whose posilion is not 
permanent. Fig. 247 is a diagram of a mechanism 
used in such cases. Assume that the driven shaft 
II changes its position in relation to the driving 
shaft J when the machine is in operation, thus 
causing Lhe distance belween the Lwo joints lo 
vary. ‘lo provide for this situation. link J/I must 





a 





Fig. 246 lig. 247 


be able to vary in lenglh: spindle D, which carries on one of 
ils ends the shackle of universal joinl 2B, is made to slide in an 
axial direclion into the eylinder C which is part of the shakle 
of the second universal joint A. There is a keyway in spindle 
D in which a key, fastened to the wall of the cylinder, slides 
freely. With this construction, shaft Jf can change its position 
while receiving rotalion through the variable-length link ITJ, 
which is known is a lelescopic joint. This type of mechanism 
with its two universal joints and telescopic joint, is used in cer- 
tain kinds of machine tools. 


177. Questions for Review 


1. Are the diameters of the friction frusta, represented in Fig. 222, 


the same at points B, M, and 5? 

2. Which of the mechanisms shown in Figs 223 and 224 makes it 
possible to change the direction of rotation of the driven shaft while 
maintaining a constant direction of rotatiun in the driving shaft? 

3. Is the pitch of a bevel gear the same, no matter at what point along 
the pitch elements it is measured? ; 

4. Which is larger in a helical gear, the circumferential or the normal 


pitch? 
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5. What change occurs in the normal pitch of a helical gear if the 
lead angle is increased while the circumferential pitch remains the same? 
What will the normal pitch be when Lhe lead angle a = 90°? 

b..In one worm-geat transmission the worm is single-threaded, in 
anotffer it is double-threaded. If the number of turns on the worms 
and the number of teeth of the worm gears are the samc, which ot the 
driven shafts will rotate faster, and how much faster? 


178. Evereises 


95. The diameter of the apex of the friction cone, shown in 
Fig. 223, D, - 280 min, the diameter of its base D, 400 mm, 









Fig. 218 


and of the roller Dy — 300 mm. The rpm ol the driver shaft 
fis ny = 350. What are the maxnoum and minimum rpm that 
can be attained on the driven shaft? 

96. In the frichion transmission shown in Tig, 221, the greatest 
possible distance Robtain 
able helween the roller B 
and the centlie of disc A 
is 250 mm; the diameter 
of the roller is 125 mm. If 
the rpm of shatt J is 
n, = 800, what is the 
maximum rpm that can 
be obtained on shaft JJ 
of the drive? 

97. Crank A of the wind- 
lass in Fig. 248 turns with 
a peripheral velocity vy = 
= 0.785 m/sec. Calculate 
the speed with which it 
can move a load on the 
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cable that winds about its drum if a -- 250 mm, z, -= 15, z= 
= 45, and d = 180 mm. 

98. A single-threaded worm executes 900 rpm and its mating 
worm gear possesses 45 teeth. Find the rpm of the gear. .; 

99. Solve Kx. 98 for a triple-Lhreaded worm. 

100. I’rom the driving shaft J in Fig. 249 rotation is trans- 
mitted as follows: a) to shaft IJJ through shaft // according 
to the schemes z, K z, - 23 X Z, OF 24 X 2, Or z, X 2g; b) to 
shaft V/J through shafts IJ, IV, V, and VI according to the 
scheme z, X 2, - 23 X % X 20 - 241, X 2,2 - worm with threads 
243 vi Shalt I executes n, rpm. [*ind the rpm of shafts III 
anc . 


CUAPTERN XVTIT 


CONVERSION OF ROTATION INTO LINEAR TRANSLATION 
AND VICE VERSA 


179. Conversion of Rotation into Linear Translation 


Motion in enginecring is not limiled to rotation. In machine 
tools the basic motion is rotation, but it is also converted into 
other kinds of required motion. Lor instance, the rolation of 
the driving shaft of a thread-cutting lathe is converted inlo 
motion oj translation for ils carriage by means of a train of gears 
and racks (for longitudinal machining) or with the aid of a screw 
and nut (for cutting threads). The rotation of a sheave ullimalely 
becomes lincar translation for the table of a planing machine, 
for the cutler of a shaper, etc. The conversion of linear trans- 
lation into rolalion is exemplified in piston engines, but on the 
whole is less frequently applied. 

There are even more complex forms of molion often met with 
in machines, bul in this chapter we shall study the chief ways 
of converting rotation into linear translation, and vice versa. 


180. Friction Meehanisms for Obtaining Linear 
Translation 


A friction mechanism employed to obtain linear translation is, 
for example, one that transmits motion to the head of a fric- 
tion sLtamping hammer (Fig. 250): the head £B of the hammer 
is suspended from a board A of hard wood (usually beech or 
hornbeam) which is held pressed between rotaling rollers and 
guided by slides. If the force of friction between (he rollers and 
board is greater than the weight of the hammer and board, the 
board will rise when the rollers revolve in the direction shown 
in the drawing. The speed v of the board (if there is no slipping) 
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will be equal to the peripheral speed of the rollers and is there- 
fore 
aDn 
° ° = 60 x 1,000 Oso) 
in which D is the diameter of the roller in mm, n is its rpm, 
and pv is the speed of the hammer in 
m/sec. 

The downward movement of the ham- 
mer occurs under the action of its own 
weight. As it falls the rollers aie moved 
apart by a mechanism not shown in 
the drawing. 

The motion of translation of the ingot 
held between the rollers of a rolhng mill, 
or of logs in a sawmill, etc., 1s based on 
the same principle. 


Illustrative Problem 93. The weight of the 
dropping parts of a friction hammer which 1s 
raised bv two gioll rs ts G = 450 kg, the 
coefficient of friction bi tween the rollers and 
the lifting board f = 045, the diamet1 of 
the rofkr D = 350 mm, che rpm of each 
roller n = 135, and the forec raising the | (ting 
board and the hammer must be doubh thou 
combined wight) What pressure Q musl b 
exeited bv lhe 1oll:rs on th lifting board and 
ait what specd witl the board isc? 


Solution: the friction F b tween the rolls 
and the lifting board 1s 2/Q, whercan Q = a 
And since the force of friction must b+ double 





N 
x 


the weight of G, Ing 250 
2G G 450 
The speed at which the load ls saised 
7390 x 139 
p= 60 ~ 1,000 m/sec & 2.5 im/sce. 


181. The Rack-and-Pinion 


In the transmission just previously presented, motion was 
imparted under the action of friction. Now let us assume that 
we have cut teeth into the surface of the aforementioned lifting 
board and its rollers. We would then have a toothed mechanism 
consisting of a spur gear A (Fig. 251) and rack B. This kind of 
transmission is used to impart motion to the table of planing 
machines, the spindle feed of a drilling machine, etc. 

It is obvious that the speed of the rack is equal to the peripher- 
al velocity of the pitch circle of the gear, for which reason the 
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former Eq. (164) is applied, but in a slightly changed form than 
in the case of [rietion transmission. By bearing in mind that the 
pitch diameter D = mz, then the speed of the rack 





aDn amin amzn 
V= oo =" go MM/sec = ay Z 1000 m/sec, (165) 
in which 
m — module of engagement; 


z— the number of leeth on the pinion; 

n—rpm of the pinion. 

The force P which transmits molion of translation to the rack 
is easily expressed. If we denole the torque on shatl O of the 
Pinion as AJ,, then the effective pull on the pitch circle will be 


an » in which R is the radius of the pilch circle, hence 
2M . 
Pp i . (166) 


We have been assuming that the pinion is transmitting mo- 
tion to the rack. The opposite is also possible when the rack, 
possessing molion of linear translation, transmits rotation to 
the pinion. And obviously the relationship just obtained Jike- 
wise holds true here: knowing the speed of the rack we can cal- 
culate the rpm of the pinion by lq. (165) and the effective pull 
on the pinion, according to the force 
applied to the rack, by Eq. (166). 
lu both presented cases the pinion 
rotates aboul a fixed axis 0. 





AL biddibisa 
ig. 251 





Now assume thal the pinion A in Fig. 252 is rolling on an im- 
movable rack B. Such a lransmission is similar tq the rolling 
of a wheel on an immovable surface. It is easy to see thal in one 
revolution the pinion’s axis will move a distance J: - 2D, which 
is equal to the length of its pilch circle, while in n revolutions 
(n may he a whole number or a fraction) it will attain a distance 
[-=2Dn. An example of a transmission of this kind is found 
in the automatic longitudinal feed of a lathe where, geared to 
an immovable rack rigidly fastened to the frame of the machine, 
is a pinion which is part of the shaft in the apron of the carriage. 
As the pinion receives rotation from the feed mechanism, it 
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rolls on the rack and thereby transmits motion of translation 


to the carriage. 
Finally there is the rack-and-worm transmission in which the 
worms the driving link instead of the pinion. 


Iustrative Problem 94. Fig. 253 is a kinematie diagram of a rack- 
type jack. When crank A is rotated, shalt O, carrving | 
rotate. Gear z, transmils motion to rack ; 
B according to the seheme 2, 27, - 
—2,%%72,- 2%, x rack BB. Kind the time 
{ required to raise a load vertically loa 
height A = 220 min, i! the peripheral speed 
of the crank oy = 0.8 m see. the length 
O,C of the handJe @ = 250 mm, the num- 
ber of tecth on the gears 2, >. 5, 7, - 20, 
o, = Oe 2) = 20, 7, = 5, and the module of 
the mating rack and gear mm - t4ainin. Also 
determine the lifting capacity Q of the jack 
if the foree exerted on the crank P =. 
= 35 hg, and the efticieney of the jack 
n = 0.75. 

Solution: wilh a peripheral speed rg -- 
== 0.8 misec, the erank exeeules on, + 





= = 30.5 Pom. The speed — ratio 
between = shaft O, and chafl O, via 
a, hs : a AO Seale sn, aA P 
shaft O, is iy, wy 80 > Ilenee, us the crank @ 


: . ait I : 
attains mn, rpm, gear z, allains mys mytay 30.0 i, hpm. Corre- 
) 


spondingly, the vertical displacemmentof the rack per tinute A, msn, 


aX 14 wo. BOM ; ; 
a ar aa ee ee #20 mm, and the time necded to raise a 
J 
luad to a height fh --- 220 mun is 
220 eign ask 31.5 
t == po = Q.o20 min. = dL.o see, 


To determine the lifting capacily Q, we use Eq. (136) from which 


we find the Lorque on shaft 0,: 
i ee Be 
M, = My ys 305 c 200) ~ 7G = 3B 250 [6 >» O<.75 Ke-miim, 
13,1 L 
16 
The diameter of gear 
to leq. (166), 


v ° 9 Qn “ OS & ed ; 7 
27; 2 30 « 250 < 16 < (0.7 ye 3,000 ke = 3 tons. 


Pap as eae 


x, is D, = mz, = l4 x 5 mm and, aceording 





1823. Kinematies of the Screw-and-Nut Drive 


The transformation of rototion inlo linear translation is widely 
achieved through a mechanism consisting of a screw and nut. 
Fig. 254 is a diagram of such an arrangement: a single-threaded 
screw 2 rotates in fixed bearings; the screw carries a nut J which 
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slides in guides but cannot turn. When the screw turns once, 
the nut is displaced for a distance equal to the pitch s of the screw; 
when the screw revolves half a turn, the nut is displaced for a 
distance of 0.5s; and at a quarter of a turn the displacert.ent is 
for a distance of 0.25s, etc. I'rom this we may say that when 


the screw execules = turns, the nul moves for a distance 
s= 7 Ss. (167) 


There is a mechanism of this kind, for example, in a thread- 
cutting lathe, where the rotational motion of the lead screw 
is lrausformed into linear translation 
of a nut connected wilh the apron. 3 A ; 





s ANN 
PLEO ELTON OL OE OPE TE DIE, 
md 








ARAN 


| | 2 1 VICHY CALLE 
a | ~ a 
: [| 
~ - [A 
lig. 254 fig. 255 


The principle of the screw-and-nut drive is used in other 
devices for the transformation of rotation into linear trans- 
lation, an instance being the parallel vise illustrated in Fig. 255: 
screw 2 turns within nut /, which is immovably fixed to the base 

of the vise B. Furthermore, screw 2 turns freely 
in the movable part of the jaw 3 and transmits 
linear translation to it, thus pulling it so as to 

3 ? pinch the workpiece between the immovable and 

movable jaws A and 3, respectively. 

In the above illustrations the screw is the driv- 
ing link. Ilowever, the opposite is also possible, 
where the nut acts as the driver. I*ig. 256 is a 

? diagram of a screw jack which works on this 
plinciple: the nut 3 can turn freely in base 1 
but cannot move axially. Screw 2, passing 
through the nut, can move axially, but cannot 
turn. Accordingly, by turning the nut we impart 
linear translation to the screw. 
Fig. 256. It is quite obvious that in all these cases we 


may apply Eq. (167), in which 2 may denote 


either the turning of the screw in the nut, or the turning of 
the nut on the screw. The direction in which the screw (or the 
nut, as the case may be) moves, depends evidently on whether 
the thread is right-hand or left-hand, and in which direction 
the screw or the nut is being turned. > 
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The screw-and-nut drive may also he used to convert linear 
translation into rotation. For instance, hy moving a nut in an 
axial girection, we can impart rotation toa screw if the lead angle 
is sufficiently great. The hand-drill shown in Fig. 257 operates 
on this principle: the screw 2 rotates together with the chuck J 
when the nut 3 is moved along ils axis. 





Incidentally, a screw-and-nul drive of this hind will nol work 
if the lead angle of the thread 1s small. A serew mechanism in 
which the screw cannot rotate under pressure of the nut, is 
called a self-locking mechanism. 

Fig. 258 is @ diagram of what is called a differential screw. 
Screw J has a pitch of s, along part a, and a pitch of s, along 
part b. Part a of the strew rotates within the immovable nut 
2, and parl b rolates within nut 2 which cannot turn bul can 
move in an axial direclion. Assume thal the direction of the 
thread on parts @ and 
b is the same. by giving 
the screw one turn. we 
displace it axially wilh- 
in nut 2 for a distance 
equal to the pitch s,. 
If nut 3 had turned with 
the screw it would also 
have moved in an axial hig. 258 
direction for a distance 
of s,. Ilowever, since (he nul cannot Lurn, it moves along the 
screw in the opposite direction for a distance equal to the pitch 
S, Consequently the absolute displacement of the nut with 
respect to the immovable guides is 5, —s,. Il the threads a and 


b were dissimilar, the displacement of nut 3 would he sg + s,. 


From this it follows that if the screw rotales for a turns 


the nut will be displaced for a distance 
s=£(s, + %). (168) 


The minus sign is used when threads a and b have the same 
direction, and the plus sign when they have opposite directions. 
It is readily understood that when both threads have the 
same direction, the displacement of the nut will be small because 
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forteach revolution it will only amount to the difference between 
the pilches. 

All these simple screw mechanisms can be used in a@ great 
variely of combinations. Take Fig. 259 for example: screw 2 
is prevented trom moving in an axial direction by hearing 7; 
on parts a and b of the serew the threads have the same pitch but 
are opposite in direction. Nuts 3° and 3” cannot rotate and 
when the screw is turned they will either move closer or furLher 
apart, in cither case with equal speed. This hind of mechanism 
is used in a double-jawed drill chuck. 
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The furnbuchle shown in big. 260 works on the same principle. 
When the screw 2. which has a right-hand thread al one end 
and a lelt-hand thread on the other, is Gained, the stirrups 7’ and 
7” aud the reds (or ropes) connected with them will be pulled 
together. [te. 201 also shows a Cucibuckle. but with another 
arrangement of parts. 
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Hlustrative Problem 95. The screw / in Fig. 262 has a right-hand 
thread wilh a pitch s — 2.5 mim. One of its ends is within the imimov- 
able nul 2 and the other rotates freely in the block 3 which slides in 


fixed guides. Tlow many times, and in what direction, enust the screw 
be turned to displace the slideblock for a distance S = 81 mim from left 
to right? 

er p 8 SI - es 

Solution: etait fr turns - 32.4 turns = 32 full turns plus 


"1 s 
144°, all clockwise. 
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Mlustrative Problem 96. The serew mechanism shown in Fig. 258 
has a right-hand thread with a piteh s, — 4 min on its length a, while 
on length 6 it has a thread of the same direction but with a piteh s, = 
= 3.5 min. If the serew is turned 45° clockwise, how far will the slide 
block 3 he displaced, and in what direction? 
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Solution: by applying Eq. (168) (with the minus sign because the 
threads are in the same direction) we obtain 


, 45 qeeth2 oe 
S = 366 (4 — 3.5) = 0.0625 mm. 


Since the screw is turned clockwise, the slider moves from left lo 
right. 


183. Staties of the Serew-and-Nut| Drive 


Assume that a foree P is applied al point .1 of the fever 3 
fixed to screw (and having an arm a (Ifig. 263). Under the action 
of this force the screw will turn in the rigidly Lived nul 2, moving 
upwards and overcoming uselul resistance Q. [express the re- 
latiohship between torees P and Q. 

As we have already pointed owl several limes, the work of 
the molive force must be equal to the lolal work done bv the 
forces of resistance. Kor (he time being we shall assume that harm- 
ful resistance is negheible and can therefore be 
ignored. 

Now Iet us @quale (he work of the motive Loree 
P and the toree of uselul resistance, dining one 
turn of the screw. 

When the serew ts turned onec, the pomt ol 
application lof foree P deserbes a trajectory 
equal to 22a. Hence the work perlormed by Loree P 


Wp 2aPa. 


During one turn, the screw moves axially lor 
a distance equal lo ats piteh. Accordingly, the 
work performed hy the force of tesistance Q ts 
Woa- Qs. By equating the amount ol work 
we ‘el 

2mPao Qs, 





whence 
Q Qa Pp, (169) Vig. 263 
4 


From this we conclude that the longer the arm of application 
of the motive force and the smaller Ue pitch of the screw, the qreater 
the mechanigal advantage. 

In order to actually express the oblaimed force Q, we must 
multiply the right-hand part of this equation by etliciency 7: 


Q = 2221. (170) 


Eq. (169) may be presented differently. By expressing the 
pitch of the screw in terms of its average diameter dj, accord- 
Ing to Eq. (158) we obtain 

$ = nd,, tana. 
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By substituting this value for s in Eq. (169) we obtain 


2a 
Q = da, tan a P, ‘ (171) 
that is, the longer the arm of application of the motive force 
and the smaller the average diameter of the screw and the tangent 
of the lead angle. the greater the mechanical advantage. 
Accordingly, when taking the force of friction into account, 
Eq. (171) becomes 


2a 
C= doy lan a Pn. (172) 

Finally, the relationship we seck can be obtained in another 
form: since Pa is the moment of force of P relative to the axis 
of the screw (the torque M,), we may, thereby, write * 

— 2M 
Q = giana ™ (173) 
that is, the magnitude of the force acting on the screw in an azial 
direction is equal to twice the torque multiplied by the efficiency 
coefficient and dwided by the average diameter of the screw 
thread and the tangent of the lead angle correspondifig to this aver- 
age diameter. 

Since the lead angle of the screw may be made sufficiently 
small, a great mechanical advantage can be obtained with 
a screw transmission. With the aid of the screw and nut, we 
can make very sfrong fastenings with comparatively small 
physical effort, can hold workpieces in a vise, and apply the 
same principle to jacks, screw presses, etc. 

The efficiency coefficient is calculated for each individual 
case, depending on the lead angle of the screw and the coeffi- 
cient of friction. : 

HMlustrative Problem 97. In the screw jack represented in Fig. 263 
the arm a = 800 mm, efficiency 7 = 1.4, and the pitch of its screw 
s = 8mm. What force P must be expendcd in order to raise a load Q = 
= 3 tons at a constant speed*® 

Solution: from Eq. (170) we obtain 

Qs _ _3,000 x 8 
= Qxay 22800 x 0.4 





ww 12 ke 


184. Thread Profiles y 
of Principal Types of Transmission Screws 


If we cut a screw across a longitudinal plane coinciding with 
its axis, the section thus obtained will be through the turns 
of its thread. A thread receives its name in accordance with the 


* Screw jacks must be self-locking, which means that the screw must 
not turn under the action of an axial load. For this reasgp the efficiency 
of a screw jack is always less than 05. 
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profile thus revealed in section. There are various types of profiles, 
corresponding to intended use. 

If Zhe screw is to transmit motion, it is obvious that it must 
ossess the greatest efficiency. possible and the least mechanical 
oss. If the screw and nut are to be used for the fastening of all 

kinds of parts, they must he constructed so as to create the greatest 
possible amount of friction between their contact surfaces to 
keep the nut from unscrewing. 
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In more detailed courses of engineering mechanics it is proved 
that, other geometrical elements being equal, the loss due to 
friction is the least when the thread 1s rectangular (Fig. 264) 
and the depth of the thread ¢, is equal to half the pitch, i. e., 


when ¢, = >: Such a rectangular thread is called a square thread. 


The square thread has certain disadvantages, the greatest being 
the difficulty of achieving precision in its manufacture, for 
which reason it 1s being displaced by the Acme thread shown 
in Fig. 265. In cross-section this thread 1s an equilateral trapezoid 
with the inclination of its sides forming an angle of 30° with 
each other. The technical terms of other elements of threads 
shown in Figs. 264 and 265 are described in Sec 200 and illus- 
trated in Fig. 293. 


185. Slider-Crank Mechanism 


The slider-crank mechanism shown schematically in Fig. 
266 is another means of transforming rotation into linear trans- 
lation. The crank 2 which is part of shaft A turning in fixed 
bearings in the frame 7, is Jointed to the connecting rod 3 by 
the crankpin B. The other end of the connecting rod is jointed 
by means of a wrist pin C to the slider 4 which moves in straight 
fixed guides. Thus we see that when the crank is continuously 
rotating, the slider will achieve reciprocal motion of translation 
and reverse its direction at the end of each stroke. Accordingly, 
during one revolution of the crank the slider will execute two 
strokes, first in one direction and then in the other—a feature 
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of this mechanism which chiefly distinguishes it from other 
mechanisms presented in this chapter. 

The slider-crank mechanism is also employed for converting 
reciprocal linear translation intq rotation, as for instance in 
steam engines and internal combustion engines, where the driving 
link is the piston which, with the aid of a connecting rod, causes 
the crankshaft lo rotate. In this arrangement another specific 
factor must be coped with: 
when the slider 4 moves from 
Ieft to right, the crank will 
rotate clockwise and when the 
slider has travelled as far as it 
can go, the crank will occupy 
position AB; before the Slider 

Fig. 266 begins lravelling in the opposite 

direction. This position of the 

crank is called the dead centre. In order that the crank continue 

revolving past the dead centre when it is the driving link of 

a mechanism, a flywheel is used, which is a wheel with a heavy 

rim and mounted on the crankshafl. ‘he kinctioeenergy of the 
flywheel keeps the mechanism in constant motion. 





186. Kinematies of the Shider-Crank Mechanism 


Now let us study the motion of the slider when the crank is 
rotating umformly. 

Assume that the crank in Fig. 267a is rotating uniformly in 
a clockwise direction. We shall luke AB, as the initial position 
of the crank. rom By, we mark off with a compass a distance 
equal to the length ol the connecting rod along the line on 
which the wrist-pin centre ( moves, and obtain point C, 
which at the given moment coincides with the centre of Lhe pin. 
This point is the extreme Icft position of the slider. To tind the 
position of wrist-pin cenlre C at other moments of time, we 
divide the circle described by the centre of crankpin B into several 
equal parts, let us say 12. Then each part will represent an arc 


equal to aS of the circle through which the crank moves at equal 
q 12 g q 


intervals of time while executing onc revolution (provided it ro- 
tates uniformly). In the course of its movement it will occupy, 
in turn, position AB,, AB, AB, ..., AB,,. and finally return 
to AB, (its initial position). Now, with a radius equal to the 
length of the connecting rod BC, we will mark off points from 
B,, B,, By, etc., on the straight line along which the wrist-pin 


centre C moves. As a result, we find that after <= of a turn of 


the crank, point C is at C,, having moved from its initial position 
for a distance S,==C,C,; after two such intervats, the displace- 
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Fig. 267 


ment of point C will be S,—C,C,; after three intervals —S, = 
= C,C,, etc. When the crank reaches position AB,, point C will 
be at position C, at a distance equal to the length of the connegting 
rod from point B, and corresponding to the extreme right position 
of the slider. Then the slider begins to move in the opposite 
direction (from right to left) and its distance from fts initial 
position steadily diminishes. Thus, position AB, of the crank 
corresponds to the position of wrist-pin centre C at point C, 
and which coincides with point C,; position AB, of the crank 
corresponds to the position of wrist-pin centre C at point C, 
sae When the crank returns to ils initial position, point C will be 
at C,. 

We thus sce from this diagram that the linear segment (7,C, 
equals segment B,J3,, i.e., the diameter of the circle described 
by the crankpin B, while the diameter of this circle is equal to 
twice the length of the crank. Therefore, by denoting the length of 
the crank as r and a stroke of the slider as H, we find that 


H = 2r, (174) 


that is, in a slider-crank mechanism the stroke of the®slider is equal 
fo twice the length of the crank. 

From what has been said 1 follows that in order to find the 
position of the shder at a given moment, we must mark off from 
the crankpin centre at thal moment (using a radius equal to 
the length of the connecting rod) a point on the line described by 
the wrist-pin centre. And, vice versa, if the position of the slider 
is given. the position of crank can be found by marking off from 
the wrist-pin centre (using the same radius) a point on the corre~ 
sponding semicircle described by the crankpin centre and connecting 
this point with the centre of this circle. 

Iiaving located the centre of wrist pin C, we can now plot 
a curve representing its distance from the initial position Cy, by 
the method explained in kinematics (Sec. 57). By adopting a right- 
angle system of coordinates as shown in Fig. 267b, we lay out 
equal segments according to a chosen scale along axis O, each 
segment representing the time during which the crank achieves 


5 of a turn. Then constructing perpendiculars at points 7, 2, 3, 


etc., and laying out segments I S,, 2—S,, 3—Ss3, etc. represent- 
ing the distances C,C,, CoC,. C,C3, etc.. from the initial position, 
we obtain a line of points S,, S,, S,, etc., which we connect with a 
curved line. In this way we obtain a displacement-time graph 
for the centre of wrist-pin C and can find its position for any given 
moment of time. 

From this curve we see that displacement of the slider differs 
for equal intervals of time although the crank rotates Paar 
For instance, when the crank turns through the angle B,AB,, 
the slider moves a distance of 7—S,; when it turnsethrough angle 
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B, AB, the slider is displaced for a distance of a,—S,; while 
through angle ByAB, it is displaced a distance of a, Sq, etc. 
Thus the displacements first increase and then decrease. 

Fim this we come to the conclusion that when the crank is 
the driver and rotates uniformly, the slider moves non-uniformly; 
and vice versa, when the slider ts the driver, ils motion is uniform 
and the crank’s rolation is not untjorm. This is an important feature 
of the slider-crank mechanism. 

Having solved the displacement-time graph, we can now plot 
the velocity curve which makes il possible to determine the 
velocity of the slider for any moment of lime. As already explained, 
while the crank is moving through the angle BAB, (Fig. 
267a), the slider is displaced for a distance of | S, (Fig. 2670). 
By dividing this displacement by ils executed lime, we obtain 
the average velocity of the slider during that interval; similarly, 
by dividing the displacement a, S, by the same interval of 
time (for we have already divided one revolution of the crank 
into even parts), we obtain its average speed lor that interval, 
etc. Thus we may calculate the average velocity of the slider 
during a 180° turn of the crank. 

Now let us draw a righl-angle system of coordinates at a 
suitable scale, and lay out the time along axis Of and the average 
velocity of point C of Ue wrist-pin on axis Ov (Fig. 267c). We 
mark off these speeds on perpendiculars constructed on the time 
axis Of at points 7,, 2,, 3,, ete., and lying between the segments 
0—1, 1—2, 2—8, etc. (I'ig. 2676). As a resull we obtain points 
Vy, Voy Vy, ete., (Fig. 267c) through which we draw a line Ov.p,030, 
v,V_V, Which constitutes the velovity-time curve of the shder 
during the first half-turn of the crank (the time consumed in 
turning from posilion AB, lo AU,). 

From this moment the slider starts moving in the opposite 
direction, from right to left, and its velocity is directed in the 
opposite direction; therefore we construct a second leg of the 
curve. symmetrical with the first but below the time axis. 

When analysing the velocity-time graph thus obtained, we 
see that when the crank is at the left dead centre AB,, the velocity 
of the slider is zero (point O on Fig. 267c). As it rotates further, 
the velocity of the slider grows and reaches its maximum when 
the crank is between AB, and AJ}, (Fig. 267). Then its velocity 
begins to decrease till it again becomes zero when the crank is 
at its right dead centre AB,. Then, as the crank executes the 
second half of its turn, the curve is repeated in reverse order. 


Oral Exercises 


1. What s the sum of the segments (Fig. 2675), 1—S,, a,- Sy 
a, — Sy, a5— Sy ay — Sos a, — 5, . 

2. Indicate these sums on Fig. 267a, on both the left and right sides 
of the diagram. 
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§. Indicate on Fig. 267a the position of the crank corresponding to 
point o, on the time axis in Fig. 267c. 


Iustrative Problem 98. The Icngth of the crank AB (Fig. 266) is 
120 mm and the length of the connecting rod BC is 420 mm. The Brank 
attains n = 180 rpm. Plot the displacement- and velocity-time curves 
for point C and find its velocily at the moment the crank forms an angle 
a = 50° with the left dead centre ° 


Solution: we draw a diagram of the mechanism similar to Fig. 267a 
at a scale of 1:8, then divide the circle described by point B into 


12 equal parts. Selting our compass al a radius ol a aia 52.5 mm, we 


mark off points Cy, C,, Cy, etc., and then delineate a displacement- 


time curve (Fig. 2676). At 180 1pm the segments 0- 1, 1-2, aor etc., 
50 


; “yie (h a0 ro iniely . Fi ie eS 
on the lime axis (6mm each) represent intervals of time equal Lo 180 xd3 


= a sec, or a 30° lurn of the crank. 
By measuring the displacements 7 — S, a, -—S., a, — 8, ete, 
and mulliplying them by the scale of 8 and dividing by oe sec, we 


obtain the avcrage velocily for each interval of lime. Then establish- 
ing a scale of velocitics of 50 mm‘see = 1 mm, we lay out points 7,, 
2 3, ete, as the odinales representing the velocity a€ this scale and 
then connect ihe points with a curve. 


The position of crank A, forming an angle « = 50° wilh AB, will 
5 x 20 


correspond with a poinl on Fig. 2676, lying at a distance of 30 





= at mm to the right of point 7. By plotting a line from this point to 


ils intersection with axis Of on the velocily-lime curve, we obtain an 
ordinate o] 28.5 mm in length representing the sought velocity which, 
at the chosen scale, 1s v, = 28.5 » 50 - 1,425 mmysee = 1.425 m/sec. 


187. The Eccentric Mechanism 


Assume that we increase the dimensions of crankpin B shown 
in Fig. 266 to the size illustrated in Jig. 268, and that now 
crankpin 2, is part of the 
crank while ils bushing B, is 
part of the connecting rod. 
It is evident that the mecha- 
nism is still a slider-crank 
in which the length of the 
crank 2 is equal to AO, the 
Jenzth of the connecting rod 
3is equal to OC, andin which 

Fig. 268 O remains the centre of the 

main bearing. By still further 

increasing the diameter of the crankpin, we obtain a mechanism 
whose skeleton outline is shown in Fig. 269: a round disc B, turns 
freely within the bushing 2,, which latter is part of the connecting 
rod 3 rotating around axis A. This mechanism works similar to 
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a slider-crank which has a crank 2 whose length AO equals the 
distance between fhe axis of rotation A bf disc B, and the geo- 
metrical axis of the disc, and a connecting rod 3 whose length 
0c efuals the distance between this axis and the wrist-pin centre 
on slider 4. This is called an eccentric mechanism, its disc B, is 
known as the eccentric, the 
connecting rod 3 is the 
eccentric rod, and Lhe seg- 5, 
ment OA is the ercents ticity. 

It is apparent from the 
above that an errentric 
mechanism operates like a 
slider-crank whose crank 
lengtIf is equal to the eccen- 
tricity, and the length of the ~~ 4 
connecting rod ts equal to Fig, 209 
the distance belwecn ares O ae 
and C of the eccentric rod. 

The special feature of this mechanism is thal us slider possesses 
a short stroke gnc the cliameter ol the crankpin is large enough to 
withstand great pressure. The eccentric mechanism is widely 
used in slamping and forging presses, cle 





188. The Rocher-Arm Vechanism 


Fig. 270 is a scheme of a mechanism with a crank / which 
rotates about the fixed axis O. On the crank’s end is a pin, centred 
on <A, upon which 1s {reely 
mounted the shde-block 2 which 
slides in a straight longitudinal 
guide cut into the arm 3. ‘Th’s 
arm, known us a rorAcr-arm, can 
swing from the {fixed axis 0, 
when the crank rotates: swing- 
ing is caused when the slide- 
block 2 slides in the guide of 
the rocker-arm. 

Assume that the crank turns 
in the direction shown by lhe 
arrow. After an interval ol 
time, Lhe axis 0, B of the rocker- 
arm will be in position O,L, 
tangent to the circle AyAgA2Aq 
described by the centre of the 
crankpin A. At this moment 
the crank OA, occupying a 
radial line of this circle will 
Fig. 270 be perpendicular to the axis 
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of the rocker-arm. Obviously this will be the extreme right 
position of the arm, since as the crank cdfitinues turning as 
before, the arm will begin moving in the opposite direction — 
from right to left — and when the crank has turned througn the 
angle A,OA, = f, the arm will be in its extreme left position 
O,K and perpendicular to the crank O.A,. Then the arm avill again 
move from left to right and when the crank has turned through 
the angle A,OA, = a, it will return to position O,L. 

Thus, while the crank in its continuous rotation executes one 
turn, the rocker-arm oscillates, with axis O, as its centre, passing 
from its extreme left position to the extreme right and back again. 

Now let there he a pin B at the upper end of the arm, around 
which slider 5 turns freely as it moves 1n straight guides which 
are part of the slider M which, in its turn, moves in immovable 
guides 4. When the arm oscillates with this arrangement, slider 
6 will transmit motion to slider M as it moves in the guides which 
are part of it. M will move from one end position 1o the other and 
back. 

Thus with the atd of the rocker-arm, the rotational molion of a 
crank is converted into reciprocal motion of translatipn of the slider. 
The crank is usually made so that its length can he changed, 
thereby changing the length of the slider stroke. 

This rocker-arm mechanism is used in a number of machines, 
including planers. : 


189. Kinematies of the Rocker-Arm Mechanism 


We have shown that the rocker-arm mechanism converts 
rotation into reciprocal translation. In this it 1s similar to the 
slider-crank, but there is a good deal of difference between them 
in other respects. 

First let us take up the method for determining the length 
of the stroke of the slider 2 in relation to the geometrical elements 
of the mechanism. We will denote the length of the crank OA as 
r, the length of the rocker-arm O0,B = 0,K = 0O,L as l, and the 
distance 0O, between the axis of rotation of the crank and the 
axis of oscillation of the rocking arm as a. 

Since the right triangles O,CK and 0,A,O have a common 
acute angle, they are similar, from which it follows that 
oe = a or t = = , in which & = KC and represents half 


a stroke of the slider. From this the length of the stroke is 


H=2. (175) 


It becomes evident that the stroke of the slider is directly 
proportional to the length of the crank and the length of the 
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rocker-arm, and inversely proportional to the distance between 
their axes of rotation*. 

Hence, in order to determine the distance r = OA for a given 
strok@, we evolve the relationship 
Ha 

r=7° (176) 

The slider makes its stroke from left to right in the time interval 

that the crank turns through angle a, and executes its return 

stroke during the time the crank turns through angle £. We will 

denote the time it takes the crank to turn through angles « and 

B as t, and ts, respectively. Then the average velocity of the slider 


from.left to right vz, 4, while from right to left vj, = 2, 
and the relationship betwcen these velocities will be i 


Bp ot Malt (177) 


Inasmuch as the crank rotates uniformly, the time spent hy 
it to turn thrdéigh angles a and £ is directly proportional to the 
angles: 


Be Be 
ta a 
which when placed into Eq. (177) gives 
Po _ 8, 
oer (178) 


If we name the left-to-right stroke, during which the crank 
turns through angle «, the advance stroke, and the right-to-left 
stroke when the crank is turning through angle £, the return 
stroke, then*on the basis of iq. (178) we may state that the average 
speeds of the advance and return strokes of the slider are tnversely 
Proportional to their corresponding angles. 

Hence the time taken by the return stroke is less than that of 
the advance stroke in the same ratio as the angle « is greater 
than angle f. This is the chief difference between the rocker-arm 
mechanism and the slide-crank mechanism, and it is this very 
feature of quick return that explains its use in shapers where the 
advance stroke is slower because it is limited by the cutting speed, 
and where it is desirable to make the return stroke as fast as 


possible. 


*In the mechanism used in shapers, the length of the crank is adjust- 
able; this is done by shifting the crankpin A in a radial slot provided 
in the disc of the gear fixed to shaft O and which operates as the arm 


of the crank. 
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Heretofore the inferred speeds of the slider have been average. 
But the actual speeds are not constant: at the end position the 
slider speed is zero, from where it gradually increases its speed till it 
reaches the centre position and then its speed again falls dxf till 
it reaches zero at the opposite end. Thus tn the rocker-arm mecha- 
nism, just as in the slider-crank mechanism, the slider possesses 
non-uniform motion and the crank has uniform motion. 

There is a variant of the rocker-arm mechanism in which the 
arm rotates instead of oscillating. 

Illustrative Problem 99. If it is necessary to sei the stroke of a shaper 
at H = 400 mm (Fig. 270), at what distance OA =r must the slide- 
block 2 on the arm be set from the axis of rotation and whal will be the 


average eperd of the Working (advance) and of the return strokes vy 
and r,¢ if 1 = 900 mm, a = 540 mm, and the rpm of the crank ‘s 40? 


Solution: we find the length r of the arm through Eq. (176): 


Ha 400 x 540 
r= Fr =F x boo” = 120 mm. 


We find angles « and f. 


From tiiangle A,O,O we evolve OA, = OO, cos £, whence 


_ 120 
~~ 540 
B = 154°20’, and a = 360° — 154°20' = 205°40’. 
At 40 rpm the crank executes one turn in Go min. = Bal) =1.5 sec. 
The time spent to turn through the angle « = 205°40’ will be 


ty = 12% BOAO" = 0.857 sec. Hence ty = 1.5 — 0.857 = 0.643. sec. 
400 


The averaxe speed of the workingstroke vay.y = 0.887 = 467 mm/sec = 
__ 467 x 60 


= 0.222, and A = 77°10’. 





m/min = 28.02 m/min. 


1,000 
The average speed of the return stroke vgy,re; = oot Sasaininiee 
622 x 60, . ; 

T,000 m/min ; 37.32 in/min. 


190. The Cam Mechanism 


Let slider A (Fig. 271) execute reciprocal motion of translation 
and move in fixed guides. To the slider is fastened a fascia piece 
K called a cam. A rod B, called the stem of the follower and which 
moves in fixed guides, has its end pressed against the cam by 
means of a spring C. Assume that the cam is in the position 
indicated by the dotted line and the end of the follower-stem is 
in contact with the surface of slider A. As the slider moves 
from left to right, the tip of the follower-stem will rise along the 
incline nm of the cam, then from surface m to I the follower will 
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remain motionless if this surface is parallel to the axis of the 
slider, and from / to k the tip of the follower will move down, to 
the gad of the incline. When the cam moves in the reverse di- 
rection, the follower tip will slide along the cam’s surfaces in 
the opposite order. If the cam had no horizontal segment, there 
would be no prolonged pause of the follower-stem at the apex 
of its position. If the shder moves uniformly, the character of 
motion (speed and acceleration) of the follower will depend on 
the profile of the cam and the speed of the slider. 

” Direct contact betwecn the follower and the cam would create 
friction and subscquent wear of the {wo contiguous surfaces. 
To avoid this, a roller, which rolls on the surface of the cam, is 
usuajly attached to the end of the tollower. 





Fig. 271 Fig. 272 


If the follower were given the form of a lever wilh one end 
pressed to the cam by means of a spring, it would achieve oscillat- 
ing motion around its rotational axis. 

In the above cases we have deall with linear translation of one 
direction being transformed into linear translation of another 
direction or into oscillating motion. 

Fig. 272 is a diagram of a cam mechanism transforming rotalion- 
al motion into linear translation. The cam K, which rotates 
round axis 0, imparts to the follower B reciprocal motion of 
translation, the nature of which is determined by the profile of 
the cam. If the curve klm were a circle with its centre at O, the 
follower wold remain motionless as it skirts along this part. 
Fig. 273 shows the skeleton outline of a mechanism in which 
the rotation of the cam K causes oscillating motion of the 
follower B. 

In the cam examples presented thus far, their profiles and the 
trajectory of the various points of their followers lie in a single 
plane or in parallel planes. This type is called a disc cam, aa 
distinguished from a cylindrical cam, which does not answer ta 
the enumerated conditions. Fig. 274 is a schematic view of, # 
cylindrical cam K, ringed with a groove that is not parallel with 
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any cross-section of the cylinder. A roller C that moves in the 
roove, turns freely on a spindle which 1s part of follower B. 
ollower B moves in fixed guides parallel to the axis of rotation 
of the cam. When the cam rotates, the follower receives reciprocal 
motion of translation 





lig 273 Fig 274 


Tt is cleai [rom what has been presented that inacam mechanism 
the motion ot the follower 1s delermined by the profele of the cam 
Cams are extensively used to impart many kinds of motion, 
particularly in automatic machines and machine tools. 


191. Determining the Working Surface 
of a Dise Cam 


To determine the required profile of a cam, it 13 necessary to 
fust know the required motion of the follower, or as they say, 
the ‘“‘specification”’ of the followe:’s motion 

Assume that the diagram shown in Fig 2758 is just such a 
specification ‘The angles « of the turn of lhe cam are laid out 
on the axis of the ahscissae Oa, and the corresponding distances 
between A of the follower B and the rolational axis O, of the cam 
are plotted on the axis of Lhe ordinates OS It is furthermore 
speciticd that the cam rotale uniformly and that ils rotational 
axis intersect the axis of the tollowc: (Fig 275a) It 1s seen that 
the curve representing one revolution of the cam has becn equally 
divided into 16 parts 

From the displacement diagram (Fig 2755) we find that when 
the cam makes its fust two-sixtcenths of a turn, the distance 
between the contact surface of the follower and the axis of rotation 
remains the same, as shown by the equal segments 0 — a, = 
= 1 — a, = 2 —a,, and then this distance increases. At the end 
of the third-sixteenth of a turn, it 1s equal to the linear segment 
8— as, at the end of the fourth- and fifth-sixteenth it will be equal 
to segments 4-— a, and 5 —a,. Then the follower remains mo- 
tionless during two-sixteenths of a turn, after which the distance 
grows until a moment corresponding to hnear segment 10. During 
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turns 10—i1 the follower again has a period of dwell; then be- 
ginning with moment 17 the distance decreases, i.e., the follower 
mnoves in the reverse direction; at the moment corresponding 
to tl completion of the full turn of the cam the distance between 
the end of the follower and the axis of rotation is represented by 
the linear segment 16 — a,, which is equal to the initial distance 
O —a, and means that the follower has returned to its initial 
position. As the cam continues to rotate, the follower again 
executes its motions in the same order, or, as they say, repeats 
the cycle. 





Now Ict us proceed with the cons(ruction of the working surface 
of the cam (Fig. 275a). We extend axis Ow Lo the left and mark 
upon it an arbitrary point 0,. ‘This we shall consider as the rota- 
tional axis of the cam. Assume that the follower B is moving 
vertically upwards. Since it has been stipulated that its axis 
intersect the axis of the cam, we delineale a vertical line through 
point O,, and by laying out on it Lhe linear segment 0,A, = Oa, 
equal to the initial distance between the contact surface of the 
follower and the axis of rotation 0,, we obtain the initial position 
of the contact surface Of the follower A,. At moment 3 the con- 
tact surface of the follower A will be at a distance of 5 — ag 
from the rotational axis; by laying out this segment on the axis 
of the follower we obtain position A, of its contact surface, 
Transferring the other points a,, a,, dg, etc., on the displacement 
diagram, we obtain a number of positions for the contact surfags 
of the follower, to wit, A, and A,, which coincide with positions 
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A, and Ay, and A, Ay, Ay, which coincide with position A,,, 
etc.*. ‘ 

Now we draw a circle with point O, as its centre and a radius 
equal to the shorlest distance 0,A, and, dividing it als® into 
sixteen equal parts corresponding to sixleen cam revolutions, 
delineate radial segments through points 1,, 2,, 3), 4,» 5,, etc. 

When the cam turns through an angle of 22.5° x 2 = 45°, 
the contact surface 01 the follower A will remain in its initial 
position A,; by the end of the next 
turn through the angle 2,0,3, of 22.5°, 
the contact surface of the follower 
will be at position A;. Hence, in order 
Cam profile to find the point on the surface of the 

cam corresponding to point A, of the 

Fig. 276 follower, we plot an arc from centre 

O,, with a radius equal to 0,A,, to the 

point where it intersects the radius O0,3,. In the same way position 

A, of the contact surface of the follower will coincide with point 

4, of the profile, etc. Repeating this process for all the other 

positions of the follower we obtain the other points on the 

working surtace, which we unile with a curved line and thus 

obtain the profile of the cam. Between points 5, and 7,, and 

10, nue 11, (just as between A, and 2,) it will consist of arcs of a 
circle. 

If the follower had a roller on its end, we should first have found 
the curve corresponding to the motion of the axis of the roller 
and then, having delineated from various points on this curve 
a number of circles wilh radii equal to the radius of the roller, 
we would plot the profile of the cam, tangent to all these circles 


(or arcs) (Fig. 276). 


192. Questions for Review 


1. In the rack-and-pinion transmission represented in Fig. 277, the 
pinion z, transmits motion to the tack #8 through the idler gear z,. 
What change would there be in the speed and direction of the rack if 
pinion z, was in mesh directly with the rack? 

2. Two screws of different diameters arc threaded to the same pitch. 


What can be said about the lead angle of their threads? 
3. In two screws of the same diameter the distance between turns 


of the thread Is the same, but one is single-threaded and the other multiple- 
threaded. What can be said about their lead angles? 

4. In the mechanism diagrammed in Fig. 258 the threads on lengths 
a and D have the same direction and pitch. What is the absolute dis- 


placement of nut 3 when screw 7 is rotated? 
5. What would be the answer to question 4 if the threads on Iengths 


a and 8b possessed different directions? 


* Positions A,., A,,, Ay, and Aj3, are not shown s0 as not to compll- 
cate the drawing, 
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What ral would there be in the mechanical advantage obtained 
with a screw-and-nut if the lead angle were decreased? 





Fig. 277 


7. What kinematic differences are there between the rocker-aim 
mechanism and the slider-crank mechanism? Why is the slider-crank 
mechanism impractical for use in a shaper? 


* 193. Exercises 


101. A load of Q = 1.5 tons is raised to a height A = 180 mm 
in 25 sec by the screw jack whose principal properties were 
enumerated in Fx. 97 (Fig. 263). What force P is exerted on its 
de ry what power expended it the elficiency of the jack 
n= 0.4 

102. The rack 3 in [ig. 278 is pul in motion by the train of 
gears 2, Z, Z3, and z, in which z, 1s the diiver’ The power 
on shaft O, 1s N= 12 hp. Find the 
force transmitted to the rack and 
also its speed if the rpm of the driving “’ 
shaft n, -= 900, the number of lceth on 
gears z, = 24, z, = 60, z3 = 25, z, = 75, 
the module of the last gear m= 5mm, 
and the efficiency of the drive 7 = 0.85. 

103. The driving gear z, in Fig. 279 
transmits motion 1) to rack A accord- 
ing to the scheme z, X z — z3 X %& -— Fig. 278 
— Zz, < rack, 2) to the screw mecha- 
nism with nut C whichcannot turn and according to the scheme 
2, X %— 2% X % X %— screw BX nut C, and to 3) shaft VI 
according to scheme z, K z, X z, — worm D X worm gear 2g. 

Given the following. z, = 30, z, = 60, z, = 25, z, = 80, z, = 
= 40, zg = 50, z, = 40 teeth; module of the rack m, = 4 mm 
pitch of screw B= 5 mm, the worm D is triple-threaded, thé 
number of teeth on the worm gear z, = 60, the rpm of the driving 
shaft n = 400, 
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Find the speed v of the rack A, the speed v, of the nut, and 
the rpm n, of shaft VJ. 

104. Fig. 280 shows the skeleton profile of a slider-crank 
mechanism with the following working properties. The Slider 
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Fig. 280 


3 turns freely on crankpin B of crank 2 which rotates about the 
fixed axis A. When the crank rotates, the slider receives relative 
reciprocal motion of translation in the slot of arm 4 which slides 
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in fixed guides 7. The length of the crank AB = 120 mm and it 
achieves 180 rpm. Plot the displacement ahd velocity curves for 
the mechanism. 


CHAPTER XIX 


AUXILIARY PARTS EMPLOYED IN TRANSMITTING 
ROTATION 


194. Axles and Shafts and Their Components 


In order that sheaves, gears, cams, etc., achieve rotation, they 
are mounted on parts called axles and shafis. Assume that sheave 
K (Rig. 28la and b) receives rotational molion from a_ belt 
and transmits this rotation further through sheave L. Rotation 
is imparted by the elfective pull P, which creales the torque 
M,=P, * , whence J), is the diameter of the sheave K (Fig. 
281b). Acting againsl this torsion is the moment AJ, ~- P, es 
equal in maggilude and opposite in direction, in which P, is 
the pull transmitted to the sheave connected by belt with sheave 
L, and D, is the diameter,of sheave LL. In this way the part of the 
shaft 2 situated between sheave K, which receives Lhe pull, and 
sheave L which imparts iL, tends to twist under the action of two 
equal and oj posite moments. Furlhermore, the shalt tends to 
bend because it is subjected to its own weighl, the weight of 
the sheaves, and the stretching action of the belts. Due to all 
these factors we may say thal under operation a shafl us subject to 
combined torsion and bending. 





c 
Fig. 281 Fig. 282 


Now let us assume that a unit consisting of two sheaves B is 
turning freely on a cylindrical shaft A (Fig. 282). It is clear that 
in this case the cylindrical shaft will be subject only to bending, 
inasmuch as torque will be imparted from one sheave to the other 
via the bushing C. This type of detail, whose geometric axis 
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coincides with the axis of the revolving part that it carries, is 
known as an azle. Accordingly, the principal difference between 
an azle and a shaft ts that an aale is subject only to bending, 
whereas a shaft bears both bending and torsion forces. _ 

In the above example there is no need for the axle to revolve in 
order that the sheaves turn. But there are other instances where 
the axle must turn, an example of which is the axle ofa railway 
carriage: as the whecls revolve, the axle upon which they are 
mounted also revolves but is not subject to torque. 

Shafts and axles are held in supports the construction of which 
corresponds to the given function of the detail. Thus, the trans- 
mission shaft A schematically shown in Fig. 281a is installed in 
three supports, or sliding bearings. The part of the shaft within 
the bearing is known as the journal. 
Shaft A thereby possesses three journals 
1,2, and 3. Journals 7 and 3 at the end of 
the shaft (or axle) are called pivots, while 
the intermediate journal (numbered 2 in 
Fig. 281a) is a neck journal. If the longi- 
tudinal (axial) forces acting upon the shatt 
are very greal (Fig. 283), abutting journals 
are used to bear the thrust and they 

are therefore known as thrust 


bearings. 
P The shaft and supports 2) 





must mate in such a way as 
to prevent any motion ot 
the shatt in an axial direc- 
tion. There are various ways 
of doing this. One method 


7 is to cut out a part at the A 
end of the shaft or the axle c) 
Fig. 283 80 as to have a cylindrical Fig. 284 


portion of less thickness 

than the rest, thus making 
a pivot with two shoulders (m and nin Fig. 284a) which will, it 
is clear, prevent axial displacement. A simpler construction is a 
pivot with a single shoulder (Fig. 2846). 

The transition from a surface of greater diameter to one of 
lesser diameter (rin Fig. 284a and b) and called a hellow chamfer, 
is made in the form of an arc, of definite radius for every shaft 
diamcter. The chamfer is indispensable for long service of shaft 
or axle. 

Often collars are used to prevent axial displacement of the 
shaft (A in Fig. 284c). These are fastened to the shaft with set- 
screws. When necessary, collars are also employed together with 
neck journals. 
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195. Main Types of Sliding Bearings 


The support in which a shaft or axle rotates is called a bearing. 
In sofhe bearings the force from the shaft is perpendicular to the 
axes of the bearing (Fig. 281) and then they are called radial 
bearings; in other cases the force is directed parallel to the axle 
or shaft. in which case they are known as thrust bearings or slep 
bearings. Some bearings may be of the combined radial-thrust 
type. ‘ 
errs for the axles of rolling stock of railways are galled 
journal bozes. 

The choice of bearings depends on the conditions under which 
they are to work; the most important factors are the applied 
load “and the rpm of the axle, or shaft. - 

In sliding bearings, the journal of the axle is in contact with 
the inner surface of the bearing and slides over it, thus creating 
the first kind of friction. 


196. Antifriction Bearings 


As already explained in Sec. 50, the loss from rolling friction is 
much less than that from shding friction and explains the wide 
use of antifriction bearings. 

Antifriction bearings are of various types, depending upon the 
direction of the acting forces. Figs 285 and 286 show one type —~ 
ball bearing — and its components (the numerals for the respective 
parts are repeated in both illustrations). 





Fig. 286 


The split sleeve 7 is mounted on the journal of the axle, or 
shaft. The outer surface of the sleeve is slightly conical and carries 
the inner race 2. The outer race 4 is concentric with the inner one 
and between them are he steel balls. When the round nut 3 is 
screwed on to the sleeve 1, the latter is drawn into the inner race 
2, thus fastening it on the journal. When one race turns relative 
to the other, the balls roll in the grooves in the outer surface of 
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.the inner race and the inner surface of the outer race. To keep 
the balls at a constant distance from one another they are placed 
in the cage 5. “he 

__ When the a race 4 is gastened to the shaft’ housin® (Fig. 
287)*, we get a 


earing to support a rotating axle or shaft. Fig. 
288 shows a Similap arrange- 
ment for a sheave; the ball 
bearings are mounted in 
the hub. 
. .n,the bearing just present- 
ed, the balls are arranged 
in one row and from which 
it derives its name — single- 
row ball bearing; whereas 
Tig. 289 shows a cross-section 
of a double-row ball bearing. 
Another type of antifric- 
tion bearings is where rollers 
are used instead of balls, 
Fig. 287 these are caJed roller bear- 





bs e ings. 

Bésides radial ball- -and KolicnNentines thrust and combined 

rddial-thrust bearings are also used. Fig. 290 shows a cross-section 

of one type of thrust ball hearings: the shoulders of shaft A rest 

on race‘l which is fastened tightly to the pivot; race 2 is immov- 

able and the balls, rolling in the grooves between the two races, 
take up the thrust transmitled by the shaft. 
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Antifriction bearings arc better than sliding bearings in several 
ways: there is less friction loss, a smaller amount of lubricant is 
required, a smaller longiludina] clearance is achieved, etc. But 
they also have a number of objectionable features, amongst 
which are their larger diametrical clegrance and at times the 
complication of their assembly. 


* The housing is shown with the cover removed ang lying alongside, 
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197. Couplings 


Coagial shafts are joined by a mtchjne part cafled coupling’. 
The simplest couplings, used Mt" rigid congections of the 
ends of two shafts, are called rigid couplings. Fig. 291 is a cross- 
section of a flanged rigid coupling: two Ulanges f and J-are keyga 
to the ends of the shafts and bolted togethey, To ensufe aligtiinent, 
one of the flaffea has a ie prt. 

ection 2 which fits into’a 
Jseugepeéssien ‘in the other flanges '* 
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Another type of coupting isthe ribbed coupling shown in Rig. 
292. This consists of two longitudinal halves mounted simultane 
ly on the ends of both shafts and then tightened with bglts. To 
preclude the possibility of the shaft twisting in the coupling, 
the ends of both are kcyed together. 4 ie 
It is often necessary to engage or disengage two coaxial shafts 
cure their rotation. Couplings used for this purpose aff called 
clutches. 


198. Questions for Review 


1. What is the main difference b-tween an axle and a shaft? *°% 

2. What is the dilference between neck journals of an axle or shaft, 
and pivots? ‘ 

3. When is a bearing called a step bearing? 

4. What are collars used for? 

5. Flow are bearings classified as to load and type of friction? 


en 
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CHAPTER XX 
DEMOUNTABLE CONNECTIONS 


199. Threaded Connections 


Every machine or assemblage of engineering equipment consists 
of parts joined into uni. In some instances the parls forming 
such units move relative to one another, in other cases they 


* The cohnections used in joining pipes, spars, tie rods and other 
similar equipment are, incidentally, also called couplings. . 
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comprise a fixed whole without any movement relative to each 
another. 

Often the parts are so joined that when necessary (as éuring 
repairs or overhauling) they may be taken apart without damag- 
ing the joint. Such connections are said to be demounjable, as 
distinguished from permanent connections which cannot be sepa- 
rated without destroying some of the members. 

he most prevalent demountable connection is the threaded 
type. tts construction depends on the parts to be joined and on 
the expected load. The threads are either cut into the parts to 
be joined, or are prepared on special fastening details — screws, 
_ bolts, nuts, etc. 

amples of permanent connections are those that are riveted 
or welded; the only way such assemblies can be taken apart 
is to destroy the basic elements forming the riveted or welded 
seam. 


200. Threads for Connections 


The chief element in a threaded connection is 8% helical thread 
classified by its diameter, pitch and profile. In the U.S.S.R., 
government standards (GOST and OST) have been established 
which must be strictly observed. 





os 


The reliability of a threaded connection depends on the magni- 
tude of friction acting between its elements; the greater the 
friction, the more reliable the connection. Since the greatest 
friction is obtained with a triangular thread, it is the one chosen 
for holding purposes. Fig. 293 shows a thread dimensioned by 
the metricsystem and designed for thread diameters of from 1 to 
600 mm. The drawing shows that the apex angle of the thread is 60°, 
and since the sides of the thread form equal angles with the axis 
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of the bolt, the thread has the form of an equilateral triangle. 
The height of the triangle 


lt, = 0 866 s, (179) 


in which s is the pitch of the thread. 
Since the amount cut off at the thread’s apex and base 1s + 
the actual height of the thread 


ty = ty —2-2 = 0.75 ty = 0.6495 5. (180) 


Further examination will show that between the roots of the 
thread on the bolt (diameter d,) and the points of the thread‘ on 
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the nut, a radial clearance has been left the magnitude of 
which 


S=h—h, (181) 


whence ¢, represents the depth of the working profile of the 
thread. OST Specifications for each size of screw include the 
dimensions of the external diameter d,, average (mean) diameter day, 
internal diafmeter d,, pitch s, height of thread ?¢,, and the 
clearance e’. 

When dimensions are given in the metric system, they are 
marked with an M followed by the external diameter and pitch. 
For instance, M 30 X 3.5 infers that the screw has an external 
diameter of 30 mm and a pitch of 3.5mm. Screws with dimensions 
based on the inch are also used in the U.S.S.R. Fig. 294 shows 
such a thread with a profile angle of 55°, used for diameters of 
from 3/16” to 4” (OST 1260). The cross-section of the thread is 
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in the form of an isosceles triangle with an angle of 55° at its 
apex. The altitude of this triangle 


ty = 0.96049 s, (182) 


in which s is the pitch of the thread. 
The distance of the cut-off of this triangle from the apex is 


2 from which we obtain 
t, =t,—2%= 714, = 0.6403 s. (183) 


Another difference of this thread as from one of the metric 
type is that there arc two clearances 5 and s belween the bolt 


and the nut at the root and apex of the profile. The rest of 
the notations in Fig. 294 are the same as for the metric-type thread. 

The number of threads per inch ranges from 3 (when the 
diameter is 4”) to 24 (when the diameter is 3/16”). The inch-style 
thread is torbidden* in the manutacture of new articles. Among 
other threads tor connections is the GOST none 52 for pipiny 
with diameters of 1/8” to 18”. 


201. Tapered-Pin Connections 


Some demountable connections are implemented with tapered 
pins and are therefore called pin cannections. Assume it is nec- 
essary to join two details J and 2 as in Vig. 295a. After drilling 
holes to fil the exacl shape of the pin in both details (Fig. 295d), 





Fig. 295 


we drive in the pin wilh a hammer or a press. Under the action 
of the tapered pin 3, the end of detail 2 will be drawn into the 
socket in detail 1. 1f there is a flange m and the pin is driven in 
firmly, a reliable connection is formed which, if necessary, can 
easily be taken apart by forcing Lhe pin out in the opposile 
direction. 


*In the U.S.S.R. — Editor's note. 
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Such connections may also be made as shown in Fig. 296a: 
the two parts to be joined are enclosed in a common bushing 
and the connection is made with two pins. 

Tapefed pins are held in place by friclion, which increases as 
forces N, and N, increase (see I*ig. 162) As already explained in 
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Sec. 140, these forces increase as the angle e tormed by the sloping 
sides of the pin decreases. Tlcnce angle « 1s made as small as pos- 
. De. GE yeah ey 1 1 
sible, its ratio 7 (ig. 296) lo the length being yo9* gg» OF 3p 

and very seldom gteater. 
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STRENGTH OF MATERIALS 


CIPAPTER XXI 


BASIC PRINCIPLES 


202. Stress and Strain in a Body 
Under the Action of External Forces 


Assiune thal a rectilincar bar is resting wilh ils ends on two 
supports and we exerl a force on il, al some point belween the 
supporls, by hanging a delimte weight to il. Under the action 
of this toree the bar will bend and become curyilinear in form. 
By repealing this experment with weights of various magnitude 
apphed at the same point, we will find that the bar bends more as 
we increase the foree. Such a change in form, or dimensions, of 
a body under the action of applied forces (called loads) is known 
as sirain 

By oboerving the form of the bar aller removing the load 
causing the strain we will see one of two things: either the bar 
will return entirely to ils original shape, or its form will be only 
partially restored. In the first instance the strain 1s called elastic 
while in the second case, when (he bar remains partially de- 
formed, if is said to haveattained plastic strain or a permanent 
(residual) sel. We thus see that when a body is subjected to the 
action of a load under certain condibions clastic strain may be 
accompanied by a permanent set. If the Joad is still further 
increased, strain will become so greal thal the bar will fail. 

Strain is not only caused by direct action of one body upon 
another. but also by a bodys own weight. If we place a metal 
baron twosupports and it is very long in comparison toils thickness, 
we shall see Lhal its own weight and corresponding reaclions at 
the supports will cause il {0 become curvilinear it: form. 

In the above exainples, strain is so great Lhat it becomes visible ; 
such strain is not permissible in engineering strucLures or machines 
except where special parts are used (springs of various kinds), 
meant to absorb strain of considerable magnitude. Ffowever, all 
parts of anv structure or machine may become somewhat strained 
under the action of applied external forces; and though such 
strain may not be visible, it can be measured with precise instru- 
ments, iz 
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203. External and Internal Forces, 
and the Cross-Section Method 


W@ know from experiment that the grealer the force applied 
lo a body, the greater the strain. For instance, in the case of 
the bar just mentioned as being subject to bending, the extent 
of curvature depends on the magnitude of the applied forces al 
a given cross-section. 

In all cases when external forces cause strain in some member, 
internal forces arise, in proportion to the magnitude and direction 
of the forces, to resist the external forces. Ilow can we determine 
the magnitude of internal 
forces caused Ly the action 
of externa] forces? 

Assumethalahbeam ABCD 
(Fig. 297) is under the action 
of asyslem of balanced forces 
P,, P., Py, Py and P;. Lel us 
find Lhe inlernal torces aching ° 
in the cross-saghon nun. To 
do this, we reason as follows. 
if the beam as a whole tin 
equilibrium, then all parts Haig. 297 
of it are also in equilibrium. 

Let us trv lo determine, fot example, whal forces would be 
acting on the part mC Dn. In the first place there ar external 
forces Py and P,, and then there are, apparently, some forces 
acting from portion BmnA. Let us imagine that we cul the beam 
along line man, and remove the portion BmnsA. If we denote Rt as 
the resultant of the clementary forces acting from the discarde } 
portion upon the remaining free body, then we may say Lhat the 
free hody mCDn is in equilibrium under (he action of forees P,, 
P,, and Wt. ‘This torce Ris the internal lorce that balances Lorees 
P, and P,. As already explained in Slalics, when there is a system 
of forces in equilibrium, any one of the forces balances all the 
others. IIence the force R is equal and opposite in dircclion to 
the resullant of forces P, and P,. 

Reasoning in the same way wilh respect to portion BmnA 
(that is, discarding portion mC Dn), we come to the conclusion 
that it is uncer the action of the internal force R’ which is equal 
to the resultant of forces P, and P;, or what is just the same, force 
R’ balances the external forces P,, P;, and P,, as applied to 
portion BmnA. 

We therefore find that the internal forces in Lhe right and left 
portions of the beam are cqual in magnitude (which is as it 
should be according to the Jaw stating that action and reaction 
are equal and opposite), but the direction of these forces depends 
on which of these portions we consider as the given free body. 
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As we shall eventually sce, the direction of internal forces deter- 
mines the nature of strain that the body undergoes. 

In this case the system of exlernal forces is such that the result- 
anl R of the internal forces is not perpendicular to the given 
cross-section mn. We therefore resolve Kt into two components - N, 

perpen dicney {o the vertical plane and T, lying within it. We 
ay thus replace R with these two components. The first is called 
the normal force, aud the second the fangential force. 

Now let us find the answer {o the question as to whether the 
internal force will be the samc in all sections of the beam. Assume 
that we cut the beam along line m,n,. parallel Lo mn, and discard the 
left portion Bm,n,A. With the given distribution of forces we see 
that there are now three forces jnstead of two - P,. P;, and P, — 
acting on the remaining free body. Ilence the force halanéing 
(hem and equal to the resultant of the discarded forces P, and 
P, will differ from them and thereby the internal foree in this 
cross-section will also differ. 

Furthermore, if instead of a vertical plane we had taken our 
section of the beam in some direclion olher (han perpendicular 
to its axis, the force It would be directed Lowargs this plane 
at a different angle and consequently the components N and T 

would have been different. There- 
fore in general the internal forces 
dilfer at dilferent sections of the 
beam. 

This method for delermining inter- 
nal forces in a strained body is called 
the cross-section method and is made 
wide use of in solving strain prob- 
lems of bodies. 


Ihustrative Problem 100. A roof truss 
is resting on two supports A and 2B 
(Fig. 298a). A vertical foree P is applied 
al C. Sinee the truss is syimnietrical with 
respect lo the king-posbCD, the reactions 


of Lhe supports will each be 4 elie 


Ra = Ry = 0.5P. Find the internal 
forces acting in the ratier AC and the 
lie beam AD. 
Fig. 208 Solution: Let us assume that, by 
culling -through plane mn, we have 
procured a free body al joint A. A is in equilibrium under the action 
of the reaction Ra und the internal forces in hoth AC and AD. We begin 
with a point A, below the diagram (Fig. 298), and after delincating 
the vecior of Jorce My, we resolve it inlo two components A,D, and 
A,C, directed towards AD and AC. In order that these two forces be 
balanced by force Ita, they must be directed in opposile directions. 


In this way we obtain a balanced syslem of forces Ra, A,D’, and A,C’. 
From this we find that the tie beam AD is under tension, while the rafter 


AC is under compression 
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204. Internal Forces of Elasticity 


When a body is strained under the action of external forces 
the points of application of these forces are more or less dis- 
placed, with the resull thal these forces perform a definite amount 
of work in the strained body. ‘This work is equal to the negative 
work of the internal forees resisting strain. If strain is elastic® 
the work of the internal forces is equal tou the potential energy 
accumulated by the strained body. This energy is returned when 
the body assumes ils original form. 

This faclor connected wilh Lhe polenlial energy of strain is 
frequently utilised in enginecring- among olher things in 
machines and instruments employing springs, membranes, and 
similar resilient parts. 


205. Stress in Strained Bodies 


The internal forees Rand R’as presented in Sec. 203 are result- 
ants of the elementary forces of interaction between the particles 
of two partseot a strained body. Thus if the strained bodv repre- 
senled an Fig, 299 were imagined to be cul as shown, then we 
may assume such an vlementary force acting on cach particle, 

Let) the clementary loree WS he aching on some small area 
AF ol portion / of the body. It 1s obvious that the greater the 
foree, the greater the internal forces set up ain the material. 
These forces are measimed by a quantity called stress, which 
is found by dividing the 
elementary force AP by 4 
the area J/*. By denoling 
the force as a, we obtain 


P 


ha (184) 


Co= 





In general, stresses differ 
in different parts of a Fig. 299 
strained body. 

Inasmuch as force 1s expressed ip lulogrammes and area in 
centimetres or millimetres, then stress is expressed in kg/cm? 
(read, kilqgrammes per square ceutimetre), or kg/mm?. 

It internal forces are distributed evenly over the given cross- 
section, the slress will be the same at all its points and can he 
determined by dividing this toree P by the whole area of the 
cross-seclion J*: 


a=i. (185) 
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206. Ultimate Strength and Safe Stresses 


If we take two pieces of steel wire of the same quality and 
length butf{of different diameters and hang them so as to support 
equal loads, we shall find that the one of the smaller diameter 
will have the greater clongation. Thus, under the same load, the 
strain of the wires will differ. If we further load the wires, we 
shall find that at a cerlain load the thinner wire will acquire a 
permanent set and will not recover ils initial shape when the 
load is removed, whereas slrain in the thicker wire will remain 
elastic. Finally, at a certain further load the thin wire will snap, 
whereas the thick one will remain unbroken under the same load. 

Thus we see that slrain in the two wires dilfers under one 
and the same load. The reason is that the stress is less in the 
cross-section of the thicker wire because its arca is greater. 
From which it follows that il is not the magnitude of the exerted 
force (hat determines the nature of strain, bul the magnitude 
of stress. Llowever, stress alone does not determine the charac- 
ter of strain. Indeed, if we repeat the experiment wilh two 
pieces of copper wire of the same diameters, we would find that 
they acquire grealer elongalion under the same loads and break 
under smaller loads. ‘This means that Lhe nature and magnilude 
of strain depends also on the phvsico-mechanieal properties 
of the material. 

Strains of various kinds find practical application in engi- 
neering. For instance, in the forging or rolling of melal we force 
it to undergo non-claslic strain which enables us to give it the 
required shape. In the cutling of metals, forces required for 
separating the chips are pul into action. Tn all these cases we 
create stresses which correspond to the produced strain. 

Where machines and other engineering cquipment are con- 
cerned, however, the problem is entirely different. Obviously 
in their case there must be no permanent set, since such strain 
would cripple normal work of the parls. Accordingly, all parts 
of machines and other equipment must be subject to only elastic 
strain, to disappear when the action of the load is removed. 
Whereupon machine parts are so construcled as to keep strain 
within permissible limits, from which it is clear that the created 
stress under a load must also be within permissible limits. To 
accomplish this, calculations in design are based on certain 
safe stresses which are established as a delinile fraction of the 
stress that would break the member. Obvivusly the magnitude 
of a safe stress depends firstly on the material of which the part 
is to be made. 

All these factors concerning determination of strain and stress 
under the action of external forces, as well as calculations of the 
strength of elements of machines and all other types of struc- 
tures, are treated in lhe science called Strength of Materials, 
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207. Statie and Dynamic Loads 


There are various kinds of action of a load on a structure. 
Let ‘ss consider:a bridge for example; here the load fluctuates 
within narrow limils. Its own weight is constant, but the load 
created by the traffic passing over it changes gradually in the 
course of comparatively prolonged intervals of time. The floor 
load in an apartment house changes in a similar way, as does 
also the hydraulic pressure exerted upon a dam, etc. This kind 
of load, which grows graduallv and then either remains constant 
or undergoes comparatively little change, is called a static load. 

There are other cases where exlernal forces applied to a body 
do not increase slowly but act with a force that grows quickly 
to its maximum; and finally there are cases where the whole 
load is applied simullaneously and produces impact. These are 
called dynamic loads. Wagon couplings undergo such loads when 
a train staris suddenly, and such Joads occur when a forge is 
working, and when badly centred workpieces are being ma- 
chined on a lathe. 

A dynamic load produces greater strain and stress Lhan a static 
load. Hence, inthe designing and operation of machines and other 
enginecring Structures, everything 1s done to avoid dynamic 
loads excepl when impact is needed te obtain greater effect 
(the blow of a forge hammer, prie-driver, elc.). 


208. Chief Types of Strain 


All parts of a structure act upon each other in various ways 
and, accordingly, the forces exerted by one part upon another 
cause (lifferent kinds of strain: the cable of a hoisting machine 
is stretched, the foundation of a 


structure is compressed, a_ hori- 


zontal beam is bent, ete. a) 


Strain is divided into the follow- 
ing categories: ils 
1. Tension and compression (ig. 


300a arid b): such strains occur in a 44) g 
the elements of bridge trusses, forge K Y 
hammers (compression), the shank G8 

Ef 


of a bolt when tightened by a nut, 
ete. 
2. Transverse displacement (shear) Dr ’) on 
(Tig. 300c): under the action of 

equal and opposite forces a rivet Fig. 300 

may shear along the line mi; a too 

great tightening of a nut and bolt will cause the thread to 
strip off the shank of the bolt along the internal diameter, 


, ete, 
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3. Twist (Fig. 300d): twist is a strain that occurs in all parts 
that undergo torsion. Shafts of machines are most subject to 
twist. e 

4. Bending (Fig. 300e): beams and girders of all kinds are 
subject to bending, any axle may bend under its own weight, 
the weight of other parts mounted on it, and the actiori of applied 
forces. 

All the above strains are classified as simple; but very often 
machine parts are suhjecled to several stresses at once. Shafts, 
for instance, are acled upon by torsion and tension at the same 
time, resulling in combined strain. 


209. Questions for Review 


1. What is meant by strain and upon what laciors docs its magnitude 
depend? 

2. Is it possible to judge the magnitude of slrain by only the magni- 
tude of the load acting on the member under consideration? 

3. In what cases is it necessary lo induce a permanent set in a material? 

4. In what hind of calculations is {he cioss-section method used? 
Explain it in brief. 

. State the hinds otf strain produced in the following components: 

a) an ordinary culler when a surlace is being machined; 

b) a drill in operation; 

c) the lead screw of a thread-cutting lathe when in operation; 

d) the jaws of the chuch on a lathe when the outer surface of a work- 
piece is being taslened; 

ce) the serew of a parallel vise holding a worhpiece; 

f) the shank of a rivet in ils cross-sections direclly beneath the heads 
where they hold (the rivetted parts. 


CHNUAPTUR XAILL 


TENSION AND COMPRESSION ‘ 


210. Tension. Absolute and Unit Elongation 


Assume that a force P, constant in magnitude and axial in 
direction, is applied Lo the lower end of the immovable pris- 
matic bar shown in Fig. 301. The bar is in equilibrium under 
the action of two equal and opposite forces — P and the reaction 
P’*, Let us take a cross-section mn perpendicular to the axis 
of the bar at an arbilrarv plane; hy imagining that we have 
discarded the lower part of the bar, we come to the conclusion 
that the upper parl as a free body is in equilibrium under the 
action of force P and its opposite force P’. Accordingly, the bar 
will stretch along its whole length under the action of force P. 
If the cross-sectional area of the bar is equal to F, the stress 


*In the given cxample the welght of the bar is ignored, 
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in the cross-section 


P 
o= - 
from which 
P- oF. (186) 


If we increase the magnitude of force P, then the length of th® 
bar also increases. Assume that with a certain magnitude of 
force P, the length of the Lar l,=-1 + Al, in 
which J is the original length, and Al is its 
elongation when in a state of slrain. This 
final length is called absolute elongation. ‘But 
absplule elongation docs not tel] us all about 
the character of strain. To illustrate this let 
us take a rubber band, cut it into two unequal 
lengths and hang equal weights on them; it 
will be found that their absolute clongations 
differ in magnitude. Tience, absolute elon- 
gation is no indication of proportionate strain 
under the action of a given tensile force. {lowe- 
ver, uf we compare the clongation per unit 
length of (he two bands of rubber, we shall find 
that it is the same for both. This is called unit 
elongalton and is a ratio of absolute elongation 
tu original length. By denoting unit elongation 
as €, we obtain 





e= (187) 


Since the numerator and denominator of lig. 303 
this fraction are both expressed in units of 
length, it is an abstract number. Ordinarily, unit elongation 
is expressed in percentage, then 


e% - + 100. (188) 


Wherefore, longifudinal strain of a body under the action of a 
tensile force ts measured by Us unt elongation. 


211. Transverse Strain of a Body 
Under the Action of a Tensile Force 


Experience has shown that the elongation of a bar under a 
tensile force is accompanied by transverse contraction, that is, 
by a decrease in cross-sectional area perpendicular to the line 
of action of the force. Assume that the bar in Fig. 30! is being 
stretched by two equal and opposite forces P and P’, that it is 
square in cross-section, and that one of its sides is equal to a. 
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When the bar is elongated by a length equal to Al, the dimension 
a is decreased to a,, and the difference between a and a, is the 
absolute transverse contraction Aa, i. e., 


Aa == a-~- a. ¥189) 


Transverse slrain of a bar is measured by unit fransverse 
compression: 


£ae (190) 


The relationship between unil transverse compression ¢é’ 
and unit elongation « is 
<= [e, (191) 


that is, transverse strain is proportional to unit elongation. 
The coefficient «is known as the coefficient of transverse compres- 
sion and is a constant determined empirically for each material. 
The coelficicnt for carbon steels, for instance, is from 0.24 to 
0.28; tor copper it is from 0.31 to 0.34; for aluminium it is from 
0.32 to 0.36, ete. It is less than 0.5 for most materials, while 
for rubber it is almost 0.5. Unit elongation for Most materials 
is three to four times more than transverse compression. 


212. The Tensile-Stress Diagram 


In invesligating (he properties of melals in the study of ma- 
lerials, changes are examined in the length of a bar when 
it is stretched in a lensile testing machine. In the tensile 
diagram the loads are plotted along the vertical axis and 
corresponding eclongations marked off aloug the horizontal 
axis. 

Up to a certain load P,, elongation is proportional lo Lhe load. 
Under greater loads, elongation increases taster in proportion, 
and at a still greater load 2, elongation continues without an 
further increase of the load: the material begins to ‘“‘yield’’. 
Then resistance to strain increases until a moment is reached 
corresponding to a cerlain maximum load. At this stage a cross- 
sectional reduction (a ‘“‘bottleneck’’) becomes apparent at 
some place along the specimen’s length. This is the beginning 
of complete failure: for henceforth the bottlenack narrows 
rapidly even with a decreased load and finally the specimen 
snaps. 

With such a tensile diagram we can make a fensile-stress 
diagram to show the relationship between stress and unit elon- 
gation. P 

On a rectangular system of coordinates (Fig. 302) we plot 
unit elongation in per cent (e%) along the axis of abscissae, 
and corresponding stresses o along the axis of ordinates. The 
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form of the curve obtained will be similar to that in the tensile 
diagram. Point A on the curve will correspond toa stress beyond 
which unit elongation ceases to be proportional to the stress. 
The Stress at this point is the limit of proportional elongation 
and is denoted as o,. Point B on the curve will correspond 
to the stress o, and is called the yield point. Point C will cor- 
respond to the stress o, when a neck begins to form on the 
test bar and will show the moment when failure hegins; this 
stress is called ultimate strength*. And finally, D will mark the 
point at which the metal snaps. 

It must be addilionally noted that slightly higher than point 
A is a point corresponding to the stress at which strain passes 
from elastic to plastic: this is called the elastic limit. 1lowever, 
since this stress is very 
close to the limit of pro- 
portional elongation, the 
two may be considered 
the same for practical 
purposes. 

The magnitude of stress- 
es g,, o,, and o, charac- 
terise the mechanical prop- 
erties of a material, |. ¢., 
the capacity for resisting 
the action of external 
forces causing strain aud 
failure. For steel contain- 
ing 0.15% carbon, o, — 35 15 kgymm? and o, 20kg/mm/?, 
for stecl containing 0.6% carbon, o, 61 -87 kg/mm? 
and o, = 50 kg/mm/2; for chromium-nickel steel ¢, = 90 kg/mm? 
and o, = 75 kg/mm?. From this we sce that the strength of 
stecl increases as its carbon content increases, and also as spe- 
cial alloying clements are added. 

The unit elongation of a material undergoing a lensile lorce 
is denoted as 4, is expressed as a percentage, and characterises 
the elasticity of the material. The smaller il is, the more brittle 
the material. 

An illustration is grey cast iron which fractures before hardly 
receiving any elongation or transverse contraction. The ullimate 
strength of vast iron is considerably lower than that of steel: 
for grey cast iron, 9 -= 18—27 kg/mm’. Thus the tensile- 
stress diagram for brittle materials is quite different from the 
one characterising the previously-examined materials. 





* Sometimes this stress is called femporary resistance. 
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213. Relationship Between Stress 
and Unit Elongation. The Modulus of Elasticity 


The reader is reminded that up to the limit of proportional 
elongation o,, elongation of a test bar is proportional to its stress 
and the linear segment OA is a straighl line, as is séen from the 
diagram in Fig. 302. Within these limits, if under the stress 
o, the bar receives a unit elongation of e, and under the stress 
a, receives an elongation of é, etc., we obtain the following 
identities: 

— = =— =, ele. 
fy E> ty 

This means thal the relationship between stress and cor- 
responding unil elongalion is a constanl, which, if denoted as 
E, assumes the general form of 


a 
= Ff, 
€ 





or 
o ek. (192) 


This cocilicient I is called the modulus of elasticity; giv- 
en an equal strain, then the greater the stress the greater the 
coefficient E. Since stress is expressed in kg/em? or kg/mm?, 
and unit elongalion is an abstract number, the modulus of 
elasticity is expressed in the same units as stress - ordinarily as 
kg/cm?. 

As already noled, the limit of proportional elongation may be 
considered the same as the elastic limit and, hence, Eq. (192) 
may be used either to find the magnitude of elastic strain under 
a given stress or to oblain the stress corresponding to a given 
strain. The numerical value of the modulus of elasticily has 
been determined empirically for ditferent materials with the 


aid of the equation E = < » by measuring their elongation under 


a given stress. 

For example, the moduli of elasticity, in kg/cm’, of carbon 
steel is trom 2,000,000 to 2,200,000, for steel casijngs 1,750,000, 
for cold-drawn brass from 910,000 to 990,000, for wood along 
the grain from 90,000 to 120,000, for wood across the grain 
from 4,000 to 10,000, and for leather belting from 2,000 to 6,000. 


IHustrative Problem 101. A steel specimen, pulled with a force P = 
= 500 kg, received an elastic elongation Al = 0.0272 mm. Its cross-sectio- 
na) area F’ = 181.2 mm? and length / = 200 mm. Find its modulus of 
elasticity EF. 

een ; % P 500 

Solution: we find that the stress ¢ = ¥F = [sia - kg/mm? and unit 
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: Al 0.027: 
elongation ¢ = 7 = ae and by applying Eq. (192) we obtain 


oO Pl 500 x 200 
o = > Fal = i8i.2 > 0.0272 = 20250 ke/mm? = 


= 2,025,000 kg‘em?. 
IHustrative Problem 162. Determine the absolute clongalion of a 


stecl bar of length / = 2 m and cross-sectional area Fo = 2 em? under 
a load P = 3 tons. 


’ = « . . . < [os 
Solution: Eq. (192) indicates that unil elongation e =F and. stress 


ae eee seer si Doh 
o= F° Therefore ¢ = Bi ATT? from which Jl = EF * 
2,000,000 kg/cm? and substituting numerical values, we oblain 
_ 3,000 ~ 200_ 
~ 2,000,000 x 2 


Ilustrative Problem 103, (ig. 303 shows a shalt of length i -— 20 m 
and diameter d = 50 min. Jt ievolves in three beniings with collars 
A and £B at Lhe ends of the shatt to 
prevent longitudinal displacement. A B 
The collars were installed on the . 
shait in close contact wilh (he bearings —= = 

d 


Tahing E as 


Al = 0.15 em = 1.5 mm. 


during the summes months when the 
temperature was 30°C. Whal axial 
force will the collars exert on the 
bearings in winter when the lempera- Tig. 303 
ture in the building is 10°C? 

Solution: the coclticient of hnear expansion of stecl is 0.0000125. 
Since Lhe tempesature falls 30° - 10°=20°, the shaft contraels 0.0000125 x 
x20 = 0.00025 of ifs length. This will give 1ise to a tensile stress in 
the shaft whieh we find Lhrough Eq. (192) and by taking the modulus 
of elasticity Fo = 2,000,000 kg,em? and ¢ — 0.00025. Then by substi- 
tuling numerical values we obLain 


o = 2,000,000 > 0,00025 -= 500 ke /em?. 


In order to find the foree P acting on the shatl axially, we multiply 
this SLress by ibe cross-sechional area ol the shatt: 

F= a = "rc = 19.6 em’, whenee the required foree P = 500 
x 19.6 = 9,800 hg. 

If nothing prevents the shatl liom shorlcning, it will attain its abso- 
Jute longitudinal conliaction which, according to Eq. (187), will be 


Al = el = 0.00025 x 20 = 0.005 m = 5 mm. 


We thus see Lhat the collars are exerling too great a pressure on the 
bearings to achieve normal operation, and the work of the drive will 
be disrupted. 

Mlustrative Problem 104. Assuime that Lhe bar vertically suspended 
in Fig. 301 is not unde: the action of any external force P, but only of 
its own weight. At a freely-chosen cross-scclion mn the internal forecs 
will be equal to the weight of the part of the bar below it. Obviously 
the higher the cross-section, the greater the internal forces, and the 
greatest force will be in the uppermost cross-section where the bar is 
suspended. The greatest stress will also be in this cross-section, i.c., 


o= , in which G is the weight of the bar and F is the cross-sectiona 


oe 
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area. By denoting specific gravity as y, then G = Flyando = Ely ly. 
We thus see that in this example the stress does not depend on _cross- 
sectional area. 


214. Compression 


Compressive strain is the opposite of tensile strain. All the 
relationships that have been given for tension are also applic- 
able to compression: if the bar in Fig. 304 were under the action 
of compressive forces P and P’, at any cross-section perpendic- 
ular to the line of action of the load there would be compressive 


slresses o - > ,» in which P is the load and 


F is the cross-sectional area. The bar will 
strain longiludinally along the direction of 
the load and its length will diminish as 


expressed by e- %, or in percentage as 


expressed by ¢% — ay 100. 
Compressive slresses are proportional to 
pl unil longitudinal strain, i. e., o== He. The 
modulus of elasticity £ for compression is the 
Pig. 304 same as for tension for most materials. 
Under compression, contrary to tension, 
the lateral dimensions of a specimen bar will increase. 
iq. (191) expresses the relationship between the magnitude of 
these dimensions and longiludinal strain. 





215. Design Formulae for Allowable Tensile 
and Compressive Stresses 


Tensile or compressive stresses, occurring in the same dircc- 

tion as the load, are determined by Eq. (186): 
P-- of. 

As already explained in Sec 206, machine parts are designed 
so that their stresses do not exceed safety limits. By substituting 
the allowable tensile or compressive stress for the stress @ in 

4q. (186). we can determine cross-sectional area for‘a given load 


to ensure the strength of a machine part. 
The allowable tensile stress is denoted as R, and Eq. (186) 


becomes 
P=R,F. -(193) 


We replace stress o by the allowable compressive stress Rg 
in the same equation, which becomes 


P = RF. (194) 


J02 


_Egs (193) and (194) are for solving allowable tension and compres- 
sion. 

In gletermining the cross-scctional area of a part, the magni- 
tude of the tensile or compressive load and the allowable stress- 
es must be known. As already noted, the allowable stress is 
a fraction of ultimate strength and may be expressed as 


R “, (195) 


in which R is the allowable tensile or compressive stress (/?, or 
Ra), % is the ultimate strength, and nis a number indicating 
how much larger the second is than the fist and called the 
factor of safety. 

This safety tactor 1s not a constant, 1t must ensure the strength 
of the given part against permanent set and depends on a uum- 
ber of circumstances. For instance, the safety factor lor brittle 
materials is larger than for elasue materials, and lareer for a 
dynamic load than for a static load, ete. 


illustrative Problem 105. Arm AB of the bracket in Hluste utive Prab- 
lem 6 (See. 21) if to be made of nuld slecLand round cross section, Caleu- 
late its diameter dif the allowable 
stress A, is 1,400 hg/em?. 

Solaiton. in the quoted problem 
it was found that force P, acting 
along arm A was equal Lo 900 kg. 
Whercupon 


ue P 
fies eS 
4 Rp 
a 
whenee d — ee — 9 mn, 
aR, 


INustrative Problem 106. Xyeboll 
2 in Fig. 305 is passed freely through 
the wooden beam / and has a 10d 
6 suspended fiom pin 4 passd 
thoough its cyes. A tensile forec 
P is applicd lo the rod. Denote 
the internal dianicter of the bolt 
as d, and calculate the dimensions 
required for the various membcis 
of this assembly. 

Solution: from Kq. (193), 





Passe 
~ R 4 
P 
whence d,=2 \z ’ 


which, when the numerical value of the allowable striss enters the 
equation, gives us the internal diameter of the bolt, and irom Standards 
ares (OST) we then find the corresponding external diameter of the 
bolt. 
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Then we calculate the dimensions of the eyes of the bolt. We see that 
failure may take place along cross-section ki, the area of which for the 
two eyes is 2(D — ds)c, in which d, is the diameler of Lhe hole for the 
pin, and ¢ is the thickness of the cyes. Hence the design equation wil be 

P = 2(D — d,)ch;. 


pasty we calculate the size of rod 6. With a thickness of,a and a 
width of 6, the area resisting fracture I’, — bu. The design equation is 
*2R, = P, from which, having found Lhe area ba, we can take some 
suilable value cither lor @ or b, and calculate Lhe other dimension. Sinoe 
at cross-seclion kl the rod is weakened by the hol required for pin 4, 
it must satisfy the equation 


(D = d.)aR, = P, 


216. Compression and Buckling 


Try the following experiment: place a thin sleel bar in a 
vertical position on spring scales as shown in Fig, 306. Press 
your hand vertically down upon the upper end of the bar, thus 
gradually increasing the axial compressive force P but mainlain- 
ing the bar’s vertical posilion. By observing the pointer on 
the scales we will see (hat force P increases but the bar remains 
straight. As we increase the pressure, it reaches a puint al which 
the bar begins to bend, bul when we release 
the pressure, it recovers its original shape. If 
we increase Lhe torce beyond the point where 
the bar just begins Lo bend, bending will increase 
and, wilh further pressure, the bar will acquire 
a permanent sel and then break. 

If we repeal this experiment wilh bars ol 
different lengths but wilh their cross-sectional 
dimensions and their material remaining the 
same, weshallsee thal the magnilude of the com- 
pressive force at which, the deflection ot the bar 
ceases to be elastic depends upon its length, 
i. e., as the length increases. Lhe magnitude of 
this force decreases. This is called the critical load 
and is denoted as P,,. 

Fig. 306 Thus, the failure of an axially-compressed bar 

may occur not because compressive stresses 

exceed their allowable magnitude, but because of longitudinal 

distortion, technically known as loss of stability anc resulting 
in buckling. 

The eminent Russian scienlist Academician L. Euler was 
the first to investigate buckling; the formula determining the 
critical, or buckling, load for slender columns is known as Euler’s 
Equation. 

Columns, compression struts of various types of trusses, the 
connecting rods of piston engines, and other machine elements 
and members of engineering structures are all subject to buckling. 
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217. Questions for Review 


Two bars of the same material and similar cross-sectional area 
becOme elongated to different extents under equal loads. What is the 
explanation for this? What can be said about their unit elongations? 

2. Can it be said that absolute elongation is proportional to unit 


elongation? an. 
3. Why must machine parts be made so they can acquire only elastic 


strain? 

4. Does the load alone indicate the magnitude of the stress in a mate- 
rial? Does the absolute strain indicate it? 

5. What can be said of the modulus of elasticity of materials that have 
different unit clongations under the same loud? 

6. Under what condition will a veitically suspended bar fail because 
of the action of its own weight? At what cross-section will the fracture 
take placc? 


ZLB. Exercises 


105. A chain made of 16-mm round steel links is under a 
load of two tons. Calculate the tensile siress in its links. 

106. Whatewill be the absolute elongation ot a steel rod 8 m 
long and 60 mm in diameter undcr the action of a load P = 
== JQ tons? (The modus ol elasticity 
E = 2,000,000 kg/em?.) 

107. What stress is crealed in a steel 
bar 6 m long and 25 mm in diameter 
if its absolute clongation under a 
load is 3 mm? (The modulus of elas- 
ticity £ -=- 2,000,000 kg/cm?.) 

108. A copper bar 100 mm in dia- 
meter was tightly fixed between two 
immovable walls when the tempera- 
ture was 15°C. What stress will he 
created in the bar and what pressure 
will it exerl on the walls at a tempcra- 
ture of 50°C? (The coefficient of linear 
expansion of copper is 0.0000167; and 
fi == 1,000,000 kg/cm?.) Fig. 307 

109. At what length would a har ot 
mild steel break under the action of its own weight if its ultimate 
strength is 4,000 kg/cm?? (Specific gravity y = 7.85 g/cm'.) 

110. A copper bar that is being tested in a tensile testing 
machine has an initial length, between two marks, / = 200 mm. 
Under a load P=500 kg the marked length clongates 
0.032 mm. Find its modulus of elasticity if the diameter of 
the bar was 20 mm before the test began. 

111. The chain of a hoisting machine is under a load G = 500 kg. 
Find the tensile stress in the links of the chain if it is made 
of 8-mm round steel. 
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Hint to solution. It must not be forgotten that the load is 
distributed between two cross-sections. 

112. Whal must be the diameter of rods 17, 2, and 3 (Fig. 307) 
whose allowable stress is 1,400 kg/cm?, « — 30°, 8 — 60°, and 
from which a fixed pulley is hung and with the aid of which 
aload G2 tons is raised? i 


CHAPTER XXIII 


SHEAR AND TORSION 


219. Shear (Strain in Lateral Displacement) 


A sheave, prismatically keyed to a shaft revolving as shown 
by the arrow in Fig. 308a, transmils rolation to another (driven) 
sheave mounted on a parallel 
shaft. A ftoree P is acting 
{rom the  first-menlioned 
shalt (right to left) upon the 
lower part of the key, while 
an cqual and opposite force 
P’ is excrted on the part of 
the key entering the key-seat 
in the sheave’s hub. If the 
key is not strong cnough it 
will shear along line mn as 
: shown in Fig. 3085. From 

Fig. 308 Lhis it follows that internal 
s(resses, due lo the interac- 
tion of these forces, are sel up along line mn that resist the shear. 

By dividing the internal torce, equal to force P, by the area 
I of the cross-section mn, we obtain the stress t: 





t= 4 (196) 

or, by denoting the width of Lhe key as 6 and its length as /, 
P 
t= “oT 


The stress t is the shearing stress and is expressed in kg;cm? 
or kg/mm?. ‘This stress acts along the plane of sLrain mn and is 
a tangential stress. Depending on the magnitude of the tangential 
stress, strain may he either elastic or plastic, or it may even result 
in complete shearing of the member. 
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220. Determining the Amount of Shear Strain. 
The Modulus of Elasticity for Shear 


Lel us investigate, as we did in the case of tension, what 
quantity may be used to measure the magnitude of shear strain. 

Assume that {wo equal and opposite forces P and FP’ are act- 
ing on a portion of a beam (Fig. 309a) at cross-sections AC and 
BD, situated at a small distance x from cach other. Under 
the action of these forces the parallelepiped ABDC (shown at 
an enlarged scale in Fig. 3096) will become twisted and take 
the form of the parallelogram AB,D,C in Fig. 309. Hence, 
points B and PD, and any other point lying alonpy segment BD, 
will be shifted with respect to segment AC to the extent of 
BB, = DD, =s. 


4) 





Fig. 309 


This quantity s may be considered to be the absolute shear 
strain in the section of beam under considcration. ITowever, 
just as with absolute elongation, absolute shear does not give 
a full picture of the degree of slrain, since this latter depends 
on the dimensions of the hody. 

If we take cross-section /3’D’ at a distance of z, from AC, 
absolule shear slrain will be 23'2B, J), -5,. From the 
similarity of triangles ABB, and AB’B, we obtain 
= => or = 7 which denotes a cerlain value of y. 

Thus we see that the ratio between absolute shear strain and 
the distance between cross-sections is a constant and for that 
reason is used as a measure oi shear. The quantity y is called 
unit shear slrain (the angle of shear). 

Wherefore, untl shear strain is equal to absolute shear s'rain 
divided by the dislance between the planes of shear. 

When investigating elongation we found that the stress o is 
proportional to unit elongalion within the limits of elastic strain. 
Theory confirmed by empirical research show that the same 
Telationship exists with respect to shear, that is, 


«= Gy, (197) 
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in which 7 is the shearing slress, y is the unit shearing stress, 
and G is a coefficient called the modulus of elasticity for shear. 
This equation is analogous to Eq. (192). And since ¢ is expressed 
in kg/cm? (or kg/mm*) while y is an abstract number, the mod- 
ulus of elasticity G for shear is expressed 1n the same units as 
_Stress (usually in kg/em?). , 

‘? Several values for [he modulus G, given in kg/cm?, are: car- 
bon steel — 810,000; aluminium -- 260,000 to 270,000; copper — 
400,000, elc. 


221. Allowable Shear 


Let us denole £2, as the allowable shearing stress considered 
necessary to ensure the strength of a part. By assuming that the 
stresses are equally distribuled over the whole cross-section, 
we obtain the following design equation for shear: 


P RE (198) 


wilh which, knowing the given force P and the allowable shear 
stress It,, we can determine lhe area ot the cross-section required 
to ensure necessary strength of a parl. Lhe value tor allowable 
shear R,, just as for tensile and compressive stresses, varies in 
each case and depends on the material and specitic conditions 
that must be provided lor. Allowable shear is smaller than 
allowable tensile stress R, Jl may be approximately consid- 
ered thal /?, tor plastic materials ranges from 055 RR, lo 0.7 
R, and for britlle materials from 0.8 ff, to R,. 


Illustrative Problem (07. In lig. 305 the pin 4, refered Lo in Ulustra- 
tive Problem 106, has a diameter d, = 15 mim. What is the maximum 
shear FP thal it can withsland if the allowable shear Rh, = 900 kg/em?? 

Solution: under the action ot load P the pin may shear along two 
planes m,n, and m_n,, corresponding to the planes of contact of the cyes 
and the rod 6. This shear strain ss resisted by two cross sections of urea 


att each. Ilence, through Fq. (198) we obtain 


2 
==" « 900 F% 3,200 kg. 





Wustrative Problem 108. A shaft transmits torque M; = 29 kg-in. 
Find the shear exerted on the prismatic key (Fig. 308) along section 
mn if the diameter of the shatl d = 45 nim, the width of the key 6 -= 14 
mm, and its length | = 70 mm. 

Solufton: (he plane of shear F = bl = 14 x 70 = 980 imm?= 9.8 cim?. 


: d 2,900* 
The stress along plane mnis equal to P = Ah: 5 = O05 kg, and the 


shearing stress exerted on the key 
Pi. 2,900 ; 
Cl gas ge ee eee 





* We express torque in kg-cm, and diameter in cin. 
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Illustrative Problem 109. Tensile forces P = P’ = 2,900 kg are acting 
in opposite directions on the lap joint shown in Fig. 310. It is held together 
by two rivets of diameter d = 13 mm. 
Findg the shearing stress in the shanks 
of the rivets. 


Solution: the rivets may shear along 
the cross-sections of their shanks where 
both laps of the joint are in contact with 
them. The area of shear of lhe two 


nd* 





rivets F = 2 T and the shear in their 
shanks lig. 310 
P ‘ ta 13F 2.45000 2 ; 
aol aed 2,900 » p LB 1094 khe/en’. 


222. Punching of Metals and Cutting Them 
with Steel Blades 


Shear strain is taken advantage of in culling metals by means 
of dies and steel blades. Unlike machines and other engineering 
structures whére strain must nol be allowed to exceed the elastic 
limil, strain in culling is carried to the iailure stage of the mate- 
rial along the plane of shear. 

Fig. 311 is a schematic illustration showing strain in metal 
when if is being perloraled by a punch. Under the pressure 

; P of the punch A, the metal first begins to 
bend within the die & (Pig. 311a) at the 
same time acquiring compressive strain. As the 

Spc Subsequently presses harder on the 
SZ metal, the stress becomes so great that the 


STA a) NN melal begins lo shear, which is manifested by 


8 crack formation in the workpiece along the 
== edges of the punch and dhe (fig. 3t1d). The 
SSS ~—Ss same tlunv ocenrs when metal is cut with 





\ stecl. 
b  B Pressure P is determined according to the 
Fie. 311 equation 


P = oF, (199) 


in which F is the area of shear (the product of the length of the 
shear J and the thickness ot the metal 4), o is the shear in the met- 
al and is found empirically. For steel, for example, it has been 
thus deicrmined as 


o = 11.0 + 0.56 o, ke/mm?, (200) 


in which o, is ultimate strength. 


Tilustrative Problem 110. ‘ind the pressure P required to punch a 
hole of diameter d = 10 mm in sheet stecl of thickness o = 8 mm 
and ultimate strength o = 60 kg/mm’. 
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Solution: the pressure (stress) 9 = 11.0 + 0.56 x 60-3 45 kg/mm.? 
The perimeter of the hole | = xd = 2 x 10 = 31.4 mm; the area of 
shear F = 16 = 31.4 x 8251 mm’, and the pressure required is 
P= Fo = 251 x 45 11,300 kg. 


223. Torque 


= Assuine that we have a cylinder on which we delineate a line 

AoJ3q parallel to the axis on one side, and mark two plane circular 
sections mn and mn, 
(Fig. 312a) lying at a 
short distance z from 
one another. Assume 
thal the cylinder is 
lixed at its lelt end and 
that torque M,is apphed 
to the right end. The 
Lorque 48 of course 
balanced by an equal 
and opposite moment 
acting on the fixed end 
of the c¥linder. Under 
{he action of these mo- 
ments the cylinder expe- 
riences straun. 

This strain consists 
im the turning of sec- 
tions mn and m,n, with 
respecl to each other 
around the axis of the 
cylinder OO,. The line 
A,B which was per- 
pendicular to the cross- 
section before torque 
was applied, hecomes 
a hehx whose langent 
is inclined towards the 
cross-section. The points 
A, and By, which were 
mutually exactly op- 

Vig. 312 posite at different ends 

of the cylinder, are now 

shifted with respect to each other along a length of the 
arc B,B which corresponds lo the central angle B,0,B = 9. 
This is called the angle of twist and shows the absolute strain. 
By dividing this angle by the length J of the twisted cylinder, we 
obtain the unit angle of twist. By denoting this angle by the letter 


6 we obtain 0= 4 : (201) 
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If we express the angle ¢ in degrees, unit twist will be expressed 
in degrees divided by the length in metres or centimetres. By 
knowing the unit angle of twist 6, it is possible to calculate the 
ang@ilar displacement of one plane circular section with respect 
to another when the distance between them is given. Thus, 
the displacement of plane section m,n, in relalion to plane section 
mn will be g, = @x, and with respect to the left-end plane section, 
it will be O(l, -+ x). 


224. Torque as a Form of Shear 


* Assume that two lines ayby and ¢gdy (Fig. 3126) are delineated 

between sections mn and m,n, on the already-meutioned cylinder 
before il was subjected to torsion. It the figure agbolotg were 
unfofded it would be a rectangle. And it is clear thal aller twist- 
ing, this rectangle will become a parallelogram agbodgcg. The 
line @obp, which was at first perpendicular to the section ma, 
will become inclined through an angle dotyby, point by will shift 
to bg, line cad will be inchned through “dycgdg bo Qyg, and 
point d, will shift a distance dydg - bobs. By comparing Lhis 
strain with the shear strain shown schematically in Fig. 309c, 
we see thal il is similar except thal in the given case the displace- 
ment of a point on plane section m,n, is along a peripheral 
arc, whereas in the former case point /3, hike any other point on 
seclion BD, was displaced along a straight line. Therefore, we 
come to the conclusion that lorque 1s a form of shear. 


225. Distribution of Torsional Stress 
in a Plane Circular Scetion 


If torque strain is distinguished by the turning of one plane 
section with respecl to another, then the same relationship is 
valid for it as between stress and unil elastic strain, as already 
expressed in Eq. (197), Le., 

t= Cy, 
in which ( is the modulus of elasticily for shear. 

It need only be determined whether the tangential stress + 
is the same at all points on the plane or whether it changes accord- 
ing to some specific principle. To answer this question we must 
first find if*the unit strain y is constant at all points on the plane 
section. 

Let us assume as before that for the short distance xz between 
circular plane sections mn and m,n, (Fig. 312c), absolute strain 
is expressed by the arc b,bj. The length s of this arc is related to 
the angle bya), as given in degrees and to the distance z through 


the identities 
, 2nz noe 
. = bbe = 369 % = "T80 ° 
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wa 


180° 
S= ye. (202) 


On the other hand, we can find the length of this arc from 
plane section m,n, in which it corresponds to the cenfral angle 
5,0,b,; this angle, as already explained in Sec. 223, is the angle of 

Twist ~, along the distance x and is equal to 6z: 
= err _ BT oe 
360 ~~ 180 ~~’ 
in which r is the radius of the plane circular section. 
By equating its right member with Eq. (202), we evolve 


By entering the unit shear strain y instead of we obtain 


ae 
YT = ig OF 
36 ao. 

whence Y= 449 (a) 

We now mark point / at a distance of @ from the axis on radius 
Oobo of the plane section m,n, and determine its absolute displace- 
ment as expressed by the length of the are //’.. According to 
Eq. (202) the length of this arc : 

So -7 Yprs (b) 
in which y, is the unit torque at this point, as distinguished from » 
(for s, is not equal to s although the length x is the same). On 
the other hand 


270 WY, 
e ~ 3609 a9 > 


By equating its right member with Eq. (b) we obtain 


$ 


gd 
Yo ~ 180 
Then by dividing each member of this equation by equation 
(a), we evolve the sought-for equation: 


ca ree (203) 


Wherefore, fhe unt strain at various paints of the cross-section 
is proportional to le distance of these points from the axis of the 
cylinder subjected to torsion. 

By denoting zt as the shearing stress at a point orf the side of 
the cylinder and t, as a similar stress al a point lying on the 
same plane section al a distance of @ from the axis, then according 
to Eq. (197) 


t= Gy, (204) 

t, =GY~ (205) 
Q 

mf. (206) 


Wherefore, the stress at different points on the cross-section 
of a cylinder ts not constant under a given torque; it ts proportional 
to the distance of the point from the axis of the cylinder. 

The preatest stress is at points farthest from the axis, i.e., 
on the surface of the cylinder. It follows that shearing strain is 
zero at points on the axis of the cylinder, 
and therefore the stress is also zero al 
these points. This can he expressed 
praphically as shown in Tig. 313: if 
we imagine that the cross-scclion is com- 
posed of an infinile number of concentric 
rings, we can then evolve the principle 
governing the change in stress by deli- 
neating the triangle ABC. The stresses Fig. 313 
are greatest al the surface of the cylinder 
and decrease as Lhe ctiameters of the rings decrease. 





Oral Exercises 
1. Whieh angle in Vig. 312¢ is larger, y or yp? 
2. Is absolute shear strain the same at all points on a circular section? 
Ts unit strain &he same? 


226. The Fundamental Equation for Torque 


Ilerctofore we have established the relationship between 
stresses in a strained body and the external forces causing these 
stresses. Torque strain is caused by the action of the torsional 
moment. Now fet us see how lorsional stress is determined if the 
moments causing torque 
are known. 

We shall use the already- 
caplained cross-section 
method. Let a cylinder be 
twisted by equal and op- 
posite torques M, and M; 
applied at its two ends 
(Fig. 314). Assume that 

Vig. 314 we cut the cylinder at 

section mn; after discard- 

ing the right half, we examine the remaining half as a free 

body to see what forces or moments are acting upon it lo keep 
it in equilibrium. 

Moment M, is applied to this half of the cylinder, and in cross- 
section mn there are elementary shearing forces acting opposite 
in direction to moment M,. in order that this half of the cylinder 
be in equilibrium, the sum of the moments of the elementary 
shearing forces must be equal to the moment of the external 
forces M,. 
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At an arbitrary point K we select an infinitesimally small area 
f at a distance of @ from the axis of the cylinder. By denoting 
t, as the shear at this point, we obtain the elementary shearing 
force in this area, which is equal to t,f, and the moment ofthis 
force with respect to the axis of the cylinder, which is equal to 
t,fe. There will be as many moments as there are such areas in 

e cross-section mn and the sum of these areas will be equal to 
the entire area of the cross-section. Whereupon, by indicing all 
these small areas, their distances from the axis, and their corre- 
sponding stresses, we obtain the following equation for equilibrium 
of the given free body of the cylinder: 


My — Toyf101 | Toafo@2 t+ Tosfals + -+- cle. (a) 
By denoling, as belore, x as the stress in Lhe plane cigcular 
section of radius r, we obtain, on the basis of Eq. (205), 


Q1, = Cs, eB 
Tot =ts; Ta Hts ty =, etec., 


which, after it euters (a), becomes 
M,= rf, + t2 fe, + 72 fro | ele, 
or 
Mi- 7 (het | fog + fro} +++ > ete.). (b) 


The expression enclosed in parenthesis comprises the sum of 
the products of all the elementary areas multiplied by the squares 
of their distances from the axis of the cylinder, and is called the 
polar moment uf tnertia of the cross-seclion with respect to the azis. 
Its denolation is J,. 

Accordingly, equation (b) acquires the torm 


My = <P: (207) 


This relationship, which is the fundamental equation for torque, 
links torque with the maximum stress t on the surface of the 
torsion-subjected cylinder in the given section by means of the 
polar moment of inertia and the radius of the section. 

The quotient obtained by dividing the polar moment of inertia 
by the radius of the plane section is the cylinder’s resiasling moment 
under torque and is denoted as W,, i. e., 


W, = 2 (208) 


and 
M, = W,t. (209) 


Since the full deductions of this formula are extremely compli- 
cated in calculating the magnitude J, of the cylinder, we have 
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evolyed it in its final form as follows: 


art dé‘ 
Spa = (210) 


where r is the radius and d is the diameter of the plane section. 
After placing this value into Eq. (208), we obtain 


_ mre —soxr® nd? 
‘ We Ee (217) 
an 
M, = 7%, (212) 


Of course both sides of this equation are to be expressed in 
the same units; if d is given in cm, and 1 is in kg/cm?, the right 
half of equation will be inem® & kg/cm? — kg-cm, and according- 
ly the left part of the equation will be expressed in kg-cm. 


Having found the relationship between the stress t and the torque 
oon now determine the angle of twist » of the cylinder. Krom Kq. 
) 


Mir 
ry Jp 
On the other hand, according to Eq. (2U4), 
t= Gy. 
Consequently Gy = uate from which y = AGE, ‘ 
Jp GJp 
By installing here the value of » from Ey. (a), Sec. 225, we obtain 
aro Mur ich 9 = 180, Me 
180 = Gd” from which 0 = —— x GT, (213) 


Angle @ is the angle of twist in degrees per unit of length. [lence the 
full angle of twist along the length J of the cylinder 


_ 180. Mil 
C= = GJ, (214) 
It is fully evident thal the greater the torque and the greater the length, 
the greater will be this angle; and the greater the modulus of clasticity 
for shear and the greater the diameter, the smaller will be the angle. 


Oral Exercises 


1. What points on the cross-section correspond to stress rt referred 
to in Eqs (207), (209), and (212)? 

2. What change will there be in stress t if the diameter of the cross- 
section is increased while the torque remains the same? 


Hlustrative Problem 111. A steel shaft of diameter d = 60 nm and 
Jength 7 = 1,500 mm is subject to torsion by two equal and opposite 
moments M; = M; = 8,600 kg-cm. Determine the maximum stress 
on a cross-section of the shaft and the angle of twist 9. 


Solution: we find the stress r, acting on the surface of the shaft, through 


Eq. (212): 
pad 16M: _ 16 x 8,600 _ 203 kg/cm?. 


We find the angle of twist 7 in degrees through Eq. (214). By entering 
{ = 150 cm and the modulus of elasticity for shear G = 800,000 kg/cm? 
we calculate 
_ 180, 8,600 x 150 x 2) é 
p= * 300,000 x a x ae O73" 


o 227. Computing the Dimensions of Shafts 
for a Given Torsion 


The stress v, as we have learned, is the maximum shear in a 
pata under the action of torque M,. It we replace t in Eq. 
(212) by the allowable shear R,, the equation can be used to 
calculate the dimensions of a shat! which is Lo transmit a definite 


torque M;. Whereupon the equation becomes ° 
M, = us x Rx 02d°R,, (215) 


from which the diameter 
_ yf Me 
d= ous . (216) 


Another way to find the diameter would be to express it in 
relation to the power it transmits and the rpm, substituting 


71,620 x kg-cm tor M, in the equation: 
3 


71,620 N 
= | oro xX. (217) 

As tor the allowable stress R,, its magnitude depends on the 
material and conditions of service, for steel 1 ranges trom 200 to 
1,200 kg/cm?. Tor instance, ior see! transmission shafts subject 
to ordinary service conditions the accepled magnitude It, -= 420 
kg/cm?*; tor short but nol heavily loaded shafts I, -- 600 kg/em?; 
and when the shaft is subject to impact, R, = 280 kg/cm’, ete. 

When calculations are made on the basis of these figures, the 
strength of the shaft 1s ensured. Nevertheless, the diameter ob- 
tained by this method is often checked by means of a special cal- 
culation of the unit angle of Lwist'of the shaft, which is ordinarily 
within the hmits of 1/4°-{/2° per metre of length. . 

Calculating Lhe dimensions of heavily loaded shafts (in steam 
engines, turbines, inLernal combustion engines, etc.) 1s consiclerab- 
ly complicated because, aside trom twist, such members are 
subject to exlensive bending. Furthermore, in computing vital 
construction, it must also be remembered that additional margins 
must be included to make up for such shaft weakening factors as 
keyways, transition from one diameter to another, dynamic loads, 
and so forth. 
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Illustrative Problem 112. Sheave { mounted on a shaft as shown in 
Fig. 315 attains n = 200 rpm and receives power N, = 18 hp which is 
distributed through sheaves 2 and 
3 teatwo other shafts (not shown) 
in the following way: sheave 2 
transmits N, = 12 hp to a second 
shatt and sheave 3 Lransmits N, = 
6 hp to a third one. 

What must be the diameter ol 
the first shaft if its allowable stress 
R;, = 400 kg/cm?? 

Solution: as we sec fiom the Fig. 315 
illustration, length J of the shatt 
imparls N, = 12 hp. The diameter of this length, according lo Eq. (217), 





3 
d, = | 71,620 12 ~2w3.8em = 38 mm. 


0.2 x 400 ~ 200 
Since the Standards (OST) do not include a shalt of exactly this 


diameter, we take the next largest, which is d, = 40 mm. 
In the same way we calculate the diameter for length JT: 


3 
Pe / 71,620 > 6 og em — 30 mm. 


0.2 x 400 x 200 
228. Questions for Review 


1. How is the magnilude of shear strain measured? 
2. In what plane does shear act in relation to Lhe plane of action of 
external forces? 
3. What is denoled by angle y and segment s in Fig. 309¢? 
4. Analyse Eq. (203). Can it be used in cascs of pernianent set? 
a. Why is torque regarded as a form of 
2 7 shear? 
6. What is the diticrence between torque 
ws and regular shear? 
7. Name the following symbols in Fig. 312c 
and explain whal they represenL: y, angle b90;B5 
and the arc debs. 


fy 8 The mechanical energy obtained by means 

of sheave J (I*ig. 316) is transmitted to another 

Fig. 316 shaft by means of sheave 2. Along which 
18- 310 length ( or 1,) is the shaft subject lo torque? 


9, In what direction will elementary forces 
tef (Fig. 314) act if we consider the right half of the torsion-subjected 


cylinder as a free body? 
10. What change would there be in the solution lo INustrative Prob- 
lem 112 if sheaves / and 3 transmilted power reccived from sheave 2? 


229, Exercises 


113. In a rivetted joint (Fig. 317) the thickness 6 of plates 7 and 
2is8 mm, their width 6 = 100 mm, and the diameter of the 
rivets d = 13 mm. Find the shear z in the shanks of the rivets and 
the tensile stress o in the plates, assuming that all the rivets 
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are carrying the same load and that the external forces P = P’ = 
= 4,000 kg. 

Hint to solutton. The weakening of the lateral cross-section of 
the plates due to the holes for the rivets must be taken into 
account. . 

114. A sheave of diameter D = 800 mm rotates uniformly un- 
fr the action of peripheral force P = 50 kg. Find the shearing 
stress exerted on the key in Fig. 308 if the diameter of the shaft 
d == 50 mn, and the dimensions of the key are: width b = 16 mm 
and length ! = 80 mm. 

115. Determine the maximum stress t in the cross-section of 
the shaft in Ex. 114. 





Fig. 317 


116. ind the maximum stress in a shaft of diameter d = 45 
mm which transmits N — 18 hp and attains n = 180 rpm. 

117. Assume that sheave 1, in Illustrative Problem 112, Fig. 
315, receives the same power N, = 18 hp but changes its place 
with sheave 2 which transmits N = 12 hp. Calculate the diameter 
required for lengths J and IJ of the shaft with the same allowable 
stress of 400 kg/cm?, and also state which of the two arrangements 
of the sheaves is more advantageous. 

118. Solve Ex. 117 by assuming that sheave 1 (N, = 18 hp) 
is in the place of sheave 2, sheave 3 (N, = 6hp) is in the place of 
sheave 1, and sheave 2 takes the place of sheave 3. 


CHAPTER XXIV 


BENDING 


230. The Nature of Bending Strain 


Let us take a prismatic wooden beam in which several cuts 
ab, cd, ef, etc., have been made perpendicular to its axis and 
extending half-way up its height. We place it on supports A and 
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B with the cuts facing downward (Fig. 318a) and apply force 
P to it. Under the action of this force the heam bends, and the 
cuts g, c, e, etc., widen and take the form of trapezoids as shown 
in the same drawing at the right. As compared with a beam under 
the same load but without cults, of course this beam will bend to 
a much greater extent and fail sooncr. 

The change in form of the cuts shows that the fibres in the con-~ 
vex side, curved from the hending of the heam, are stretched; 
the cuts on that side 
weaken the beam. p 

Now lel us repeat the 
experiment but place the , | one nnn? 6 
beam with the cuts up- 
ward {Fig. 3185). Again 
applying force P we see 
that the cuts a, r, e in 
the concave side are now 
drawn together as is shown 
on the right, and when 
the force reachgs a certain 
magnitude the cul edges 
will touch each othe, 
after which greater resist- 
ance to bending will be 
set up in the beam. Then, 
removing the load from 
the beam, we fill the cuts 
snugly with little slabs of 
wood and again apply 
the same force with the 
result that the beam 
will resist the action Of force P just as if if had no cuts and 
the little wooden slabs will be held tightly in place. From all 
this we must come to the conclusion that the fibres* in the con- 
cave part of the heam are under compression. 

In order to better understand the phenomenon just described, 
let us perform anolher experiment with another wooden beam. 
This time we make longitudinal dovetail grooves in opposite sides 
of the beam [or its entire length (Fig. 319a), and insert into them 
planks of wéod of the same shape as the cuts and the same length 
as the beam. When the beam has not yet been subjected to defor- 
mation, they fit exactly in place. But when the beam is bent 
under the action of force P (Fig. 319b) we shall see Lhat the ends of 
plank 7 on the concave side of the beam protrude beyond the 
ends of the beam, whereas the ends of plank 2 on the convex side 





Fig. 3t9 


* The term fibres is figuratively given to longitudinal elements, of 
infinitely small cross-section, in beams, bars, etc. 
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are drawn within the groove. From this we again conclude that the 
fibres on the concave side of the beam are compressed and those 
on the convex side are stretched. ‘ 
Wherefore, in a bent beam the fibres in tls concave side undergo 
strain of tension while the fibres in the convex side are subjected to 
compressive strain. is 
iJ 
231. Distribution of Normal Stresses 
During Bending. The Neutral Plane 


Our experiment has thereby shown that bending of a beam is 
accompanied by the elongation of some fibres and lhe shortening 
of others; from this it is evident that in a beam subjected to 
bending, tensile and compressive stresses are set up which cause 
this strain. In order to determine the magnitude of such stresses 
at various points along a 
cross-section of a beam, it is 
first necessary to determine 
how strain of lhe fibres of 
the beam varies at different 
heights along the  cross- 
section, 

Assume thal a_ straight 
beam immovahly fixed at 
one end is subjected al the 
other end to a force P ap- 
plied in ils planc olf sym- 
metry zz (lig. 320a). As a 
result the beam bends and 
ifs axis becomes a curved 
line lying in the same plane 
of symmetry. Now Ict us 
assume jthat two straight 
lines mn and m'n’ are deline- 
ated beforehand on the flank 
of the beatin, [perpendicular 
to ils axis. Ixperiment has 
shown that when strain has 
occurred, these lines will 
remain straight Jul will no 

Fig. 320 longer be parallel to each 

other. This means that, fol- 

lowing strain, the cross-sections corresponding to these lines 

remain in the form of planes but turn relative to one another 
through a certain angle. 

Now let us take two cross-sections mn and m'n’ situated very 
closely together (Fig. 320d). When strain has occurred, these two 
sections will form a small angle mAm’ = « with each other. It 
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éonsequently follows that the fibres along the convex side of the 
beam — for example, in the same horizontal plane as mm’, aa’, etc., 

- gre stretched while those in the same plane as nn’, bb’, etc., 
are shortened; and the further the fibre is from the convex 
surface the less it is stretched, and the turther it is from the 
concave surface the less it is shortened. It is therefore evident that 
there should be fibres in some part of the beam that are n®& 
strained al all. There actually are such libres in a beam; they lie 
in the plane yy (cross-section given in Fig. 320a) and coincide 
with axis oo which passes through the centre of gravity C' of the 
cross-seclion*. The plane in which these unstrained fibres lie is 
called the neutral plane. 

From all this there is no longer any doubt that all the fibres 
betwtefi the neutral plane and the convex side of the beam are 
elongated, and those between the neutral plane and the concave 
side are compressed. 

Now let us see just how slrain varies between tibres lying in 
different planes parallel to the neutral plane. Let us lake fibre 
aq’ in the strained section of the beam min‘n'n (Fig. 3205), lying 
at a distance 7 trom the neutral plane oo’. Since the neutral plane 
is neither elongaled nor shortened, the length of a very small 
segment aa’ between sechions mn and mn’ is the same before 
strain as that of 00’. The. efore the absohile elongalion of this 
short length is equal 10 aa’ --00' 

By denoting « as the angle mAzn’ loraicd: Dy these sections, 


we obtain aa’ v0’ = ate foe is = ia z, in which @ is 


the radius of the small are oo’. 
Accordingly, the unit elongation of this segment 


aa’ — 0° "a. m4 ot 
pa oo = 1807" 780E = 9 (a) 


By repeating this procedure for a very small segment bd’ of 
the compressed fibre lying at a clistance of z’ from the neutral 
plane, we obtain the unil contraction of the segment as follows: 

oo! = bb’ ca (b) 


ov’ a) 
The radius @ may be considered to be consLanl when the angle 
a is very small. Therefore we deduce that the unil clongation 
and unit contraction are both proportional to the distance the 
fibre is from the neutral plane. 
Eqs (a) and (b) may be combincd into one as follows: 


; exc. (c) 


* It is seen that this plane is perpendicular to the plane of symmetry 2z. 
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And since within the bounds of the elastic limit stress is propor- 
tional to strain, we obtain 


o=Ee=E2, (218) 


in which / is the modulus of elasticily and is alike for tensile or 
impressive strain. 

This shows that in the given section stress is proportional to 
the distance of the fibre from the neutral plane. Therefore the 
fibres lying farthest from the neutral plane, along the convex or 
the concave surface of the strained beam, are suhjected to the 
maximum stress. Fig. 320c shows graphically the distribution 
of normal stresses al section mn if we figuralively disregard the 
right half of the beam. oa 

Another important point musl finally be noled. Since the 
fibres lying in the neulal plane are not strained during bending. 
it follows that all cross-sections may be considered as turning 
about their corresponding axes ov’ (Fig. 320b), ie., around the 
straight Jines along which these sections intersect the neutral 
plane. Each such straight Jine is the neutral axis of each given 
seclion and is perpendicular to the plane of syinmetry (axis 
yy on the cross-section shown in lig. 320a). 


232. The Fundamental Equation for Bending 


In using Kq. (218) to delermine the normal stress o at any point 
on a cross-section of a bent beam, we must 
nol ouly know lhe modulus of claslicity E 
for the given material and the distance z of 
the point from the neulral plaue, but also 
the ragius g of the are oo’ whichis a segment 
of the bent longiludinal axis passing through 
the centre of gravity of the seclion. This 
radius we do not know, therefore this 
equation must be given a form in which the 
stresses causing the bending of the beam 
are used instead of radius e. As an illustra- 
lion, we shall continue the investigation of 
strain of the same preceding beam, using 
the cross-section method already familiar 
to us. 

Let us make a cross-section mn (Fig. 321a) 





) through the beam at a distance of xz from 
the plane of support. By figuratively 
Fig. 321 discarding the left half of the beam, the right 


half as a free body is kept in equilibrium 
under the action of the external force P on the one hand, 
and by the internal normal forces directed perpendicular to 
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the cross-section mn on the other. Thus we obtain the arrange- 
ment of forces mnoO’ shown in Fig. 321), constituting a 
three-member lever. 

As already explained, section mn turns during deformation 
about the neutral axis which passes through point o. In order to 
‘express the conditions of equilibrium of such a lever, we must 
equate the algebraic sum of the moments of the internal forces 
with respect to the neutral axis and the momen! of force P relative 
to the same axis. Taking a very small area f, on section mn at a 
distance of z, from tht neutral plane, we {ind the moment of force 
acting on that area, which is equal to o,/,z,, and the algebraic 
sum of all the moments will be o,/,z, + GzfoZ_ + 3/25. etc. 

The moment of the external force in relation to the neutral 
axis of the. given section is the bending moment of that section. 
By denoting il as the letter M, we obtain 


M — o,4f,2; + Oefo2_ —= Fafgz2g {| «-. ele. 


By applying Eq. (218), we mav rewrite the above equation as 
follows: 


D . ik E 2 
M ~ ? fz ohm | py 125 > ele. 


~~ 


. 
) 
4 


9 ha | 22 + fseh tele). 


The sum in parenthesis is called the moment of imertia of the 
section about the neutral axis (i.e., axis yy in Fig. 320a) and is 
denoted by the Ictter J. Whereupon 

FJ, 
M-= ; (a) 


ll 


Eq. (218) gives us St. 
Hence by substituting it in (a) we finally obtain 
M = +09, (219) 


CG=-=- ~~ (220) 
J 


Thus, by knowing the bending moment and moment of iner- 
tia of the beam section, we can determine Lhe normal stress 
at any point on that section which is at a distance of z from 
the neutral axis. It will be seen that the greater the moment 
M and the distance z, the greater the stress. At each scction this 
stress attains its maximum when z is a maximum, that is, the 
maximum stress is at the points farthest from the neutral axis. 
When z is zero, the stress o is zero, which is only to be expected, 
since there is no strain in the neutral plane. 
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Eqs (219) and (220) can be presented in different forms. The 
quotient, obtained in dividing the moment of inertia by the 
distance between the ncutral axis and the fibre farthest from it, 
is the moment of resistance to bending W. Then Eg. (219) Hecomes 


M = Wo. (221) 
of Al and Eq. (220) evolves into 
M ; 
o- a. (222) 


—4 
The magnitude of the moment of inertia, just as 
Fig. 322 the resisting moment, depends on the form and 
dimensions of the cross-seclion*. 
For example, for a rectangular section ol width b and height 


h (Fig. 322) the moment of inertia in relation to axis yy is J 7° 
in accordance with which 


h bre bh? ‘pays 
z= 5 and Weipa (223) 
For a round section 7 
_ art rds eget ee el 
J=—=-gg 3 and smee z= 16 ~ >> 
hence 
ar nd§ 
oor Vac (224) 


By subslituting this value for W in Eq. (222) we obtain the 
maximum stress o in the given seclion, with the bending moment 
expressed in kg-cm and the dimensions of the cross-section in 
cm; thereby the stress o is evolved in kg-cem/em — kg/cm), which 
is as it should be. 


233. The Bending Moment 


To determine the slress at any cross-section of a hent beam il 
is first necessary to know the bending moment, that is, the mo- 
ments of external forces with regard to the neutral axis of the 
given section. 

Let us examine a few simple cases. 

By denoting z as the distance from the section to the plane 
of support of the beam (Fig. 321a) we obtain the moment of 
force P with respect to axis o lying in section mn and which is 
equal to M = P (i—2). Then by taking succeeding sections to 
the left of mn we shall see that the arm [—z increases with a 


* All engineering handbooks contain formulae for calculating the 
moments of resistance to bending and torque for various cross-sections. 
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corresponding increase in the bending moment, which obviously 
reaches iis maximum at the plane of support O where zx = 0. 
It thus follows that the stress will be the greatest at the extreme 
left section of the beam where il can be determined by Ey. (222): 


If the cross-section of the beam is rectangular, the bending 

stress 
_ bh GPI 
o=PIli p- =p * (225) 

The section in which normal stresses reach their maximum is 
called theyerilical section. 

Let us assume that another force P, is applied to the same beam 
in addition to torce P, at a distance J, from the plane of support 
(Fig. 321c). As will be recalled from Statics, in this case the bend- 
ing moment in relation to the same section mn will be equal to 
the sum of the moments of both forces, i.e., 


,v Pda tl Pyar). 


And as belore, the closer the seclion to the plane of support, 
the grealer will be the moment. 

Now let us tind the bending moments Lor dilferent sechions of 
a beain lying on two supports (Fig. 323). Take a section lying 
at a distance of 2, Jrom the sup- 
port at the left end, and by suppo- 
Sitionally disregarding the part 
of the beam.to the right of the 
section. we obtain the bending 
moment for the remaining Iree 
body JAf,, = #,7,. in which R, is 
the reaction ol the left support. 
When rv, - 9, the moment will Hig. 323 
be*% zero and there will be no 
bending moment acting on the section lying at the leit support. 
As the distance 2, increases, the moment &,z, also increases, 
and when z, — a it will be 





M, ~ Rya. 
Inasmuch as ‘the reaction R,- P —-R,, then 
M, (P —R,)a -Pa -R,@. (a) 


Now let us take a section lying to the right of the point of 
application of force P at a distance 1,>a. 
The bending moment in this section 


Moy = Rr, — P@.—a) = Rit, -— Pr, + Pa = Pa — 
rare (P — R,)z, = Pa — R,25. 
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By comparing this equation with Eq. (a) we find that M,,< 
< M,. Thus, beginning with the section at which force P is applied, 
the bending moment diminishes, and at the right-hand support 
where 7, == l, it will be M, = Pa — R,l = 0; for when the beam 
is in equilibrium the algebraic sum of the moments ip relation to 
the left support, just as at any other point, is zero. 

Accordingly, the bending moment at the supports of the beam 
is equal to zero, while in the sections between the supports it 
increases up to the place where the external force P is acting; 
here the moment is the greatest. [lence this is the critical section 
where normal stresses are greatest. 

If the beam is rectangular, the greatest tensile and compressive 
stresses — on the convex and concave surfaces respectively — are 
determined through Iq. (222): 


7 _bht  6Rya _ WP R)a 
o- Rai g = ye = oe (226) 


Note must be made that what has been satd refers to bending 
caused by external forces applied to different sections of the beam 
without taking into account the weight of the beam itself. 


Iustrative Problem 113. The dimension of a wooden beam of rectan- 
gular cross-section lying on two supports (Fig. 323) are b = 140 mm, and 
A = 200 min throuchout its length. Find the muximum stress at the 
critical section if the beam is Joaded with a foree P = 1 ton at a distance 
a= 1.5 m froin the left support, and the distance between supports 
is =4m. 

Solution: first we calculate the reaction at support R,. Since the 
algebraic sum of Lhe moments of the external forees with respect to the 
right support is equal lo zero, then 

> e 
Ri- Pd a) =0, from which R, = al 2 


_ 1,000 « (400 150) mate 
== 400 += 620 kg. 





When this value enters liq. (226) we obtain 


_ 6x 625 x 150 _ ; 
= aor = 100.5 kg/em?, 


IHustrative Problem 114. In [llustrative Problem 13 (Fig. 38), work 
is done by a cutter fastened Lo a Lool holder of rectangvlar cross-section 
whose dimensions b = 30 and h = 40 min (Fig. 322). Find the maximum 
normal stress at the critical section of the tool holder, using the numerical 
values given in Illustrative Problem 13. 


Solution: the maximum bending moment M = P,l = 5,400 kg-cm. 
With Eq. (226) we obtain 

_ bh? _ 5,400 x 6 
“6 ~ 3x 4 





= 675 kg/cm!?, 
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234. Questions for Review 


1. What direction have the normal stresses in a bent beam with 
resfect to a section perpendicular to its longitudinal axis? 

2. What direction will the normal stresses in section mn have (Fig. 
320a) if we consider the right half of the beam as a free body and figura- 
tively discard the Icft? 

3. Are the stresses the same in sections mn and m,n, of the bgut 
beam shown in Fig. 320a? 

4. Define the terms “neutral plane” and “neulral axis’. What is 
their position in relation to cach other? 

5. Assuine that instead of force P,, indicated by a dolled line in Fig. 
321¢, a foree equal and opposite to it is applied to the beam.*What change 
would there be in the maximum stress al the critical section? 

6. Under whal circumstanecs wail a rectangular beam (Pig. 322) 
best resist bending - when its broad side h or its narrow side b is 
in con*&cl with the supports? 

7. Why must the cutter on a lathe be sect with the smallest possible 
distance between the culling edge and the base of the fool? 


GHA PTET ONAN 


GENERAL PRINCIPLES OF COMBINED STRAIN 


235. Simple and Combined Strain 


We have investigated the chief kinds of simple strain — tension, 
compression, shear, torsion, and bending. But it must not be 
thought that the elements of machines and other engineering 
structures undergo ouly one kind of strain in each separate 
instance. Very frequently members are subjected to the action of 
forces applied in such a way that several strains occur simulta- 
ncously, accompanied by corresponding stresses which must be 
taken into account in calculating the dimensions required for 
slrength. In such cases we must deal with combined strain as 
distinguished from simple strain. Let us examine a few examples 
of this kind. 

Assume that a force P is applied to the centre of gravily of a 
bar (Fig. “324). We will take section mn, al a frecly-chosen angle 
to the cross-section mn. Ly figuratively discarding the upper 
part of the bar, we obtain an internal force P’ which is equal and 
opposite to torce P. Resolving force P’ into two components -— 
P, perpendicular to section mn, and P, lying within the section — 
we find that, aside from elongation the bar is subject to shear 
sLrain in the sections not perpendicular to the axis of the har. 

Assume that a rectangular wooden beam is resting on two 
supports (Fig. 325a). Under the action of force P it bends and 
its hutt ends A and B turn relative to each other. Now assume 
the beam to be sawn in width into three boards along its entire 
length. When these boards are placed on the same supports and 
the former force P applied (Fig. 3255) we shall find that bending 
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is more pronounced and the ends of the three boards have not 
remained in the same plane but have formed steps. From this 
we conclude that the boards slide against each other when they 
are under a load, causing their resistance to bending to be fess 
under the same load. 

Now if we cut transverse channels into the boards and place 
tightly-fitting keys into them as shown in Fig. 325c, we shall 
see that deflection under the same force P is just as for the whole 
uncut beam and that the ends of all the boards remain in the 
same plane. From this we deduce that shearing stresses have been 
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set up in the hent beam, and il the keys are not strong enough 
they may shear along the lines a,5, and a,b,. Moreover, if the beam 
consisted of several layers ot plate stcel rivetted together to form 
its height h, the rivets would be subject to shearing strain where 
the planes of their shanks coincide with the planes of the plate 
steel layers. Hence, bending is a combination of tension, com- 
pression, and shear. 


236. Combined Tension, Compression, 
and Bending Strains 


Fig. 326 shows a spiked-head bolt. If this bolt is used to tightly 
fasten a joint with a force P, its shank will uudergo tension. On 
the other hand, the bolt-head will be subjected, by the surface of 
the jointed part, to a reaction P’ equal and opposite to force P. 
The bolt will therefore be also subjected to bending under the 
action of the moment of the couple P and P’ equal to P’e, in which 
e is the eccentricity (the distance to the point of application of 
the resultant P’ of the elementary forces exerted on the head of 
the bolt and coming from the direction of the parts being fas- 
tened). At the same time the combined action of tensile and bending 
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stresses will cause a considerable increase in tensile stresses in 
the shank of the bolt, which will increase as the arm of the mo- 
ment e increases. Hence, when there is eccentric tension and one 
of the tensile forces does not coincide with the longitudinal axis 
passing through the centre of gravity of a straight bolt, the 
resulting tensile stress will be greater than if there were simple 
tension. 

Now let us assume that the top of the square post of height 
h, represented in Fig. 327, is under the action of force P applied 
to its plane of symmetry. Under the action of force P the post 
will bend, the bending moment reaching its maximum equal to 
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Ph in section mn where there are tensile sLresses between the 
neutral axis yy and edge n,n,, and compressive stresses between 
yy and m,m,. Furthermore, compressive stresses are being caused 
by the weight of the post equally distribuled over the cross-section. 
Here we have an instance of combined compression and bending 
strain; in that part of the section belwcen yy and edge m,m, the 
two kinds of stresses will combine, whereas between the neutral 
axis and edge n,ny, the stresses at various points will be equal Lo 
their difference; whether the tensile or compressive stress prevails 
will depend op which is the greater. To preclude the possibility 
of tensile sertasea occurring where they are undesirable (e.g., 
in brick conftruction, which offers poor resistance 1o tensile 
stresses) the cross-sectional dimensions of the post must be 
calculated so that the tensile stresses from bending along the 
edge n,n, wilk not be greater than the compressive stress due to 
the post’s own weight. 


237. Combined Torsion and Bending Strains 


Combined torsion and bending strains are frequently met with: 
when transmitting a definite torque, a shaft is also subjected to 
bending from its own weight, the weight of its sheaves or gears, 
and the pull of the belt or the peripheral force of the gears. 
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By way of illustration, let us investigate the work of shaft 
II in Fig. 328a on which are mounted gears 2 and 3. Gear 2 
receives rotation from gear 7 on shaft I, and gear 3 transmits 
rotation to gear 4 on shaft III. Let vector P, represent the effec- 
tive pull acting on gear 2, and vector P, be the effective pull acting 
on the driving gear 3 from the driven gear 4. 

We apply opposile forces P, and P;, which are each one in mag- 
nitude to force P, and parallel to it, to the centre O, of gear 2. As 
a result we obtain three forces P,, P,, Pj, of which the first two 
result in a couple with the arm 
of the couple equal to the radius 
r, of the pitch circle of gear 2. 
‘The moment of this couple is equal 
to Py Fg, 1. e., Lo the térque trans- 
mitted to shaft JJ. As concerns 
the third force Pj, il acts in the 
axial plane of the shaft. 

Let us now consider gear 3. A 
force P, equal in magnilude to 
the torque on ,shaft IJ divided 
by the radius rs of gear 3, 1.e., 


Pr, 
oe , is acling on it from gear 


4. By applying to centre O, of 
gear 3 two equal and opposile 
forces P, aude Pj, each equal to 
force P, and parallel to it, the 
result is again a couple P, and P, 
with us moment equal and op- 
posite to the moment P,r,. Force 

Hig. 328 P, is applied to the shaft at sec- 

lion 03. 

Thus we have tound that shatt JI is under the action of torque 
Mt = Pyr, - Pyry along the part between scctions O, and Og, 
and of two forces PZ and Pj applied to these sections. In the 
present case these Lwo forces are parallel. Fig. 388b contains a 
diagram of the system of forces applied to the shaft: forces P, 
and Pj and the reactions Ry and HR, at the bearings. Under Lhe 
action of this system of forces the shaft will bend throughout 
its length between the two bearings and also twist along length 0,03. 

In detailed courses of Strength of Materials and machine parts, 
methods are given for calculating the dimensions of heavily 
loaded shafts. These methods of calculation take into account 
the stresses arising from combined torque and bending. But when 
the bending moment is small, as compared to torque (as for 
example in transmission shafts), bending is ignored and, by in- 
corporating the smallest allowable stresses, earculatons are based 
only on twist strain. 
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Supplement I 


Coefficicnt of Sliding Friction f (for dry hodies) 


Materials 









Mild stcel on mild 
stcel 
Cast iron on cast iron 
Bronze on bronze . 
Mild steel on bronze . 
Cast nononbronve . 
Cast iron on oak .. . 
Wood on wood 
Oakesboak (along the 
grain of both bo- 
dies) 
Oak on oak (one bod 
along the grain, the 
olher acioss the 
Q@rain) .... cee eee 


i Materials 





Leathe oncastiron . 


0.14-0.19 | Leather on oak . | 0. 
0.16 Steel on ice (skates) .. | 0. 
0.20 Steel runners on smooth 
0.18 wooden or stone floor 
0.21 Wooden ss runners on 
0.49 snow and ice 

0.32-0.60 | The same but runners 

faced with stcel .. 
0.48 
0 34 


0.56 
37-0.48 
02-0.03 

0.4 

0.035 


0.02 


Supplement IT 


Coetficient of Rolling Friction k (in centimetres) 


Materials 





Wood on wood 
Steel on stcel 
Steel ball on steel... 


0.00 
0.0005 0.001 


r Materials 
005 0.08 fSleel railway-car wheels 
5 ONrAaIS wee. eee ee 





0.05 
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Modules of Gears 


0.3; 0.4; 0.5; 06; 0.7; 0.8; 1; 1.25; 1.5; 1.75; 2; 2 25; 2.5; (2.75); 3; 
(3.25); 3.5; (3.75); 4; (4.25); 4.5; 5.5; 6; 6.5; 7; 8; 9; 10; 11; 12; 13; 
14; 15; 16; 18; 20; 22; 26; 28; 30; 33; 36; 39; 42; 45; 50. 


Modules in parenthesis should not be used if possible. 
For bevel gears the module refers to the external diameter. 


331 


The Greeh 
Letter Pome ot 
4a Alpha 
BB Bela 
fy Gamma 
16 Delta 
Ee Ipsilon 
ZE 7ela 
Hy Lita 
Ovo 6b lhela 
Iu Tola 
K x Kappa 
Aa Lambda 
Woy Mu 


Alphahet 


Jctta 


DExE~ RM TE OWs 
ers enov gcm 


= 
S 


Supplement IV 





Name of 
Letler 


Onncron 
1 

Ttho 
Sigma 
lau 

U psilon 
Phi 

(hm 

Pst 

Ome 2a 


ANSWERS TO EXERCISES 


Statics 


es 

4. 141 kg; 5. P = 429 kg; 6. Py = 245 kg, Py = 350 kg; 7. Support 
AB is compressed with a force of 600 kg, support BC is stretched with 
a force of 1,082 kg; 8. Bar is stretched by a force of 150 kg, and bar is 
Stretched by a force of 250 kg; 9. The system is in equilibrium; 10. Al 
a distance of 90 mm from the line of force P,: 11. 60 mm to the right of 
the line of force P,; 12. R = 300 kg (downwards), its line of action is 
1,583 mm from the extreme lefl-hand foree; 13. A couple with a moment 
of 120 kp-m; 14. Ra = 190 ke and R&;, = 800kg, both reactions being 
direcled upwards; 15. P, = 34.5 he, R= 214.5 kg; 28 2.515 kg; 
23. ‘Tipping moment = 727.4 hg m, cocfficient of stability = 1.73; 
25. 187.5 limes; 26. P = 5.2 and 7.5 kg; 27. = 12.1.he; 28. P = 11 kg; 


29. Pzp7-65 kg: BO. tan a = 


R- 
Kinematies 
35. vy = 15 m/min, py =30 m/min; 36. a= 0.25 m/sec*, p= 54 km_hr; 
37. a = 0.125 misece*, T = 10 min 50 sec, oy, = 55.8 km/hr; 38.4 = 
~- 78.48 m, f= 8 see; 41.18 hm: 42. p= 100 mm/min, vo, ==608 mm'min; 
43. v, = 1. 


a 2 ae a = 0.24 misee-, a, = 0.72 m/sec’, a, = 0.76 m/Ssec4; 
45.62 1,000 rph; 46. D= 280 mm; 47. v= 215 m/min; 48.47 2,740 
rpm; 49. ¢ = 1.64 deg/sec’, a = 0.02 in/see , @ = 881 deg/sec, v = 10.8 
m/sec; 50. 6 = 21.33 dce/see?, a; = 0.238 m/sec?, vp = 16.7 m/sec; 
51. ¢ = 4.8 deg/sec?, 1 -s 460 rpm. 


Dynamics 


52. 200 kg-m ~'sec*; 533. G — 1,177.2 lons, v=6.75 m/sec; 54. P=20,194 
kg; 55. P = 13,551 ke; 56. S = 26.5 m; 57. N = 0.102 kg; 58. & 20,680 
kg; 49. Al ils highest position 1.67 hg, at ils lowest position 3.17 ky; 
60. 7), = 0.215 hg, Ny =~ 112 hg; Gl. a = 7 20’; #2. WH 2PS; 63. 
2.67 hp; 64. 30 hg-m/sec; 65. N = 1,778 hp; 66. G = 750 tons, P = £,625 
kg; 67. N = 3Q.2hp, AL, = 108 khe-m; 68 At; = 3.56 khe-m, P = 39,5 ke; 
69. n = 240 rpm; 70. N=13.3 hp, P, = 800 hg; 7h. ve 0.34 m/sec; 
72. 2,648,700 kg-m, 5,297,400 he-m; 73. ce 4 min, S = 2,119 m; 
74. P = 7,097 kg, N = 916 hp, F = 4,078 kg; 75. 1) = 0.78. 


/ Elements of the Theory of Machines 

76. P ="117.3 kg; 77. 7 = 0.85; 78. 19°28’; 7. G, = 1,414G,; 

80. c = 200 mm; 83. £ = 1 hg; 85. 18 times; 86. Pr 21.9 kg; 87. n, = 

88. n, = 200 rpm, M, = 109.5 kg-m; 89. M, = 21.92 kg-m, 
e@ 


ny D,’ 
ny = 1,000 rpm; 90. Ry = 200mm; 91.22 =» =...=; 92. rm = 36, 
71 Se OE, 
450, n, = 100 rpm; 93. Af, = 10.74 Kg-m; 94. ny = 6. my = 50, 





Ng = 

ns == 450 rpm; 95. 327 and 467 rpm; 96. 7,=3,200 rpm; 97. 0.094 m/sec; 

98.20 rpm; 99. 60 rpm; 100. n= 7, 7% or ny, me 4 or on, 2s 
U2Z6 927 227 


n, = 2%. 191, Pwé kg, N= 0.036 hp; 102. P = 324 kg, 


2219712244 
v= 141.8 m/min; 103. v, = 31.4 m/min, v, = 0.5 m/min, ng = 15 rpth. 
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Stress and Strain 


105. o = 497 kg/cm?; 106. 41 = 4.24 mm; 107. o = 1,000 kg/cm?; 
108. o = 584.5 kg/cm?, P = 45,900 kg; 109. 5 km 96 m; 110. - 1,000,000 
kg/em?; 111.0 = 495 kg/em?; 112. d; = 19 mm, d, = 13.5 mm, d, =47.8 
mm; 113, 0 = 675 kg/cm’, v = 502 kg/cm?; 114.7 = 62.5 kg/cm?; 115. 
vt = 81.5 kg/em?; 116. t = 393 kgjem?; 117. d; = 43a;45 mm, d, = 
=30 mm; the first variant is more advantageous; 118. d, = 434 45 mm, 
de= 38 ~ 40 mm, the least advantageous variant. 
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